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PREFACE. 

In presenting this volume to the public, I would not claim 
to have unfolded many new principles of Algebra ; I only claim 
to have judiciously combined and arranged principles already known. 
By commencing this work with the most elementary parts and grad- 
ually ascending to the more complicated, I have designed to adapt it 
to the wants of students of every grade. 

While I acknowledge, that, in general, the principles have long 
been known, I think I am justifiable in claiming some of the methods 
of operation as original. 

This work will be found to contain, for the first time, I believe in 

* any American school book, a demonstration and application of 

* Sturm's Theorem ; by the aid of which, we may at once determine 

* % the number of real roots, of any algebraic equation, with much more 
Vj ease than could be done by any previously discovered methods. 

The method of finding the numerical values of the roots of cubic 
and higher equations, as fully explained under the last chapter, will 
no doubt be new to many, and interesting to all lovers of this science. 
It is particularly interesting on account of the ease with which it re- 
solves itself into the method of extracting any root of a number, as ex- 
plained in my Higher Arithmetic. v * 

It would be extremely difficult to point out the exact sources from * 

which I have drawn for this work, and even could I do so, these prin- 
ciples have been so long in use, we could not with safety say when, 
and with whom, they each originated. While I acknowledge the aid 
of many works on this science, I would give by far the greatest share 
of credit, to the eighth edition of Bourdon's most excellent treatise 
on Algebra. GEO. R. PERKINS. 

Utic*, July, 1842. 
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TREATISE ON ALGEBRA. 



CHAPTER I. 



DEFINITIONS AND PRELIMINARY RULES. 



DEFINITIONS. 

(Article 1.) {&£GfcBRA is .that branch of Matbenftttaf ia 
which the oalculatiohs are performed by means of ktkrs and 
signs Or symbols. 

(2.) (in Algebra, quantities) whether given or required) are 
usually represented by letters.^ The first letters of the al- 
phabet are, for the most part, used to represent known quan- 
tities ; and the final letters ar& us£d for the unknown quan- 
tities. 

(3.) /The symbol =, is called the sign of Equality \ and 
denote* that the quantities between which it is placed, are 
equal or equivalent to each other. Thus, $1 = 1()0 cents, 
which is read, one dollar equals one hundred cents. Again, 
a a* ft, which is fead, a equals b. 

(4.) %he symbol +, is called plus} and denotes that the 
quantities between Which it lis 'placed^ are to be added to- 
gether. Thus, d + b*xc y which is read, a and b adcfed, 
equals c* Again, a + b + c =^t£ + x f which is read, a % b and 
€ added, equals d added \p x. 
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DEFINITIONS. 



(6.) {The symbol — , is called minus^and denotes that the 
quantity which is placed at the right ot it is to be subtracted 
from the quantity on the left Thus, a — b = c, which is 
read, a diminished by b equals c. 

(6.) ffhe symbol X, is called the sign of mdtiplicatior^ 
and denotes that the quantities between which it is placed are 
to be multiplied together. Thus, flXi> = c, which is read, 
a multiplied by b 9 equals c. Multiplication is also represent- 
ed by placing a dot between the factors, or terms to be mul- 
tiplied. Thus, a . b is the same as a X b. Another method, 
which is used as frequently, as either of the above, is to unite 
the quantities in the form of a word. Thus, abc is the same 
aXiXc, or a. i.e. 

(7.) ffhe symbol -r-, is called the sign of division); and 
denotes that the qijantity on the left of it is to be divided by 
the quantity on the right. Thus, a -5- b = c, which-is read, 
a divided by b equals c. Division is also indicated by pla- 
cing the divisor under the dividend, with a horizontal line be- 
tween them like a vulgar fraction. Thus, - is the same as 

x-r-y. . 

(8.) tyhen quantities are enclosed in a parenthesis, brace, 
or bracket, they are to be treated as a simple quantity^ Thus, 
(a + b) -T- c y indicates that the sum of a, and b is to be divi- 
ded bye. Again, (# — y)-r-^=[a?— y]-r-2 = £#— y\ J rz y 
each of which expressions is read, y subtracted frpm $ and 
the remainder divided by z. The same thing may also be 

expressed by a bar or viriadim. Thus, a;-ytz, wbicji is 
read the same as the last three expressions. 

(9,) {phe symbol >, is called the sign of ineqyaikyj and 
is used to express that the, quantities between which it is pla- 
ced are unequal. Thus, b > a indicates that b is greater th?n 
a; and b < c denotes that b is less than c. 
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(10.) AVhen a quantity is added to itself several timed, as 
c + c + c + c, we can write it but once, by placing before it 
a number to show how many times it has been taken) Thus, 
c +x + c + c = 4c. The number which is thus placed be- 
fore the quantity is called the coefficient of the quantity. In 
die above example, 4 is the coefficient of c. A coefficient 
may consist, itself, of a letter. Thus, n is the coefficient 
of x in the expression nx; so also may a? be regarded as the 
■ coefficient of n in the same expression. 

(11.) The Continued product of a quantity into itself is, 
usually, denoted by writing the quantity once and placing 
a number over the quantity, a little to the right. Thus, 
a X a X a is the same as a 9 . The number thus placed over the 
quantity is called the exponent of the quantity. Thus, 6 is 
the exponent of a in the expression a 6 , and denotes that a is 
to be multiplied into itself, as a factor, five times. 

(12,) When a quantity is multiplied continually into itself, 
the result is called a power of the quantity. Thus, a* is the 
sixth power of a % and a 8 is the third power of a, the expo* 
nent always indicating the degree of the power. 

When a quantity is written without any exponent, it is tut- \ 
derstood that its exponent is a unit. 

Thus, a is the same as a 1 , and. (x + y) X m is the. same 
as (x + y^Xm 1 .^ 

(13.) The symbol V, is called the radical sign; and de- 
notes that a root of the quantity, over whiph'it is placed, is to 
be extracted. Thus, 

V x or simply V x denotes the square root of x. 

V x denotes the cube root of x. 
\/x denotes the fourth root of x* 
The number placed over the radical is called the index 

of the root. Thus, 2, 3, and 4 are, respectively, the indices 
of the square root, cube root, and fourth root. 



-J 



\ 



12 DEFINITIONS. 

(14-) A root of a quantity «nay also be represented by 
means of a fractional exponent* Thus, the square root of a 

i»a*; the cube root of a is a*; the fourth rdot of a is a* ; 
and 00 on for other roots. 

By the same notation, a is the cube root of the square of 
a, or the square of the cube root of cu For the same rea- 
son « is the fifth root of the third power of a, or the third 
power of the fifth root of a; 

(16.) The reciprocal of a quantity is a unit divided by 

1 : 1 

that quantity* Tljus - is the reciprocal of a> also ^ is the 
reciprocal of 3. 

(1Q.) The symbol .* M ia equivalent to the phrase* there* 
fire* or consequently. 

(17.) When algebraic quantities are written without any 
sign prefixed, the sign pbm is understood, and the quantities 
are, said to be positive or affirmative; and those having the- 
sign mini* prefixed .are called negative quantities. Thus, 
a = + a, &=; + &, are each positive quantities ; whilst — a, 
— & are negative quantities. 

(18.) An algebraic expression composed of two or more 
terms connected by + or — , is called a polynomial* A po- 
lynomial composed of but two terms, is called* a binomial; 
one composed of three terms, is called a trinomial. 
Thus, 

3a + 46} 

lx 2 — 3y > are binomials* 

3a*-x*). 

3a 2 + 46-*} 

4m — y + a S are trinomials* 

5g - x +y) 

(19.) Each of the literal factors which compose any torn, 
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DEFINITIONS* 13 

is called a dimension of this term : the degree of a term is the 
number of the dimensions or factors. Thus, 

la > are terms of one dimension, or of 
5b 5 the first degree. 

5ax ) are terms of two dimensions, or 
5xy y of the second degree. 

la? J 3 = laabbb ) are terms of five dimensions, or 
3x s = Sxxxxx ) of the fifth degree. 

(20.) A polynomial is said to be homogeneous, when all its 
terms are of the same degree. Thus, . ( 

3a — 5o? + % ) are homogeneous polynomials of 
^ —" U + my the first degiee. 

4a 2 + Ste a -~ay > are homogeneous polynomials of 
7am — c 2 +<fc J the second degree. * 

' 5«*ft*-— 6a 6 — 4# 4 y ) are homogeneous polynomials 
Sa 4 b -6* + 4a 8 ft 2 > of the fifth degree. 

(SI.) Any combination of letters, by the aid of algebraic 
signs, is called an algebraic expression. Thus, 

« ) is an algebraic expression, denoting seven times 
' ) the quantity x* 

Sis an algebraic expression, denoting that 
the quantity a is to be squared, and then 
added to three times the square root of 6. 

I 4- M a £ * s an a % e ^ a ^ c expression, denoting that 
* ' ) the sum of a and b is to be squared. 

The algebraic expression (a + b) (a -* b) =* a 2 — b 2 is read, 
" the siuB of a and b, multiplied by the difference of a and 
b, equals the difference of the squares of a and &." 

(22.) We will give some identical algebraic expressions, 
whtckmajr swr* to exercise th^' student in reading algebraic 
formulft*. 
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DEFINITIONS. 




<a+i) a =a s +2aW 


(1) 


(a-b) 3 =a a -2ab+b a 


(2) 


(o+i) 3 +(a-6) 3 =8o a +26 a 


(3) 


Ma+l)+Ua-b)=a 


(4) 


Ua+b)-${a-b)=b 


(«) 



Expression (1) is read, " the square of the sum of a and b 
is equal to the square of a, plus twice the produpt of a and 6, 
plus the square of &•" 

Expression (2) is read, " the square of a diminishd by b 
is equal to the square of a, minus twice the product of a and 
6, plus the square of b." " 

The student should read the remaining expressions for 
himself, and should also form other expressions, which he 
may in like manner translate into common language* He 
should also substitute particular values for a and b, in the 
above expressions, and see if the results on both sides of the 
equations are identical. 

Thus, the above expressions become, when 

a=±2, and i=l 

(2+l) a =4+4+l=9 (1) 

(2-l) a =4-4+l=l (2) 

(2+l) a +(2-l) a =8+2=10 (8)^ 

«a+l)+«a-l)=2 , (4) 

£(2+l)-*(2-l)=l (5) 

If a«i, and i=i they will become 

(l+i) a =i+i+i=M (1) 

(*-4)*-M+*-* (2) 

(Hi) a +(W) 2 =4+i=ii , (3) 

In this way the student should be exercised, until he be- 
comes familiar with the nature of algebraic expressions. 
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ADDITION. 

(23.) Addition, in Algebra, is finding the simplest expres- 
sion fqr several algebraic quantities, connected by + or — • 

Suppose we wish to find the sum of 

3a 3 br{-7a 3 b-10a 1 b+4a i b-5a a b-2a , b. 

We first seek the sum of the positive quantities, by pla- 
cing them under each other as in arithmetical addition, thus, 

+3a 3 6 
+7a 3 b 
+4a a b 



> i 



+14a a 6= sum of the positive terms* 



^■i i^ 



Proceeding in the same way with the negative terms, we 
find 

-10a 2 b 

- 5a 2 b 

- 2a 2 b 



— 17a 2 6= sura of negative terms* 

Therefore the total sum is +14a 2 6— 17a a 6=— 3a a 5. 

We could proceed in a similar way for expressions of a 
like kind. 
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CASE. I v 

(24.) When tlie quantities are alike but have unlike signs, 
we have this 

RULE. 

I. Place the different terms under each other, add, the coef- 
Jicients of the positive quantities into one sum, and the coeffi- 
cients of the negative quantities into another* 

II. Subtract the less from the greater. 

III. Prefix the sign of the greater sum to the remainder, 
and annex the common letters. 



EXAMPLES. 

1. What is the sum of 

2abx— labx— 2abx+ 12abx+abx—3<ibx¥ 

2abx 

12abx 

aix 



r 



15etbx= sum of positive terms. 

■»■ *■ " 

—labx 
—2abx 
—3abx 



—12abx*= sum of negative terms. 

Therefore 15o&r— 12abx=3abx— sum total. 

2. What is the sum of 

7amn— 3amn+2amn+&amri— lOamn $ 

Ans. arm. 
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3. What is the sum of 

49o#y— Zlaxy — 10a$y + lOOozy — 7o£y+4axy t 

Ans. 99azy. 

4. What is the sum of 

3 Vax+7 Vax—5 y/ax—3 Vax+ 10 Vox— 4 Vox? 

Ans. 8Vas- . 

5. What is the sum of 

4a Vb-5abi+4tla Vb-7ab*+ llkdfif 

Ans. 4Qa6*. 

6. What is is the sum of 

13ah*+6a*\/ b-20ah$+10ah*9 ' 

Ans. 9a 2 b*. 

7. What is the sum of 

lla 4 b 7 *Jx+a A b'x*-20a 4 b 2 x*±6a A b 7 \/x? 

Ans. -2a A b*\/x. 



CASE II. 

(25.) When both quantities and signs are unlike, or some 
like and others unlike. 

RUL£. 

I. Find the sum of the like terms as in Case L 

II. Then, write the sum one after another, with their proper 
signs. 

BXAMPLES. 

1. What is the sum of 

3ax—2ab+ixy—2ax+3xy+7ab— 2xy+6axt 

3 



IS ADDITION. 

Sax 

—2ax 

6ax 



7aa;=sum of the terms containing ax. 



-2ab 
lab 



5a&=sum of the terms containing ah. 



toy 
Sxy 
•2xy 



5#y=sum of the terms containing xy. 



Therefore 7ax+5aJ+5ay=?total sum. 

2. What is the sum of 
2a z x-3ax 2 +2ab-7a*x+4^ 2 -8ab-6a 2 x+10ax* 
+12ab9 s 

2a* x— 3ax*+ 2ab 
—7a 2 x+ 4ax 2 — 8ab 
-6a 2 x+10ax 2 +12ab 



An$. — lla 2 x+llax 2 + 6ab 

3 4 

3a 3 i s — lab 4 +5axy 4am+- 8am*— Bab 

?a*b*~- Soft 4 — axy — 7am+ 4am 2 + aft 

8a 2 6'+ ab A —7axy —8am— 10am 2 — 6a& 

a 2 &*— 10afc 4 +3aay a»i+ am 2 +20a6 



5a 2 6 8 -18afc 4 -10am- 8am 2 + 9ab 
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7Vy— 4(o+m) 

3^y-2(a+ro) 

Vy+7(a+m) 

5Vy+ (a+m) 

16 y/y+2(fl+m) 



4a*+ 5an 

-3a a - 7a» 

2a 2 — 3an 

8a*+ San . 



a(h+b)+ 3Va-x 

— 4a(a+b)— 10 •<*—*: 

— 7a(a+£)— 4:y/a—x 

2a{a+b)+ Sy/a^~x 



— 8a(a+6)— 6Va—x 



8 

3a? 2 y+2mV r a+ 3 

# a y— 7*»Va— 7 

13ary— mVa— >10 

—2x~*y+3my/a± 2 

tory~4mJ(i-~ 1 



i«_ 



«»«~^-««i 



21x Y y-7mVa-13 



9 

x*m*+ x*m 

X i 4 4 

— Harm 2 — 6arm 3 . 

-7*V-12sV 
— 3#*m 2 — 12ar«r 



1G 

2&+ Sx+6y 
8b— &?— 4y 
— 75— 3x— y 
8b+10x+3y 
94— i— y 

154+ 6:r+3y 



' 11. What is the sum of 3ag+6am— 9a^+3«J— 3y+4a£ 
+10<m— 7zy— 6a4+5sy+4g#— 13<m ? 

Ans. llag-+3dm— iSay-^Stfi 



so 
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1*. What is the sum of Aa 2 x— 6a 8 y+7am— 3a*x 
— 10a*y— 4am + 9a 3 y — 7a*z-~l3am + 6a'y— 11a* x + am 
—a*y+a*y—6a 7 x? 

An*. — 23a J #— 9am. 

13. Whatk thesumof— ary+5n+3oa:— 10am— 6«y+7n 
— 4ox+8am— 2«y+10»+6am-^4aa: ? 

Ans. — ll3y+22*— 5ax+4am, 

14. What is the sum of 4a 2 +5a a *V^9a 3 +6a 2 ftV 
+10a 2 x+7a 9 x+8a 2 -13a 2 b 2 c 2 +5a 2 -Za 9 x+2a 2 b 2 c 2 9 

Ans. 8a 2 +a 2 b 2 c 2 +14a*x. 

16. What is the sum of Ja— &ty—\rm—n+6xy+S J a 
+7*— 7sy+9ya— 7V»+16»— 6^/af 

Ans. 10-/a— 4ry— 8V«*+22». 

16. Whatisthesumof6a^vft+5^y*-7a:+6a*i*+6x 



-*Ai- 



^_/A_ 



A* 



Ans. 18aV+«y-ll«. 

17. What is the sum of 3 \/a+i-6 V f a;+5a; a y*+7 V«+4 
+3* »y * -7 Vx+ Va+l-8x*y * +2 Vx+ 10 Vo+l f 

Ans. 21 Va+h— 10 Vx. 

18. What is the sum of 6a*b 3 c-4ab 3 c* +2a 3 b 3 c 3 -7aar 
+6a*b 3 c-6ab 3 c*-13ax-1a 3 b 3 c 3 +3ab 3 c*-8a*b 3 c* 

Ans.. 3a*6 J c-6a4V -5a 3 i*c J -2Qac. 
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SUBTRACTION. 



(26.) Subtraction, in Algebra, is the finding die sim- 
plest expression foj the difference of two algebraic expres- 
sions* 

(27.) If we subtract the positive quantity b from a t we 
obviously obtain 

a— b 9 

which is the same as the addition of a and —b. 

.Again, if we wish to subtract b~c from a, we obtain by 
subtracting b from a, a—b, but we have subtracted too much 
by the quantity c, therefore adding <r, we get 

; a—b+c 9 

which is the same as the addition of a and -~b+c. 

From this, we see that subtracting a quantity is the same 
as adding it after the signs are changed. 

Hence, for the subtraction of algebraic quantities we have 
this 

RULE. 

I. Write, the terms to be subtracted under the similar terms, 
if there are any, of those from which they are to be subtracted. 

II. Conceive the signs of the terms, of the polynomial to be 
subtracted, to be changed, and then proceed a* in addition* 
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EXAMPLES. 
1 ,2 

From lac— Sah+ d 2 From &amx—> 4#y+ 5y 2 
Take 4mc+ 8ab+4td 2 Take 9amx+10zy-lly 2 



Rem. Zac— llab— 3d 2 Rem. — amx— ±4:xy+16y 



3 4 

Fiom 6yx— 3ac+ 2m 8 From 4a 3 1 /x^-5a 3 y /y+ x 

Take4ry— lac— 9w* Take 3a* ,/x+3a\/y—lx 

Rem. 2xy+4ac+llm 3 Rem. a 3 v#r~&&Vy+&* ? 



5. From. Za 2 bc— laocy+3my+a take.a 2 bc+8axy+6a 

—4my* 

Ans. 2a 2 bc— 15a8y+lmy-*6a* 

6. From 8aby/c— 12a* b+6cx-rlxy take 9abVc— 18a*b 
+8xy — an+ 3car. 

7. From 15a 3 a;— 14fl 2 y4-3a& 5 +6arofe take Gmg+3a 
— 5a 3 x j -la 2 y+3ab 5 — 4a»w— 4> 

, Ans. 20a 3 a:— 7a 2 y+10am7t— 6mgf— 3a+4. 

8. From 13a 4 # 3 y+3a#— lab+6mg— x 2 y 2 take 5#y 
+4a 4 £ 3 y— 6rtx+9ab+2mg+5x 2 y 2 . - 

Ans. 9a 4 a; 3 y+9ax— 16a£+4w^— 6x*y*— 5xy, 

9. From7a^+3a 2 -45 4 a:-3a^+4x 2 -3^ 3 take3a& 
-17+4^ 2 -5a 2 6 3 .-76 4 x+3^ 3 . 

Ans.l2a^-a a +3J 4 a?-3a^+4i a -6ay 3 -3a}+17. 

10. From 4a 3 bx— laxy+3p 2 q+ll— x take 4p 2 y— 13 
+la*bx+8axy— lx+3f— rrtg+n. 

Ans. — 3a 3 fcr— Ibaxy— p 2 q+30+6x— 3f+mg— n. 



SUBTRACTION. 23 

11. Fropi 6am+x take 3am+y. 

Ans. 3am+x— y. 

12. From 3a 2 m—6x 2 y z +2xy take 4a 2 m+6x 2 y*+6xy. 

Ans. — a 2 m— 12x 2 y 3 — 3xy. 

13. From Samx— 48+x-*y+27d take 15n+6g— 3+4y 

Ans. — 4ama?— 40+2x— 5y+35d— 15n~-7g— frq+rs. 

1.4. From a+b take a— &. 

Ans. 2i. 

(28.) We can express the subtraction of one polynomial 
from another,, by writing the polynomial which, is to be sub- 
tracted, after enclosing it within a parenthesis, immediately 
after the other polynomial from which it is to be subtracted,, 
observing to place the negative sign before the parenthesis. 

Thus, ab— 6xy+3am— (4ab+3xy+am) 

denotes, that the polynomial enclosed within the parenthesis 
is to be subtracted from the one which precedes it; and since, 
by (Art. 27), to perform subtraction, we must change all the 
signs of the terms to be subtracted, we may remove the pa- 
renthesis provided we change the signs of the terms which it 
encloses : and conversely, we may enclose any number of 
terms within the parenthesis, with a negative sign before it, if 
we observe to change the signs of the terms thus enclos&L 

In this way we can transform the expression 
a 2 b+xy— 7am— (mx+6— 13a; 2 ) 



into 
into 
into 
into 



a 2 b+xy— 7am— mx— 6+l&r* 

a 2 b+xy— (7am+mx+6—'13z a ) 

• • , 

* 2 b— (— xx+7am+mx+6-*l$x 2 ) 

i 
\ . 

a 2 b+xy— 7dm— mx— (6— 13a; 3 ) 
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MULTIPLICATION. 

(29.) If we wish to multiply a by ft, we must repeat a as 
many times as there are unite in ft, which, by (Art. 6), is done 
by writing ft immediately after a, thus,. a multiplied by 6=aft. 

Again, if we wish to multiply a by —ft, we observe that 
this is the same as to multiply —6 by a, hence we must re- 
peat —ft as many times as there are units in a : repeating a 
minus quantity once, twice, thrice, or any number of times 
can not change it to a positive quantity. Hence, —ft multi- 
plied by a or which is the same a multiplied by —6=*— oft. 

Finally, if we wish to multiply a— ft by.c— d, we will first 
multiply a— ft by c, we thus obtain 

a— ft 



<x£— be for a— 6 repeated c times. 

This result is evidently too great by the product of a— ft 
by d> since it was required to repeat a— ft as mpny times as 
there are units in c less dm 

Then repeating a— ft as many times as there are units in 

d, we have 

' a— ft 

d 



ad—bd for a— ft repeated d times. , 

Subtracting this last result from the former, we have 
ac— be— (ad— bd) f which, by (Art. 28), becomes 

«c— ftc— ad+bd for the product of a— ft by c— d. 
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HenCe, We dee that —6, when' multiplied by -^ produces 
in the product +bd. 

(30.) From all this, we discover, that the product will ktwe 
the sign +, when both factors have like signs, and the product 
will have the sign — , when the factors have contrary signs* 

If we wish to multiply Sa 2 b by 4a 3 £ 2 , w,e observe that 

9a 2 b=3aab 
4a 3 j 2 =4aaai6 

Hence, the product will be 

3<iabX4aaabb=12aua4mbbbz=12a B b*. 

Here we discover that the exponent of a, in the product, 
is equal to the sum of the exponents of a in the factors ; 
likewise, the exponent of b 9 in the product, is equal to the 
sum of the exponents of & in the factors. 

(31.) Hejice the product of several letters of different exponents 
is equal to the product of all the letters, having for exponeiptsthc 
sums of their respective exponents in the factors. 

CASE I. 

(32.) From what has been said, we have, for multiplying 
together two monomials, this 

RULE. 

I. Multiply the coefficients, observing to prefix the sign + 
when both factors have like signs; and the sign — when they 
have contrary signs* 

II. Write the letters one after another; if the same letter, oc- 
cur in both factors, add the exponents for a new exponent. 

(33.) The product will be the same in whatever order the 
letters are placed, but it will be found more convenient, in 
practice, to have a uniform order for their arrangement. The 
order usually adopted is to place them alphabetically. 
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EXAMPLES. 

1. Multiply llax*y by 3a 4 y 3 . 

An3. 33p V$*~ 

2. What is the product of 3am 2 by 6a 2 b*x? 

Ans. 18a*b 3 m 2 z. ' 

3. What is the product of 10c 4 d s by 9a s cd$ 

Ans. 90a 5 c 5 d*. 

4. Multiply -13ac 3 by -4a 3 6 6 c 2 . 

Ans. 52a 4 6V. 
5,. Multiply a m b*d* by a n b r . 

Aas. a m+n £ ,,+r c*. 

6. Multiply — 17;r 3 y by 3;zy*. 

Ans. — 51x 4 y 7 z. 

3 1 

7. Multiply ~ab*cd by =a#y. ~ 

Ans. —a 2 b*cdxy. 
28 * 

8. Multiply -g^bjri^yV. . L 

Ans. —£%*yi 4 z 5 * 

9. Multiply 7m Vjp 7 by 6fefi a jp'- 

Ans. 42m 10 tt 10 p 10 . 



CASE II. 

(34.) Polynomials may by multiplied together by the fol- 
lowing 

RULE. 

- I. Multiply ail the terms of the multiplicand; successively 
by each term of the mtdtiplier 9 and observe the wme ruUs^for 
the signs and exponents, as in Case I. \ 
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II. When there arise several partial products alike, they 
must be placed under each other, and then added together in 
the total product. 

(95.) The total product will be the same in whatever or- 
der we multiply by the terms of .the multiplier, but for the 
sake of order and uniformity, we .begin with the left hand 
term* 

examples. 
1. What is the product of 3a 2 — 6oa?+y by 3a*-.m? 

OPERATION. 

3a 2 — §ax+y 
3a — m 



Ans. 9a 3 — 18a 2 aH-3ay— &L*m+6atnx— my 



•**« 



2. What is the product of te 2 — 3y 3 +a by a: 2 — 2y'— af 

OPERATION. 

6a? 2 - 3y 8 + a 
x 2 - 2y s - a 

6a; 4 - 3a: 2 y 3 + ax 2 

-12x 7 y*—6az 2 +6y*-2ay* 

+3ay 3 -a 2 

Ans.6a; 4 -15a; 2 y 3 -5aa;*+6y 6 + ay 9 -a 2 



3. What is the product of 6 2 ro— 3ay by 6a;— 3? 

Ans. 6b 2 mx— 18asy— 36 2 m+9ay. 

4. What is the product of 7Z-2ro-9 by 3Z-ll»i? 

Ans. 2lZ 2 -83Zm-27H-22m 2 +99m. 

5. Multiply 2a+56+3c-5eby3a+10J+15/: 

A ( 6a 2 +35ai+9ac-15aH-50fc 2 +3ic 
Ans ' ( -506e+30a/+75^+45</-75/. 
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6. Multiply a+b+c+d by a— i— c— d. 

Ana. a 2 -h 2 -2bc-2bd-c*-2cd-d'. 

7. Multiply a 6 +a 4 +a 2 by a a -l. 

Ans. a* —a*. 

8. Multiply a*+az+z* by a*—az+z 2 . 

Ana. a 4 +a 2 z 2 +z 4 . 

9. Multiply a+b by a+6. 

Ans. a a +2ai+A a . 

10. Multiply a— 6 by a— 6. 

Ans. a 2 —2ab+b 2 . 

11. Multiply &+6 by a— J. 

Ans. a 2 — 6 2 . 

(W>) The last three examples, when translated into com- 
mon language, give three distinct and important theorems, 
which we will proceed to illustrate* 

Example 9 is the same as 

(a+b)x{a+b)={a+b} 2 =a 2 +2ab+b 2 , 
which, when translated, gives 

THEOREM I, 

The square of the sum of two quantities is the same as the 
square of the first, plus twice the product of hoik, plus the 
square of the second. 

EXAMPLES. 

1. (z+y)x{x+y)j=(x+y) 2 =x 2 +2xy+y 2 . 

2. (2x+a) X (2y+a)=(2x+a) 2 =4:X 2 +4ax+a 2 . 

3. (5m+ 3) X (5m+ 3) =■ (5m+ 3) 2 =25m 2 +B0m+ 9, 

Example 10 is the same as 

(a-b)X{a-b)={a-b) 2 =a 2 -2ab+b 2 , 
which, when translated, gives 
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SO 



THEOREM II* 

The square of the difference of two quantities is equal to the 
square of the firsts minus twice the product of both, plus the 
square of the second. 

examples. 

1. (z— y)x (x— y)={x—y) 2 =*x 2 -2$y+y 2 . 

2. (3a-4)X(3a-i)=(3a~i) a =9a a -6ai+6 a . 

3. (5a— x) X (5a— s)=(5a— x) 2 =26a 2 — lQax+x 2 * 

Example 11 is the same as 

<a+ft)x(a-i)=a 2 -6 2 , 
which, when translated, gives 

THEOREM III. 

4 

The sum of two quantities multiplied by their difference, is 
equal to the square of the greater, minus the square of the less* 

EXAMPLES. 

1. (x+y)x(x— y)=;r 2 — y 2 . 

2. (3a+i)x(3a-&)=9a 2 -£ 2 . 

3. (7ro+y)x(7ro-y)=49ro 2 -y 2 . 
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DIVISION. 

« 

(37.) We know by the principles of Arithmetic, that, if, 
in division, we multiply the divisor into the quotient, the pro- 
duct will be the dividend. 

Therefore, referring to what has been said under Multi- 
plication (Art, 30), we infer that when the dividend has the 
sign +, the divisor and quotient must have {he same sign ; 
but when the dividend has the sign — , then the divisor and 
quotient must have contrary signs. 

(38.) Hence,whefi the dividend and divisor have like signs, the 
quotient will have the sign +, and when the dividend and di- 
visor have contrary signs, the quotient will have the sign — . 

We have also seen, under Multiplication (Art. 31), that 
the product of several letters of different exponents is equal 
to the product of all the letters with the sum of their respec- 
tive exponents for new exponents. 

(39.) Hence, to divide any power of a letter by a different 
power of the same letter, it is obvious that the quotient will be a 
power of the safne letter, having for exponent the excess of the 
exponent in the dividend above that of the divisor. 

(40.) If we divide continually the expression 

a 6 .~aaaaa by a, We shall find 

a s -~-a=a s ~ 1 =a 4 ^=aaaa 



a' 



a* 



a 



*-~a=*a z ~ 1 =a 2 =aa 
2 -t~a=a 2 ~ 1 =a 1 =a 



a 1 -4-a=5a 1 - 1 =a°=l 
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i 

a°-ra=a°~ 1 =a" 1 =-=reciprocal of. a 

1 1 
a" 1 •7-a=a~~ lwml =*a~ a =* — =-5 =reciprdcal of a 2 

i aa a 2 

1 1 • 

a" 2 -rfl=a" 3 " 1 =a^ 3 = =-= ^reciprocal of a* 

aaa a 3 

a" ,, -rfl=a" 8 " 1 =a -4 = =-j =reciprocal of a* 

aaaa a* 

&c. &c. 

(41.) From the above scheme, we see, that whenever the 
exponent of a quantity becomes its value is* reduced to 1* 

(42.) That whenever it is negative it is the reciprocal of 
what it would be were it positive. 

(43.) Hence 9 changing the sign of the exponent of a quan- 
tity is the same as taking its reciprocal. 

CASE I. 

(44.) From what has been said, we have, for dividing one 
monomial by another, this . , 

RULE. 

I. Divide the coefficient of the dividend by that of the divi- 
sor, observing to prefix to the quotient the sign ,+ when the 
signs of the dividend and divisor, are alike ; and the sign — 
when they are contrary. 

II. Subtract the exponents of the letters in the divisor from 
the exponents in the corresponding letters of the dittidend 9 if 
letters occur in the divisor which do not in the dividend they 
may (Art. 43) be written in the quotient by changing the signs 
of their exponent. 

(45.) It must be recollected here, and in all cases here- 
after, that when the exponent of a letter is not written, 1 i* 
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always understood (Art. 12) ; and when the exponent is 
the value of the power is 1. (Art. 41.) 

EXAMPLES. 

1. What is the quotient of 14a 2 # 8 divided by lax z yf 

Dividing the coefficients we find 2, to which if we annex the 
letters after subtracting the exponents, we have 

2a 2 ' 1 z*-*^ 1 ^^- 1 , 

the x has disappeared, since its exponent became 0, and its 
value therefore was 1, by (Art 41). And since the y oc- 
curred in the divisor and not in the dividend, it was written 
the quotient with the sign of the exponent changed. (Art 48.) 

2. What is the quotient of 35a 2 b 3 c divided by 6abct 

Ans. lab 2 . 

3. What is the quotient of —Mmnz 2 divided by H&cibcz 9 

Ans. — 2aT 1 b~ 1 c~ 1 mnx. 

4. Divide —7z 2 y by I0x*y. 



6. Divide 3a 6 m 4 fc* by — 6anin. 



6. Divide 3&z*yz* by -7x 2 y*z>, 

• r 

7. Divide <£" by -13a* 12 . 



a Divide -3a m ^ by -4attV. 



7 
Ans. — — ar 1 . 
10 



Ans. — -a 4 i» 8 » s . 
2 



Ans. — 5ay~ a . 



Ans. — _ dr x < 

13 



Ans. -^ m ~*5*-V" r . 

4 



9. Divide r-llaH^mT 1 by -4a- 1 Z 4 m- 6 . 



Ans. --a 7 fott*. 
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10. Divide 13x~*y^ 7 by -26:zy. 



Ans. — zr x ~ 4 y~* 
2 * 



(46.) To divide one polynomial by another, we shall imi- 
tate the arithmetical method of long division. And in the 
arrangement of the work, we shall follow the French method 
of placing the divisor at the right of the dividend. Thus, 
to divide 

a 3 ^\-a 2 x+ab+bx by a+x f 
We proceed as follows : 

OPERATION. 



Dividend ==0 a +# 2 #+a6+&z 
a 3 +a 2 x 



a +#— divisor 



ab+bx 
db+bx 



a 2 +b= quotient 





Having placed the divisor at the right of the dividend, we 
seek how many times its left-hand term is contained in the 
left-hand te^m of the dividend, which we find to be a 2 , which 
we place directly under the divisor, and then multiply the . 
divisor by it, and subtract the product from the dividend, then 
bringing down the remaining terms, we again seek how many 
times the left-hand term of the divisor is contained in the 
left-hand term of this remainder, which we find to be 6, we 
then* multiply tjie divisor by 6, and again subtracting there 
remains nothing, so that a 2 +6 is the complete quotient* 

(47.) That the operation may be the most simple, it will be 
necessary to arrange both dividend and divisor according t6 the 
powers of some particular letter, commencing with the high- 
est power. 



<s 



r 
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,case ii. 

(48.) To divide one polynomial by another, we have this 

RULE. 

Ii Arrange the dividend arid divisor with reference to a cer- 
tain, letter, then divide the first term on. the left of the dividend , 
by the first term on the left. of the divisor, the result is the first 
term of the quotient; multiply the divisor by this term, and sub- 
tract the product from the dividend. 

II. Then divide the fixst term of the remainder by the first 
term of the divisor, which gives the second term of the quotient ; 
multiply the divisor by this second term, and subtract the pro- 
duct from the result after the first operation. Continue this 
process until we obtain for remainder, or when the divisor 
does not terminate, which is frequently the case, we can carry 
on the above process as far as we choose, and then place the last 
remainder over the divisor forming a fraction, which must be 
added to the quotient. 

EXAMPLES. 

1. What is the quotient of 2a 3 b+b 3 +2ab 2 +a* divided 
by a 2 +b 2 +ab? .-j" 

Arranging the terms according to the powers of a, and 
operating agreeably to the above rule, we have 

OFERATibjf. 



Dividend^ 3 +2a 3 b+2afi *+i 3 
a 3 + aH+.ab* 



a 2 +ab+b 2 =cKvisor 



a 3 b+ ab 7 +b 3 
a*b+ ab*+b 3 



a+2»=quotient 
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2. What is -the (juotient of a 2 i— 3a 2 +2a6— 6a— 46+22 
divided by 6—3 ? 

OPERATION. 



a 2 6-3a 2 +2a6-6a^4&+22 
a 2 b-3a 2 /■ 



6-3 



2a6— 6a , 
2ab—6a 



a?+2a-4+ 



10 
6-3 



—46+22 
-45+12 



10— remainder. 



• Mad 



3. Divide x 6 -:r 4 +a; 3 <- £ 2 +2;r-l by x 2 +:r-l. 

OPE^ATiON. 



x* —x A +x 3 —x 2 +2x— 1 

t F 

x*+x s ~ X 4 



— # 5 +x* —x 2 
— x 6 — x 4 +x 3 



x 2 +x— 1 



x A — x 3 +x 2 — x+1 



4 x A ~x 2 +2x . 
x 4 +x 3 — X 2 

-x 3 +2a;-l ' 
— x*+-x 2 +x 

* 

x 2 +x-l 
# 2 +£— 1 

< * 





4. What is the quotient ©jf x'-rSaa^+Sa^— a 8 divided 
by x— a? 
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OPERATION. 



xf— 3ax 2 +3a 2 x— a 2 



X s — ax 2 



x—a 



x 2 —2ax+a 2 



—2ax 2 +3a 2 x 
—2ax 2 +2a 2 x 



a 2 x—a z 
1 aPx—a* 







6. Divide 14qf-21bf+7cf+6ag-9bg+3cg by 7f+3g. 

Ans. 2a— 36+c. 

i ■ ■ 

6. Divide 4r 8 +4r 2 -29H-21 by 2z-3. 

Ans. 2a? 2 +5a?— 7. 

7. Divide 119c 2 -200cd+408ce-113ch-39d 2 +72de 
+S7dh-96ek+20h 2 by 17c+3d-4A. 

Ans. 7c-13d+24f5h. 

& Divide 72tf 4 -78tf 3 y-lQz 2 y 2V +17ay 8 +3y 4 by 6x 2 
—4sy— y 2 . 

Ans. 12a; 2 — 5xy— 3y 2 . 

0. Divide 36a 2 i^-63aft 2 +205 s by 12ab-5b 2 . 

Ans. 3#— 4i. 

10. Divide a 2 — 6 2 by a— 6. 

Ans. a+i. 

11. Divide a 4 — i 4 by a— J. 

Ans. a 3 +a'J+a* 2 +4 3 . 

(49.) The following examples can not be accurately per- 
formed, there being still a remainder, however far the divi- 
sion be carried. 
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12. Dividing 1 by 1— 6, we have in succession 

6 



1-H1-A)=1+ 



1-6 



=1+6+ 



,6 ; 



1-6 



=l+6+6 a +. 



1-6 



=l+6+6 a +6»+. 



b* 



&c 



1-6 
&c. 



13. l-s-fi+ty.!-. 



1+6 



=l*-6+- 



1+6 



*l-6+6 a - 



1+6 



l-6+6 a -6'+ 



&c. 



1+6 
&c. 



14. (l+ar)-T-(l-a:)=l+ 



&e. 



2s 
1-a: 



=-l+2ar+ 



&r a 

l^c 



l+2a:+2ar a +-: 



2x 



1-x 



=l+2*+2* a +2* 3 + 



2*' 



1-ar 
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CHAPTER n. 



ALGEBRAIC FRACTIONS. 

(50*) In our operations upon algebraic fractions, we shall 
follow the corresponding, operations upon numerical frac- 
tions, so far as the nature of the subject will admit. 

CASE I. 

To reduce a monomial fraction to its lowes.t term, we 
have this . ^ 

RULE. 

I. Find the greatest common measure of the coefficients of 

a 

the numerator and denominator* (See Art. 11, Arithmetic.) 

II. Then, to this greatest common measure, annex the letters 
which are common to both numerator and denominator, give to 
these letters the lowest exponent which they have, whether in the 
numerator or denominator : the result wiU be the greatest com- 
mon measure of both numerator and denominator* 

HI. Divide both numerator and denominator by this great- 
est common measure, (by Rule under Art. 44,) and the restdt" 
ing fraction will be in its lowest terms. 
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EXAMPLES. 

i 

1. Reduce — JL-. to it3 lowest terms. 

15ab 2 xy* 

The greatest common measure of 375 and 15 is 15, to 
which annexing abxy, We have \5abxy for the greatest com- 
mon measure of both numerator and denominator^ Divi- 
ding the numerator by 15abxy, we find 

375a 3 bxy-rl5abzy=25a 2 . 

In the sajne. way we find 

15ab 2 xy*-7-1.5abxy=by 2 , 

hence, we have « 

375a*bxy J25a 2 

15ab 2 xy 3 by 2 
which, by Rule under Art. 44, becomes. 

2 -^L=25aH- 1 y^ . 
by 2 

2. Reduce £_ to its lowest terms. 

%5xy*z 3 

In this example, the greatest common measure of the nu- 
merator and denominator is 7xyz 3 , hence, dividing both nu- 
merator and denominator of our fraction by 7xyz 3 , we find 

4^ 3 y^_^ax 2 z 2 ^^ ig ^ kg , owegt term& 

d5ry w z r ^ 5y 2 ' 

■ ■ .• -' 

— 1 atttTLX U ' 

3. Reduce --£- to its lowest terms*- 

72mx 3 y 6 

n 



Ansi — 



4. What is the simplest form of 



13* 



af 



±xy 



3. 



? 



26xy* 



Ans. 



2y* 
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5. What is tbe simplest form of 108fl&3 ^ 7 f 

r i2abcd 

Ans. 8b*d*. 

(51.) From what has been said, (Art. 43,) we infer that, we 
may transfer a letter from the nurjierator to the denominator, 
or from the denominator to the numerator, by changing the 
sign of the exponent. 

Thus, 

1. Zg^^^^r- V^ ■ *,. 

ax y x y z 2 y s z~ l 

2. na-'^-^lZl^^L 

arz a 3 z"* 2 z 

49aic 5 

3. Reduce — - to its jumpiest terms, and then trans^ 

35a 4 b* r 

fer all the letters to the numerator. - 

Ana. !fL=Za- 8 ^ 1 e 5 .- 
5a*b 5 

4. Reduce in a similar manner the fraction 27g *** . 

108a s 6 4 ro 

Ans. — s--^- =-a~ 2 &~' 8 €K&»"" 1 . 
4a 2 b*m 4 

GREATEST COMMON MEASURE. 



(52.) Before proceeding to the reduction of polynomial 7 
fractions, it is necessary to show how to find the greatest com-' 
mon measure of two polynomials, which may be effected by 
this 

RULE. 

Divide one of the polynomial^ by the other r and the prece* 
ding divisor by the last remainder, till nothing remains > the 
last divisor will be the greatest common measure* 

This rule may be demonstrated as follows : 
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, (53.) Let N and n be two polynomials of which N is 
gre&ter than n, then, performing the divisions as directed in 
the above rule, we have 

operation* 



N 
nq x 



n 



n 
rig* 



ji^first quotient 
ri=first remainder 
g^ —second quotient 



r 2 q* 



r 2 =second remainder 



<7 3 = third quotient 
0=no remainder 

The numerals placed at the bottom of the letters q and r 
show the order in which the quotients and remainders occur. 

(54.) Letters marked like the above, are as independent, as 
though they were different letters. The reason why we us<§ 
them in preference to different letters, is because we ban the 
more readily discover what they are designed to represent. 

(55.) Now, since the dividend equals the divisor multiple 
ed by the quotient and increased by the remainder, we have 
the following conditions. 

JV=* ?i»+rt i (1.) 

»=?2^1+^2 (2.) 

ri=q*ri (3.) 

Substituting y 3 r 3 for r x in (1) and (2) and they will be- 
come 

N=q Y n+q*r* (4.) 

^=?2?3^2+^2 (5.) 

The right-hand member of (5) will divide by r 2 , and 
therefore its left-hand member must also be divisible by r a 
that is, n is divisible by r 2 . 
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The value of w, (5), being substituted in (4) gives 

N =<liq2q3r2+qir 2 +q z r 2 (6.) 

The right-hand member of (6) will divide by r 2 , and 
therefore its left-hand member will also divide by r 2 , that is, 
N is divisible by r 2 ; hence, r 2 is a common measure of 
N and n. It is also the greatest common measure. For 
every common measure of N and n, is also a measure of 
N—nq 1 =ri ; and every common measure of n and r if is 
also a measure of n~ r 1 q 2 —r 2 ' But the greatest mea- 
sure of r 2 is t'tei^ This, then, is the greatest common mea- 
sure of N and n. 

In the above case we have supposed the third remain- 
der r 3 to =0. Had the process of dividing extended still 
farther, it might still be shown, that the last divisor is the 
greatest common measure, hence the truth of the above rule. 

(56.) It is obvious, that any factor common to but one 
of the two polynomials, may be stricken out before dividing, 
without effecting the accuracy of the work. 

(57.) . Also either of the polynomials may be multiplied by 
any factor, before dividing.* 

EXAMPLES. 

1. What is the greatest common measure of a 4 — z 4 , and 
a*+a 2 x— ax*— x*9 

Arranging the terms according to the powers of a, and 
dividing according to Rule under Art. 39, we have for the 



* If the above demonstration is deemed too difficult, on account of its 
making use of some of the principles of equations, which have not yet been 
full/ explained, the student must pass it by, until he has gone through with 
the chapter on simple equations, and then he can return to it with pleasure 
and profit. ' 
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FIRST OPERATION. 



a 4 -z 4 

a 4 +a*x—a 2 x 2 —ax* 



a 3 +a 2 x—ax 2 — x* 



a—x 



— a*x+a*x 2 +ax* — x 4 
—a*x—a 2 x 2 +ax*+x 4 

2a 2 x 2 — 2x 4 =first remainder. 

We must now divide a*+a 2 x— ax 2 — x* by2a 2 x 2 —2x 4 f 
but before performing the division, we will expunge from 
2a 2 x 2 —2z 4 the factor 2x 2 (Art, 56), which gives, a 2 — x 2 for 
the divisor, hence, we have for the 

SECOND OPERATION. 

a*+a 2 x— ax 2 — x* a 2 —x 2 



a 3 —ax 2 



a 2 x —x 9 
a 2 x —x 3 



a+x 







There being no remainder, the process must terminate. 
The last divisor or greatest common measure is therefore 



a 2 — x 2 < 



2. What is the greatest common measure of QaP+llaz 
+3x a and 6a 2 +7ax-3x 2 9 



FIRST OPERATION. 



6a 2 +llax+3x 2 
6a 2 + lax-Sx 2 



6a 2 +7ax-3x* 



4o#+6ar 2 =sfirst remainder. 

Before dividing 6a 2 +7aa:—3x 2 by 4aa:+6x , we expunge 
from 4eax+6x 2 the factor 2ar, and thus have 
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SECOND OPERATION. 



6a 2 +7ax-3x 2 
6a 9 +9ax 



■^•r*" 



2a+3x 



3a— x 



— 2q#— 3a; 2 
— 2ew?— 3rc 2 


Therefore, 9a+3x is the greatest common measure. 

9. What is the greatest comrtion measure of 

a »-a 2 i+3oi 2 -3& 8 and a 2 -5aft+46 2 ? 

FIRST OPERATION. 

a 8 - a 3 b+ 3aJ 2 - 36 s a 2 -5aj+4i 2 
a 8 -5a 2 i+ 4a6 2 



■<^*»»"^*» 



a+46 



4a 2 6- ai 2 - 36 s 
4a 2 6-20a6 2 + 16i 3 



19a5 2 — 19& 3 =first remainder. 

Before dividing a 9 -5ab+4b 2 by I9a& 2 -196 3 , we ex- 
punge from this last polynomial the factor i9& 2 . 



SECOND OPERATION* 



a 2 -5oft+4i 2 
a 2 — ab 



a—h 



a-4b 



-4aJ+4J 2 
-4aJ+4i 2 

■>■■■»■! I' ■ ' 


Therefore, a— 6 is the greatest common measure. 

4. What fe die greatest common measure of 

-3ft 8 +3a* 2 -a 2 H-a 8 and 4i 8 -6a&+« 2 ? 



♦• 
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Before dividing, we must multiply the polynomial — 3& 3 
-f 3ai 2 —a 2 &+a 3 by 4, in order that its left-hand term may 
be divisible by the the left-hand term of the other polyno- 
mial. (Art. 57.) 

FIRST OPERATION. 



-12i 3 +12ai 2 - 4a 2 6+ 4a 3 
-126 3 +15ai 2 - 3a 2 b 



4b 2 -5ab+a 2 



— 3i— 3a 



Again, multiplying — Sab 2 — a 2 b+ 4a 8 

by 4 -12ab 2 - 4a 2 6+16a 3 

-12ab 2 + 15a 2 b- Sa 3 



— 19a 2 6+ 19a 3 ==first remainder. ■ 

Before dividing 46 2 -5oi+a 2 by -rl9a 2 *+19a 3 , we ex- 
punge from this last polynomial, the factor 19a 2 , and then 
dividing, we have for the 

SECOND OPERATION. 



4J 2 -5oi+a 2 
46 2 -4a6. 



- b+a 



-4J+a 



— ab+a 2 

— ab+a 2 




Therefore, — b+a 9 or a— J, is the greatest common mean 
sure. 

5. What is the greatest common measure of the two po- 
15a 5 +10a 4 5+4a 3 6 2 +6a 2 6 3 -3a6 4 



lynomials < 



12a 3 5 2 +38a 2 & 3 +16a6 4 -10& 5 ? 



Ans. 3a 2 +2ai-i 2 , 
6. What is the greatest common measure of the two po-» 

w™;*i e («*+2a 2 -3i 2 -4ic-ac-c 2 
lynomials {^c+^^ab+^+Sbc^l^? 

Ans. Sa+SH-ft 
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7. What is the greatest common measure of 

x*-b 2 x and x 2 +2bx+b 2 ? 

Ans. x+b. 

8. What is the greatest common measure of 

a 2 -ab-2b 2 anda a -3aA+26 a ? 

Ans. a— 2b. 



CASE II. 

(58.) To reduce a polynomial fraction, that is a fraction 
of which the numerator or denominator, or both, are poly- 
nomials, to its lowest terms, we have this 

RULE. 

Divide both numerator and denominator by their greatest 
common measure, found by Rule under Art. 52. 

examples. 

1. Reduce the fraction . x ~ ^-4 =— s *° * te 

_27x*y 2 -18x'y 2 -9x*y 2 

simplest form. 

We see by a mere glance of the eye, that the numerator 

and denominator can both be divided by 9# 3 , by which di- 

•• *i^r *i u ** 3 — %x 2 — Sx+1 
.vision the fraction becomes — — ,— -. 

3ary y — 2xy 2 — y* 

We must now seek the greatest common measure of 

4s* -2s 2 -3*+ 1 mdSx 2 y 2 -2xy 2 -y 2 

Dividing the second of these by y 2 (Art. 56), and multi- 
plying the first by 3 (Art. 57), we have the 
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FIRST OPERATION. 



I2x 3 -6x 3 - 9x+ 3 
12x 3 — 8x 2 — 4# 



Zx 2 -2x-l 



4r+2 



2x 2 - 5s+ .3 
Multiplying by 3 6x 2 —15x+ 9 

6z 2 - 4s~ 2 



— lla?+ll=firat remainder* 

We must now repeat the operation upon 3x 2 — 2x— 1 and 
— llrc+11. Dividing the second of these by 11 (Art. 66), 
we have for the 



r 



SECOND OPERATION. 



3x 2 — 2a?— 1 
3# 2 — 3x 



-x+1 



3z-l 



x-1 
x-1 

" j ' 


Hence, the greatest common measure of the numerator 

and denominator of the fraction x ~~ x — . — Z— is — x+ % 

3x 2 y 2 —2xy 2 -;y 2 

or x— 1. Dividing both numerator and denominator, of the 

4&*+2 x-~l 

dxy 2 +y 

duced value of the given fraction. 



• *±x m y m £x-* m \ 
above fraction, by x^-1 it becomes — -~ for the re>» 

* j e% 2 i 2 



i 2. Reduce — - — -J^ — to its lowest terms. 

x d +2xy+y 2 

In this example the greatest common measure of the nu- 
merator and denominator is found to be x+y. Hence, the 

fraction reduced becomes x ~^. 

x+y 
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m 4 — n* 



3. Reduce _- _ _ to its simplest form, 



w —mn—mn 4 +w' 



A m 2 +» 2 
Ans. l_ 4 



wi — » 



4. Reduce — to its simplest form. 

a 2 -3ab+2b 2 l 



Ans..— -i 
a—b 



. CASE III. 



(59.) To reduce a mixed quantity to the form of a frao* 
tion. 

RULE. 

Multiply tfie entire part by. the denominator of the fraction) 
to which product add the numerator , and upder the remit place 
the given denominator* 

EXAMPLES* ' , 

1. Reduce li#+ — I to the form of a fraction. 

7x 

In this example the entire part is 11a:, which multiplied by 
the denominator 7a:, gives 77a: 2 , to which adding the nume- 
rator x+y, we have llx 2 +x+y for the numerator of the 
fraction sought, under which placing the denominator 7x f we 

finally obtain — . 2 for the reduced form of ll#+_ 2 

J 7x Ix 

, bX"\*X 

2. Reduce a:— to the form of a friction. 



m 



A mx— bx—x 2 
Ans* * 



m 
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3. Reduce y+3x— to the form of a fraction. 

' y 3+a 

A 3y+9x+ay+3ax— 6 
• . ' ~ Z+a, 

4. Reduce #— to the form of a fraction. 

x .. 

x 3 -a 2 +i 3 



Axis. 



2: 



5. Reduce 3a* — 6+ to the form of a fraction. 

Ahs ^ lfl3 -36-3a 8 y+6y-a; 2 , 

6. Reduce 9+-- to the form of a fraction. 

a*~x 2 

A . 9a— 6a: 2 — 8c 4 
Ans. 

a— x 2 



• CASE IV. 

» 

(60.) To reduce a fraction' to an entire or mixed quantity. 

RULE. 

Divide the numerator by the denominator, the quotient will 
be the entire part, if there is a remainder, place it over the de- 
nominator for the fractional part. 

EXAMPLES. 

1. Reduce — <-~— — 5 to a mixed quantity. 

a—a; 2 
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OPERATION. 



9a— 6x 2 — 8c 4 k— x 2 
9a-9x 2 



9=entire part. 



3a? 2 — 8c 4 =numerator of fractional part. 

^x 2 8c 4 

Therefore, -— ^fractional part. - 

a— x 2 , 

3a; 2 — 8c 4 - 
Hence, the quantity sought is 9+ -i- . 

CL-rX 

cuc—x 

2. Reduce to an entire quantity. 

Ans. a— a;. 

Qx ^~ CbX 

3. Reduce —%- — — to a mixed quantity. 

ox+1 

2X+€LX 

Ans. 2x — - — — r • 
. 3x+l 

4. Reduce — to an entire quantity. 

ro— y 

Ans. m 2 +my+y 2 . 

m ■ , 20a 2 -10a+6 - . , 

5. Reduce to a mixed quantity. 

5a 

6 

Ans. 4a— 2+—* 

5a 

* t> j 9y 3 -18y+8aV . , 

6; Reduce — - — to a mixed quantity. 

9y 

, ' ■ « 8a 2 y 

Ans. jr — 2+— - --=• 



_ _ 14m 3 — 21^4 . _ 

7. Reduce - — • — to a mixed quantity. . 



« 2 dfl 

Ans. 2wr — — 
m 
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CASE V. 

(61.) To reduce fractions to a common denominator* 

% * 

RULE- 

Multiply successively each numerator into all the denomina- 
tors, except its own, for new numerators, and all the denomina- 
tors together for a common denominator. 

« * 

EXAMPLES. 

1. Reduce - > - > —- to equivalent fractions having a 

x & 4a 

common denominator. 

aX2x7as=14a 2 =netf numerator of first fraction. 
. 5xzX7#=7o&a;=new numerator of second fraction. 
cXxX%=2cx=znew numerator of third fraction. 

and #X2X7a=14aa;=common denominator. 

Therefore, — — ; — — 5 — — **e the equivalent frac- 
14ax 14tax l&az 

tions sought. 

» 

2. Reduce — -» — » and v, to fractions having a common 

2a ■ 3# , * & 

denominator. 

9ma: 4a6 6&ry 

Ans. ; — ; - • 

> 6ax 6ax 6ax 

' » 

1 re 2 # 2 +a 2 

3. Reduce - j -—• > — — — to equivalent fraptions hav- 

■40 o a^~x 

ing a common denominator. 

' - 3a+3.r , 2ax 2 +2:r 3 . 6a 2 +6g 2 

6#+6.r 6/x+6# 6a+6# 
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x &c a ~~x 
4. Reduce —? » — — > — -= — to fractions having a com- 
mon denominator. 

Ans Scdx - 1Sbdx2 • 15a> 2 bc-15bcx 2 
DS * 15bcd ' 16bcd ' 15&5 



CASE VI. 

(62.) To add fractional quantities. 

RULE. 

Reduce the fractions to a common denominator ; then, add 
the numerators, and place their sunt over the common deriami- 
nator. 

m « 

EXAMPLES. 

1. What is the sum of — , -, l? 

. 3a 3 7 ' • " 

These fractions, when reduced to a common denomina- 

tor, become — : ; _f^., adding their numerators we 

63a 63a. 63a 6 

have 21x+21a+9ay > placing this over the common denorai- 

• nator, we find 

x 1 yJ21x+21a+9ay_ r 7x+7a+Say 

*t 3 7"" 63a 21a ' . 

2x Sx a 

2. What is the Sum of 3x+— and x— -r-? 

Ans. Sx+ 



45 
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3. What is the siim of ~ » — » ? 

3 4 5 



49z+l2 
Ans. 2#+- 



60 



4- What is the sum of ~ , 1?, ~? 

4 5 6 



45x+4&r+50x rt , 23# 

Ans. =2#+ • 

60 ^ 60 

5. What is the sum 6f ^±* , ?Z* ? 

2 2 

Ans. a. 

a ww ♦* 'r ^ 2 +2a6+i 2 a 2 -2a &+&% 

6. What is the sum of — r- — > 7 

4.4 

Ans. — k _ — . . 



CASE VII. 

(63.) To subtract one fraction from another. • 

RULE. 

* 

Reduce the fractions to a common denominator ', then subtract 
the numerator 6f the subtrahend from the numerator of the 
minuend, and place the difference over the common denomi?icUor. 

EXAMPLES. 

1. From ' subtract , — *-. 
4 3 

These fractions, when reduced to a common denominator, 

9#-j-3# Sx 4a 

become' -" ■ and — -^r— • Subtracting the numerators 
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we have 9x+8a— (Sx— 4a)=x+7a, placing this over the 
common denominator 12, we find 

Sx+a 2x—a x+7a 

• > — s=' — ■ — ■ — • 

4 3 12 



2. From m , y subtract ^--^. 



" 19m— v 
Ans. — — -£. 

20 



'_ v , y—a 

3. From 3y+^ subtract y— ^-j— 

cy+ay—a 



a c . 

r? # -T- #/.'#/ — lis 

Ans. 2y-r 



ac 



4. From ,— ^ subtract — ^ • 

Ans. y. 

5. From , . J subtract . * * • 

4#y 4ay 

Ans. 1. 

6-z , ,. , 3+y 

6. From -—— subtract ai — ^r* 



- 3s+2y 

Ans. 2— a — -* 

b 



-i 




CASE V] 

(64.) To multiply fractional quantities together.. 

RULE. 

If any of the quantities to be multiplied are mixed, they 
musU by Case III, be reduced to a fractional form ; then mul- 
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tiply toget/ier all the numerators for a numerator, and all the 
denominators- together for a denominator. ' 

% 

% 

EXAMPLES. 

1. Multiply^ by £+*.'." 

The product of the numerators will be 

(x+q) X {x+b)=x 2 +ax+bx+ab ; 

and the product of the denominators is 2x3=6. 

TT x+a x+b x 2 +a&-\-bx+ab 
Hence, _x— =— . 

r 2 — 7> 2 ^2412 

2. Multiply X —r±- by* + " ' 



be b+c 

AnS * bic+bc* ' 

* « * 

3. What is the continued product of -~i — - , and - ? 

* & 4 

A 36-3^-3a? 2 

Ans. -« — . 

98 

4. What is the product of — , " — ? 

r • ■ 2 .2 

a 2 -b 2 



Ans. 



4 



5. What is the continued product of — , , - , and 

m x c 

1 t ■ 



r— 1 " A 2bhx—%bdx 

Ans. . 

cmrx-—cmx 

6. What is the product of y+~- by ^- ? 

r . y , b 7 2b 

Ans fy 2 -%+y 2 -l 
" 2A^ 
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CASE IX. 
(05.) To divide one fraction by another. 

RULE. 

> • 

Jftfiere are any mixed quantities, reduce tliem to a fraction* 
al form, by Case IIL T/ien invert tlte divisor, and multiply 
as in Case VIII. 

EXAMPLES'. 

1. Divide — - — by — — - • 

4 5 

» 

If we invert the divisor, and then multiply, we have 

3x+1 5 15z+35 , , . 

— * 4^i=l6^ fOT the 1 UOUent ' 



2 . Divide ±3! by *+£. 

* . y 



x 2 y—y* 



3 . Divide !^1 8 by^ ; 



d>m 5m 



35a 

Ans. 



2^.5 



***s*3 



12»Ty 



Ans. 



*c 2 y 

' x x 

6. What is the quotient of divided by -? 



Ans. -* 

x— 1 
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CHAPTER HI. 



SIMPLE EQUATIONS. 

* i 

(66.) An equation is an expression of two equal quanti- 
ties with the sign of equality placed between them. 

The terms or quantities on the left-hand side of the sign 
of equality constitute the first member of the equation, those 
on the right constitute the second member. 

Thus, . , x+2=a ■ (1) 

£-1=* (2) 

- & 

3x+7=c (3) 

arte equations ; the first ip read " x increased by 2 equals a." 

The second is read ".one-lialf of a; diminished by 1 equals 6." 

The third is read "three times x increased by 7 equals c." 

(67.) Nearly all the operations of algebra are carried on 
by the aid of equations. The relations of a question or pror 
blem are first to be expressed by an equation, containing 
kj^own /quantities as well as the unknown quantity. After- 
wards we must make such transformations upon this equa- 
tion as* to briiig the unknown quantity by kself on* one side 
of the equation, by which means it becomes known. 

8 
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(68.) An equation of the first degree, or a simple equation, 
is one, in which the unknown has no power above the first 
degree. 

« 

(69.) A quadratic equation is an equation of the second 
degree, that is, the unknown quantity has no power, above 
the second degree. 

(70.) An equation of the third, fourth, &c., degrees, is 
one which has no power of the unknown quantity above the 
- third, fourth, &c, degrees. 

And in geqeral, an equation which involves the mth power 
, of the unknown quantity, is called an equation of the mth 
degree. 

(71.) The following axioms will enable us to make many 
transformations upon the terms of an equation without de- 
stroying their equality. 

AXIOMS. 

I. If equal quantities be added to both members of an equa- 
tion, the equality of the members will not be destroyed. 

II. If equal quantities be: subtracted from both members of 
an equation, the equality of the members will not be destroyed* 

UL If both members of am, equation be multiplied by the 
same number, the equality will not be destroyed. 

IV. If both members of an equation be divided by the same 
number, the equality will not be destroyed. 

CLEARING EQUATIONS OF FRACTIONS. 

(72.) When some of the terms of an equation are frac- 
tional, it is necessary to so transform it as to cause the de- 
nominators to disappear, which process is called clearing of 
fractions. 
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i 

/ 

Let it be required to clear of fractions, the following equa-* 
tion. • s 

Now, by Axiom III, we can multiply all the terms of this 
equation by any number we please, without destroying the 
equality. If We multiply by a multiple t>f all Jthe denomina- 
tors, it is evident they will disappear. 

If we choose the least multiple of the denominators as a 
multiplier, it is plain that the labor of multiplying will be the 
least possible. 

Thus, in the above example, multiplying all the terms of 
both sides of the equation, by 6, which is the least multiple of 
2, 3, and 6, we have » 

6+Sx+2x+x—ex+6 (2) 

This equation is now free of fractions; 

(73.) Hence, to clear an equation of fractions, we deduce, 
from what has been said, this 

RULE. 

Multiply all the terms of the equation by any multiple of 
their denominators. If we choose the least common . multiple 
of the denominators, for our multiplier, the terms of thefrac* 
tion, ijohen cleared, will be in their simplest form. 

examples. 

1. Clear of fractions the equation ^~ a =:_ . 

^ 5 2. 7 

In this example, the least common multiple of the denomi- 
nators 5, 2, and 7, is 70 J hence, multiplying all the terms 
of our equation by 70, we find 

14z-14a=*35z+35t-rl0 
for the equation whfen cleared of fractions. 



I 



60 SIMPLE EQUATIONS. 

2. Clear of fractions f *-« — =aH • 

' 8 4 2 T 16 

Ans. 2#— 4+4r+4a— 8x+8J=16a:+a:. 

(74.) We must observe that when a fraction has the sign 
— , it requires its value to be subtracted, so that, if it is writ- 
ten without the denominator, all the signs of the numerator 
must be changed. 

3. Clear of fractions 1 . =a-f 5 • 

2 3 4^7 

Ans. 42*-42+28#+28-21z+63=84a+84&-12<:. 

O" ^* ^Y* T* HI* 

4. Clear the equation x+« + ^+7+^=251 of fractions. 

^ 2 3 4 5 6 

Ans. 30a;+ 20#+ 15x+ \2x+ 10x= 15060. 

• 2 h 

5. Clear the equation 1 \-^=ff of fractions. 

1 x m a ° 

Ans. a 2 dm+b(lp+cmx~dgmx* 

6. Clear the equation _^_+^Z?-5Zf -^ of frac- 

ar—b 2 a+b a—b a 

lions. 

A C a#+a 2 #— a&r— 3a 2! +-3ai— a 2 x+5a 2 — aix+5a6 
( =a m—b'm. 

TRANSPOSITION OF THE TERMS OP AN EQUATION. 

(75.) The next thing to be attended to, after clearing the 
* equation of fractions, is to transform it so that all the terms 
containing the unknown quantity nflay constitute one mem- 
ber of the equation. 

If we take the equation 
alb 

• » 

we have, when cleared of fractions, 
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6a— 3x+2bx=4Sz (2) 

tf we add to both members of this equation 3x—2bx (Axi- 
om I), it becomes 

6a— 3x+2bx+3x—2bx*=4:Sx+3x— 2bx (3) . ^ 

All the terms of the left-hand member cancel each other, 
except 6a. » 

Therefore we have 

. 6a<=48x+3x— 2bx (*) 

in which all the terms of the right-hand member contah) x. 

» 

If we compare equation (4) with (2), we shall discover, 
that the terms — 3x+2bx, which are on the left side of equa- 
tion (2), are on the right side of equation (4), With their 
signs changed. ' 

Hence, we conclude that the terms of an equation may 
change sides, provided they change signs at the same time. 

(76.) To transpose a term from one side of an equation 
to the other, we must observe this 

RULE. 

Any temt may be transposed from one side of an equation 
to the other, by changing its sign. 

■ * 

r 

EXAMPLES. 
2?"^ 6 fygp 

1. Clear the equation — ^ — r-26==— +2 of fractions* . 

and transpose the terms so that all those containing re may con- 
stitute the left-hand member. 

First* clearing the above equation of fractions, by Rule 
under Art. 73, we have 

2Z+12+104-53H-8. 



i 



, "» 
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/ 

Secondly, transposing 2x from the left member to the right 
member, and 8 from the right member to the left, we have 

12+104— 8 =5x— 2x for the result required. 

2 (t"\-X 

2. Clear the equation ^=7^ of fractions and trans- 

2 3 

pose the terms. 

Ans. 3x— 2#=45+2a. 

*ix X X 

3. Clear of fractions. the equation q— * , 3y+-=-+2 and 

transpose the terms. 

Ans. 14aH-3#— 2#=36+60. 

4. Clear of fractions and transpose the terms of the equa- 

x 2+x c 
a— b a+b a 2 —b 2 

Ans, ax+bx— ax+bx—c+2a— 2b. 

(77.) We are now prepared to find the value of the un- 
known quantity. If we take the last example, it may be 
written thus, 

(a+6— a+b)x—c+2a— 2i, 

or uniting the like terms within the parenthesis, it becomes 

2bx=c+2a—2b. J v 

Dividing both sides of this equation by 2&, (Axiom IV,) we 

find c+2a-< 24 

2b 

hence, the Value of x is now. known, since it is equal to the 
expression c+2a— 2b 

2b 

(78.) From what has been done, we discover that an equa- 
tion of the first degree may be resolved by the following 
general 
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RULE. 

I. If any of the terms of the equation are fractional, the 
equation must be cleared of fractions, by Rule under Art. 73. 

II. The terms must then be so transposed; that all those con- 
taining the unknown quantity may constitute one side or mem- 
ber of the equation, by Ride under Art. 76. 

III. Then divide the algebraic sum of those terms on that 
side, of the equation which are independent of the unknown 
quantity, by the algebraic sum of the coefficients of the terms 
containing the unknown quantity, the quotient will be the value 
of the unknown quantity. . 

EXAMPLES. 

, > 

X X 

1. What is the value of x in the equation -+-y=a;— 10? 

3 4 

This cleared of fractions becomes 

. 4r+ar=i2a— 120. 
When the terms are transposed and united, we have 

120=5s. 
Dividing by 5, we get 24=#. 

« 

2. What is the value of x in x — = — *~? 

3 4' 

Ans. #=13~ 

21— 3a; 4r+6 §x+l 

3. Given — - - — =6 — , to find x.< 

3 9 4 

Ansv #=3*. 

« 

i 

4.' Find # from the equation 3ax+-—3~bx— a. 

A 6-3a 

Ans. #=- *- 

6a-26 
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^. x— 2 Sx , 15a? ' - , 

5. Given -T~""^ + "2~ = ' *' 



Ans. #=6# 



6. Find x so as to satisfy the condition — 4»/i 

am 

A a/5M-4am 
Ans. #=-£ — — . 

3am— 2ao 

' . Sr^— 6 36 . , c 

7. Find x froin the equation — ~2 ~~2* 

A *_56+9&-7c' 
16rc 



9. Given ^+^±l=3a;-12, to find x. 



Ans. a;=6* 

9. Given a:——— — | — -~- — =x+l, to find a;. 

13 11 

Ans. a?=6. 

*.. x+7 6x'*^2 * , ' 

10. Given — - — 3aH |-3=x, to find x. 

3 o ' 

Ans. a;==2. 

_ ri . 3a;-2 , 3a;+2 V _.• 

11. Given — -- — h — — — =a;— 1, to find x. 

7 11 



Ans. #=^3. 



IS. Given -—-+£3=11 to find x. 
3 7 



Ans. a;=92ft-. 



4rt r<- (a+b)x , a: ar+1 „ _ 

13. Given v i-+ 2 * i 2 =—r7> to fad a;. 



Ans. a;= 



a— J 



a 2 +2aJ+V-a+6+l 
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a 

QUESTIONS, THE SOLUTION OF WHICH REQUIRE EQUATIONS 

OF THE FIRST DEGREE* 

c 

(79.) In the solution of questions, by the aid of algebra, 
the most difficult part is to obtain the proper equation which 
shall include all the necessary relations, of the question. 
When once this equation of condition is properly found, the 
value of the unknown quantity is readily obtained by the Rule 
under Art. 78. 

Suppose we wish to solve, by algebra, the following ques- 
tion. 

1. What number is that, whose half increased by it3 third 
part and one more shall equal itself? 

If we suppose £ to be the number sought, its half will be 

X XX 

~, which increased by its third part, becomes -+-, and this 

£ do. 

X X 

increased by one, becomes o+o"^> which by question must 

2 3 

equal itself. 

xx ' 

Therefore, we have-+-+l=:r for the equation of con- 

2 o 
dition. 

Solving this, by Rule under Art. 78, we have #=6. 

VERIFICATIQN. 

|=4 of 6=3 

|=4 of 6=2 
1 =1 



Therefore, o^o-H 35 ^, which shows that 6.is 

truly the number sought. 

9 
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Again, let us endeavor to solve this question : 

2. What number is that whose third part exceeds its fourth 

« 

part by 5 ? , 

Suppose x to be the number, then will its third part 

ZC X 

=- ; its fourth part =-•. , ' 

Therefore, the excess of its third part over its fourth part 

x x ' 

is expressed by «— 75 which, ,by the question, must equal 5. 

x x 
Hence, we have the following equation o""-: 11 *^, 

ihis solved, gives #==60 ; the third part of which is 20, and 
its fourth part is 15, so that its third part exceeds its fourth 
part by 5, hence, this is the correct number sought 

(80.) The method of forming an equation from the condi- 
tions of a question, is of such a nature as not to admit of any 
simple rule, but must be in a measure left to the ingenuity of 
the student. % 

. It will however be of assistance to pay attention to the 
following 

RULE. 

Having denoted the quantity sought by x, or some other unr 
known letter, we must indicate, by algebraic symbols, the same 
operation, as it would be necessary to perform upon the true 
number, in order to verify the conditions of the question* 

3. Out of a cask of wine which had leaked away a third 
part, 21 gallons were afterwards drawn, and the cask was then 
found to be half full : how much did it hold ? 

Suppose x to be the number pjf gallons which the cask 
held. 
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t 

X 

, Then,, the part leaked away must be - . 

. / • . '3 

And the part leaked away, together with the quantity drawn 

x 
off, must be -+21. 

3 

Now, by the question, the cask is still half full, so that 

what has leaked out, together with what has been drawn off,.- 

i x 
must be -. 

x x 
Hence, we have this. equation, -=^+21, 

which cleared of fractions, becomes 3#=2aH-126, 
transposing and uniting terms, we have a: =126. 

4. There are two numbers which are to each other as 6 
to, 5, and whose difference is 4Q. What are the numbers ? 

Suppose the numbers to be denoted by 6x and 5#, which 

are obviously as 6 to 5 for all values of x. Now by the 

question, the difference of these numbers is 40. Therefore, 

we have 6x— 5#=40, that is #=40. 

Hence, 6#=6X40=240 > - , . , , 

&r-S X 40=200 J * e numbers sou « ht - , 

5. A farmer had two flocks of sheep, each containing the 
same number. Having sold from one of these 39, and from 
the other 93, he finds tjvice as njany remaining in the one as 
in the other. How many did each flock originally contain ? 

Suppose the number, in each flock to be denoted by x. 

Then the flock from which he sold 39 will have remain- 
ing re— 39. 

And the one from which he sold 93 will have remaining 
#—93. 

Hence, by the question we have 

2x(#-93)=#-39,. or 2#-186=#-39, 
transposing and uniting terms #=147,. 
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6. Divide the number 36 into three such parts, that £ of 
the first, £ of the second, \ of the third, shall be equal to 
each other. 

If we denote the three parts by 2x, 3x, 4r, it is plain, that 
^ of the first, ^ of the second, \ of the third, will be equal 
for all values of i. 

Now by the question, the sum of, tl^ese three parts must 
equal 36. 

Therefore, 2z+3a;+4x=36, 

uniting terms we have 9#=36, 

dividing by 9, and we obtain ar=4. 

Consequently, 2x=2x4= 8} 

3#=3X4=12 > the parts sought. 
4z=4x4=16) 

4 

7. Two pieces of cloth, are of the same price by the yard, 
but of different lengths, the one cost $5, the other $6^. If 
each piece had been 10 yards longer, their lengths would 
have been as 5 to 6. What was the length of each piece ? 

Since the price per yard was the same for both pieces, their . 
lengths must have been to each other the same as the num- 
ber of dollars which they cost, or as 5 to' 6^, or which is the 
same as 10 to 13. 

Therefore we will denote their lengths by l&r and l&r. 

These become, when increased by 10, 

10#+10 and 13x+10, 

which by the question, must be as 5 to 6. 

Hence, 6(lftr+ 10) =5(13^+10), 

or expanding, 60#+60=65a; I r-50, 

transposing and uniting terms, we get 10=5#, and #=2. 

Therefore, 10a:=10x2=20 > . , •. u , 

13*=13X2=26 5 ^ len « ths S0U S ht 
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8. Twelve oxen have in 4 weeks eaten all the grass which 
grew on 3y acres of land, in such a manner that they not 
only ate all the grass which at first was there, but also that 
which grew during the time they were grazing. In like man- 
ner, have 21 oxen, in 9 weeks, eaten all the grass upon 10 
acres of land. How many oxen can, in this way, graze for 
18 weeks, upon 24 acres of land ? 

Let *= the growth of one acre of grass for one week, 
then will the growth pf 3^ acres for 4 weeks equal 

40a: 

3iX4Xff=-— , 

also, the growth of 10 acres for 9 weeks, will equal 

10X9X*=90;r. 

Therefore, the whote quantity of grass eaten in the first case, 

equals 

, 40*_10+40* 

3 ,3 

The quantity eaten in the second case equals 10+90*. 

Hence, the quantity which one ox eat in one week, equals 

10+40* 1 1 5+20* . , ' 

X T x— = —— — , m the first case. 

3 4 12 72 

Again, in the second condition the quantity which one ox 

eat in one weqk, equals 

•/«A.n« v 1 1 10+90* 
(10+90*) x-X— = — ,„„ -. 
v ' 9 21 189 

Now by the question, an ox in the first case ate tfye same 
as an ox in the second case, therefore we have 

5+20* 10+90* 



72 189 



U) 



This solved, gives ^ = To« 



* 

This value of * substituted in either member of (1) gives 
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i * 

— for the fractional part of an acre eaten by one ox in one 

week, therefore, the quantity which one ox eats in 13 weeks is 

5 5 , 

--Xl8=- acres. 
54 o 

1 

Now, the 24 acres increasing 18 weeks at the rate of — 

of an acre for each acre for each week, will amount to 60 
acres. 

Hence, 60-r--=36 oxen for the answer. 

o 

& Divide the number 237 into two such parts, that the 

one may be contained in the other 1^ times. What are these 

parts? 

Ans. 105i, and, 131 1 . 

10. The sum of $1200 is to be divided between two per- 
sons, A and B, so that A's share is to B's share as 2 to 7. 

How much does each receive ? 

Ans. A $2661, B$933|. 

The above question when generalized becomes like the 
following question. 

11. Divide a number a into two such parts, that the first 

part is to the second as m to n. What are the parts ? 

. ma na 

Ans. — — , — --. 
m+n m+n 

12. Divide the number 46 into two unequal parts, so that 
when the one is divided by 7, and the other by 3, the quo- 
tients together may amount to 10. What are these parts ? 

Ans. 28 and 18. 

13. In a company of 266 persons, consisting of officers, 
merchants and students, there were 4 times as many mer- 
chants, and twice as many officers as students. How many 
were there of each class ? 

Ans. 38 students, 152 merchants, and 76 officers. 
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14. Divide the number a. into three such parts, that the 
second may be m times, and the third n times as great as the 
first. What are these parts ? 

. ci ma na 

' \ x\JQS. ■ — , * ' , -• — -■ " ■ " « 

1+m+n 1+m+n 1+m+n 

15. A field of 864 square rods is to be divided among 
three farmers, A, B, Cf, so that A'-s part shall be to B's as 5 
to 11, and C may receive as much as A and B together* 
How much does each receive ? 

Ans. A 135, B 297, C 432 square *ods. 

16. Divide the number a into three such parts, that the 
first shall be to the second as m to n, and the second part to 
the third as p to q. What are these parts ? 

. mpa npa nqa 

. mp+np+nq mp+wp+nq mp+np+nq 

• i 

» 

17. Divide $1520 among three persons, A, B, C, so that 
B may receive $100 more than A ; and C $270 more than B» 
Hew much does each receive ? 

Ans. A $350, B $450, C $720. 

13. A certain sum of money is to be divided amongst 
three persons, A, B, C, as follows : A shall receive $300fr 
less than the half of it, B $1000 less than the third part, and 
C is to receive $800 more than the fourth part of the whole 
sum. What is the sum to be divided ? and what does each 
receive ? 

Ans. The whole sum is $38400. A receives $16200, 
B $11800, C $10400. 

19. A mason, 12 journeymen, and 4 assistants, receive 
together $72 wages for a certain time. The mason receives 
$1 daily, each journeyman \ dollar, and each assistant 25> 
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w 

cents. How many days must they have worired for this 

money. 

Ans. 9 days. 

20. A courier who had started from a certain place 10 

days ago, i$ pursued by another from the same place, and 

by the same way. The first goes 4 miles every day, the 

other 9- How many days will the second need to overtake 

the first. 

Ans. 8 days. 

21. A courier left this place n days ago, and makes a miles 
daily* He is pursued by another making b miles daily. How 
many days will the second require to overtake the first ? 

Ans. — ,- days. 
J— a 

22. But, in what time will the second courier overtake the 
first, when it is supposed that the second starts 12 days later 

* 

than the first, and his speed is to that of the first &s 8 is to 3? 

Ans. 7-J- days. 

23. Two bodies start from the same place, one alter the 
other, in a straight line ; the second starts n seconds later than 
the first, and its speed is to that of the first as q is to p* In 
what time will these two bodies be together ? 

Ans. -£— seconds after the setting out of the second. 
q-p 

24. Two bodies move in opposite directions ; one runs 
c feet in each second, the other C feet. The two plapes 
from which they start at the same time, are distant d feet 
from one another. When will they meet? 

Ans. In ~- — seconds* 
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25. But, in what time will these two bodies come together, 
when that which goes C feet £aoh second, runs after the 
other? ' 

.Ans. In seconds. 

. / C-c 

Is the problem, as here stated, 'always possible? And 

what is required for it to be possible ? What does the ex- 

' d 
pression -~ — signify, when C^cH What does it denote 
G— c 

when €<c9 

26. At 12 o'clock, both hands of a clock are together. 

When, and how often will these hands be together in the 

next 12 hours ? ' ' 

The hands will meet 11 times ; these ren- 

Jcontreswill be at 5-rr rainutes past 1, 10-fy 

^minutes after 2, 16-^y after 3, and so on, in 

each successive hour 5-fy minutes later. 

27. Two bodies move after one another in the circumfer- 
ence of a circle which measures p feet. At first they are 
distant from each other by an arc measuring d feet; the .first 
moves c feet, the second C feet in 3 second. When wi)l these* 
two bodies meet for the first time,, second time, and so on f 
supposing that they do n&t disturb each other's motion ? 

Ans. In -- — :, J ^- — , -£. , &c., seconds. 

C-c C-c C-c 

28. But when will they meet, when the first begins to move 

t seconds sooner than the second ? 

A T d+ct p+d+ct 2p+d+ct « ' % 

Ans. In -- — , ±--- , -£-_ f &c., seconds. 

C^o C-c c-* c : 

29. But if the first starts t seconds later than the second*, 
when will they meet ? 

- T d— ct p+d—ct 2p+d-r~ct « , 

Ans. In — — , £—- , -£-- , &c, seconds. 

*C— c C—c . C—c 

10 



f 



74 SIMPLE EQUATIONS* 

30. But if the first, instead of preceding the second, runs 
against it, and starts from the same place, t seconds sooner* 
when do they meet ? 

Ans. In _ — , ±. , _J_ 1_, &c, seconds. 

C+c C+c C+c 

31. A cistern can be filled by three pipes ; by the first 

in 1-J- hours, by tha second in 3^ hours, and by the third in 

5 hours. In what time will this cistern be filled when all 

three pipes are open at once ? 

Ans. In 48 minutes. 

32. In order to make the foregoing problem more general, 
let the time which the first pipe alone takes in filling the eis~ 
tern =a, the* time which the second takes in doing the same 
=£, and the time required by the third —c. What expres- 
sion gives the time in which all three pipes together will 

fill it? 

a. abc 
Ans. ^ . . 

ab+ae+be 

33. A servant received from his master $40 wages, year- 
ly, and a suit of livery. After he had served 5 months he 
asked for his discharge, and received for this time, the live- 
ry, together with $6£ in money. How much did flie livery 

cost? 

. ' ' Ans. $18. 

34. A master hired a. journeyman, and promised him 8 
• shillings for each day that he worked for him ; but if he work- 
ed anywhere else, then the journeyman must pay him 5 shil- 
lings daily for his board. At the expiration of 50 days they 
settle, and the journeyman receives 10 pounds and 18 shil- 
lings. How many days has he worked for his master ? 

Ans. 36 days. 

> 

35. It is required to divide the number 36 into three sucb 
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parts, that one-half die first, one-third the second, and one- 
fourth the third, may be equal to each other. 

1 ' Ans. The parts ai£ 8, 12, and 16. 

36. Find a number such" that \ thereof increased by -J-of 
the same, shall be equal to \ of it if increased by 35. 

Ans. 84. 

37. A gentleman spends \ of his yearly income in board 
and lodging, \ of the remainder in clothes, and lays by j£2Q 
a year. What is his income ? t 

Ans. .£180. 



EQUATIONS OF TWO OR MORE UNKNOWN 

QUANTIFIES. 



(81.) Suppose we have given the two equations 

#+y=19 
#— y=ll 
to find the value of x and y. 

If we take the sum of the two equations, we shall have 

2#=30. 

Dividing by 2, we find 

#=15. 

Again, subtracting the second equation from the first, we 
have 

. - 2y=8. . 

Dividing by 2, we obtain 
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2. Suppose we have given the two equations 



^ X ,, y ^ 


(1)" 


*+^=3 

& 16 


(?) 


to find the valute of x and ^ 




We will first clear these equations of fractions, by multiply- 
ing the first by 12 and the second by 48 (Arj. 73) ; we thus 
obtain 

4<r+3y- 96 ( 3 ) 
8aH-32/=r=144, v * (4) 


Now; subtracting (3) from (4) we have 

: . ' 4#=48. 
Dividing by 4 we find 

. " x=12. 


• 


• 

If we multiply (3) by 2 it becomes 

&s+6y=192. 


(«) * 


Now, subtracting (4) from (5) we find 

3y=48. 

Dividing by 3 we find . < 

?/=16. . 


t 


3. If we have given the two equations 

2x— 3y= 4 
8#— 6i/:=40 


(2). 



to find x and y, we proceed as follows ; 

Dividing (2) by 2 it becomes 

\ 4z— 3y=20. , (3) 

Subtracting (1) from (3) we find 

2a;=l6 . • . x=8. 

Multiplying (1) by 4 we have 

&c-12y=16. (4) 

Subtracting (4) from (2) we get 

6y=24.-.y=4. 
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ELIMINATION BY ADDITION AND SUBTRACTION. 

(82.) From what has been done, we discover that an un- 
known quantity may be eliminated from two equations, by 
the following , , 

RULE. 

Operate upon the two given equations^ by multiplication or 
division, so that the coefficients of the quantity to be eliminated 
may become the same in both equations, ; then add or subtract 
the two equations, as may be necessary, to came these two terms 
to disappear. 

EXAMPLES. 

4. Given, to find x and y, tfce two equations 

Zx- y='3 (1) 

y+2a;=7. (9) 

• If. we add the two equations, we have 

5x=10 .-.x=2. (3) / 

Again, multiplying (3) by 2, we get 

2s=4. (4) 

Subtracting (4) from (2) we obtain 

t 

6. Given, to find x and y, the two equations 

' '■ . ' H= 6 .' <» 

1+1=6*. " (2) 
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t 

Clearing these equations of fractions, by multiplying each 
by 6, they become 

3x+2y=36 (3) 

~ 2x+2y=39. (4) 

Multiplying (3) by 3, and (4) by 2, they become 



9#+6y=108 


(5) 


4s+6y= 78. 


(6) 


Subtracting (6) from (5) we get 




5#=30, 


• 


and > rc=6. 

s 


(?) 


Multiplying (7) by 2, it becomes 


» 


22;= 12. 


(8) 


Subtracting (8) from (4), we find 




3y=27 .*.y=9. 





6. Suppose we wish to find x, y, and z, from the three 
equations 

5x-6y+4z=X5 (1) 

7ar+4y-3z=19 (2) 

2x+ y+6z-4:6. ■ (3) 

We will first eliminate y, for this purpose multiply (3) first 
by 4 and then by 6, and it will give 

8<r+4y+24z:=184 (4) 

12x+6y+S6z=276. (6) 

Add (1) to (5) ; and subtract (2) from (4), and we have 

17*+ 402=291 (6) 

s+27z=165. • , . . (7) 

We have now the two equations (6) and (7), and but two 
unknown quantities x and z. 

Multiply (7) by 17 and it. will become 

17s+459*=2805. (8) 
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Subtracting (6) from (8) we obtain 

419*=2514. . (9) 

Dividing (9) by 419, we find ' 

z=6. (10) 

Multiplying (10) by 27, we find 

27*=162. ; (11) 

Subtracting (11) from (7) we get 

x=3. . (12) 

Multiplying (10) by 6, and (12) by 2, and then taking 
their sum, we find 

6z+2;r=42. (13) 

Subtracting (13) from (3) we get 

(83.) We will now repeat the solution of this last ques- 
tion, adopting a simple and easy method of indicating the 
successive steps in the operations. 

The method which we propose to make use of, is to indi- 
cate by algebraic, signs, the same operations upon the respec- 
tive numbers of the different equations, as we wish to have 
performed upon the equations themselves. 

Thus, 

(6Wf4^x3 £ shows, that equation (6) is obtained by 
w v J £ multiplying equation (4) by 3* 

flOWf7\4-ft\ 5 snows » tnat equation (10) is obtained 
\ ) \ r»"l } J jjy. ^(jing equations (7) and (1). 

(Il\=f6\— IS\ $ s ^ ows » tnat e( I uat * on (11) » obtained 
\ ) \ ) \ ) ^ by subtracting equation (3) from (6). 

(15\=rft4^— 3 £ snows > tnat equation (15) is obtained 
\ ^V ) ' ^ D y dividing equation (14) by 3. 

And so on for other combinations. 



so 
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This kind of notation will become familiar by a little prac- 



tice. 



* 

We will now resume our equations of last example. 



C 5x^ 6y+42:=15 

Given J 7x+4y— 3z=19 

(2x+ y+62:=46 

r 


(1)) 

(2) > , to find x, y and ** 


Sx+ 4y+ 24*= 184 


(4)=(3)X4 


12s+ 6y+ 36*= 276 


(5)=(3)'x6 


17x+ 40*= 291 


(6)=(l)+(5) 


x+ 27*= 165 


(7)=(4)-(2) 


17a;+459*=2805 


(8)=(7)X17 


419*=2514 


(9)=(8)-(6) 


*=6 


(10)=(9)4-419 


27*= 162 


(ii)=(ioyx27 


ar=3 


(12)=(7)-(11> 


6*=36 


(13)=(10)X6 


2z=6 


(14) =(12) X 2 ' 


6*+2x=42 


(15)=(i3)+(14) 


y=4 


(16)=(3)-(15) 



Collecting equations (12), (16) and (JL0)> we have 

Cx=Z (12) 

Ans. < y=4 (16) 

( *=6 (10). 

We will solve one more set of equations by this 'method',* 
giving all the steps at length, the better to illustrate this no- 
tation. 

*7;r-2*+3a=17 (1)' 

4y»r2*+ *=11 (2) 

Given^.Sy— 3#— 2t*= 8 (3) y> to find x 9 y, *, w, U 

4y-3tH-2* = 9 (4) 

3z+8u*=33 (6) 
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. 8y-4z+21=22 

4y-4a+3w=13 

21z-62+9w=51. 

35y— 21a:— 14a=56 

35y-6z^5u=W7 

140y-140z-t- 105w=455 

140j/-24z-20a=438 

-116z+125w=27 

3482+928M— 3828 
-348z+375tt=81 

1303«=3909 
u=3 
8m=24 



3«=9 
4z=12 
4z— 3w=3 
4y=16 

y=& 
8y=33 



(6)=(2)X2 

(7)=(6)-<4, 

(8)=(1)X3 

(9)=(3)X7 
(10)=(8)+(9) 
• (11)=(7)X35 
(12)=(10)X4 
(13)=(11)-(12) 
(14)=(5)X116 
(15)=(13)X3 
(16)=(14)+(16) 
(17)=(16)-i-130S 
(18)=(17)X8 
<19)=(5)-(18) 
(20)=(19)-!-3 
(21)=(17)X3 
(22)=(30)X4 
(23)=(32)-(21) 
(24)=(23)+(7) 



21=2 

1=1 

. 2z=0 

3w— 2z=3 

71=14 

z=2 



(29)=(28)-HS 

(30)=(20)X2 

(31)=(21)-(30) 

(32)=(1)-(31) 

(33)=(32)-i-7 



Collecting equations (33), (25), (20)', (17), (29), we have 



1=2 
J=4 
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ELIMINATION BY COMPARISON. 

(84.) Tfle may also eliminate one of the unknown quan- 
tities of 'two equations, by the following process : 

Take the two equations 

5y-'4:x= -22 (1) . 

3y+4z=38. (2) 

If we, for a moment, consider y as a known quantity, we 
may then, from e^ch of these equations, find the value of x 
by Rule under Art. 78. 

We thus find 

-3±S . (3) 

-*? w 

Putting these two values of x equal to each other, we have 

22+5y _ 38-3y 

Clearing (5) of fractions, it becomes 

22+5y*=38-3y, % (6) 

transposing and uniting terms, we find 

8y=16 .-. y=2. 

This value, of y substituted in either of the equations (3) or 

(4), will give V 

' z=8. 

The above method of eliminating may be given as in 
the following 

RULE. 

I. Find> from each of the given equations 9 the value of one 
of the unknown quantities, by Rule under Art. 78., on the sup' 
position that the other quantities are known. 



SIMPLE EQUATIONS. 83 

II. Then equate these different expressions of the value of 
the unknown, thus found, and we shall thus have q, number of 
equations one less than were first given ; and they will also con" 
tain a number of unknown quantities one less than at first* 

III. Operating with these new equations as was done with 
the given equations, we can again reduce their number one; and 
continuing this process we shall finally have but one equation 
containing but one unknown quantity, which will then become 
known. » 

EXAMPLES. 

C 7x+5y+2z= 79 (1) } " 

1. Given < Sx+ 7y+9z= 122 (2) > , to find. a?, y, and z. 
( x+fy+5z= 55 (2)) 

By Rule under Art. 78, we find, by using (1), (2) and (3), 

79-5y-2z ' "" /JX 

' *" . 122-7v-9ir 

* «= /; — (5) 

x=55— 4ty— 5z. (6) , 

Equating (4) and (6) ; and (5) and (6), we have 

79— 5y—2z 

^ =55-4y-5z (7) 

122-7y-9i * . . . • 

— - — ~ =55— fy— 5z. (8) 

When cleared of fractions (7) and (8), become 

79-5y-2z=385-28y-36z 
122 —7y — 9z=440 — 32y -40*. 

Transposing and uniting terms, we have 

23y+33s=306 p) 

25y+31z=318, (10) 
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Equations (9) and (10) give 



25 
Equating (11) and (12), we have 

306-33* 318-31* 



306—33* ,„_ 

*" — 28— (U) 

^318-31* 



(13) 



23 25 ' 

which reduced gives 

z=3. 
This value of z substituted in (11) gives 

And these values of z and y, substituted in (6), give 

#=4. 

2. Given < $x+ : zy+\z=4:l > , to find x 9 y y and 2. 

These equations, when cleared of fractions, become 

6x+ 4y+ 3*= 744 (1) 

20z+15y+ 122=2820 (2) 

l&r+12i/+ 10*=2280. (3) 

From (1), (2), and (3), we fipd 

_744-6z-4y 



3 

. 2820— 20z-15y 

z= — 

12 

_ 2280- 15x -12y 

%— • 

10 
Equating (4) with (5) ; and (4) with (6), we have 



(5) 
(6) 
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744— 6*— 4y _2820— 20*— 15y 

3 32 

744— 6*— 4y_ 2280— 15a:— 12y 



(8) 



3 10 ' • . 

Equations (7) and (8) when reduced become 

4*+ y=156 (9) 

15*+4y=600. (10) 

Equations (9) and (10) give 

y=156- 4* (11) 

600-15* - 

y=— (12) 

Equating (11) and (12), we have 

+ *<* * 600-15* /<m 

156—4*= (13) 

This reduced, .gives 

*=24. 

Having found £, we readily find y and z to be 

y=60 ; z=120. 

ELIMINATION BY SUBSTITUTION. 

(85.) There is still another method of elimination, 

1. Suppose we have given the two equations 

' 6*+2y=45 (1) 

4*+ y=33 (2) 
From the first we find 

45—5* . v 

Substituting this value of y in (2), we have 

: , 45—5* nn . . 

4*+ — — =33. (4) 
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Equation (4) when cleared of fraction^, becomes 

8z+4t5-5x=66. (5) - 

This gives 

x—1. 

Substituting this value of x in (3), we find 

y=5. 

2. Again, suppose we have given, to find x, y, and z, the 

three equations 

2x+4y-3z=22 (1) 

4x-2y+5z=18 ~ (2) 

6x+7y- z=63. (3) 

From equation (3) we obtain 

z=6x+7y-63. (4) 

Substituting this value of z, in (1) and (2), and they will be- 

come 

2z+4?/-3(6;r+7y-63)=22 (5) 

4z-2y+5(6z+7y-63)==18 (6) 

Equations (5) and (6) become, after expanding, transposing, 

and uniting terras, 

16x+17y=167 (7) 

34^+33^=333.. (8) 

Equation (7) gives 

This value of x, substituted in (8), gives 

84(167-17^3 333 tf 

16 
Equation (10), when solved as a simple equation of one un- 
known quantity, gives 

Substituting this value of y in (9), we find 

x=3. 
Using these values of x and y in (4)^ we obtain 

■ 2==4. . 
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(86.) This method of eliminating may be comprehended 
in the following 

RULE. 

Having found, the value of one of the unknown quantities, 
from either of the given equations, in terms of the other un- 
known quantities, substitute it for that unknown quantity in the 
remaining equations, and we shall thus obtain a new system of 
equations one less in number than those given. Operate with 
these new equations as with the first, and so continue until we 
find one single equation with but one zmknown quantity,' which 
will then become known. 

examples. ' 

r x—w= 50 (1)) 

. ^. ;%— #==120 (2)f 

1. Given < 2z — v=120 (3K ' t0 Wf X * y * ** 

(3w-z=195 (4)) 

From (1) we find 

w=x— 50. (5) 

This value of w, substituted in (4), gives 

3(x-50)-z=195, or 3#-*=345. (6) 

Equation (6) gives 

z=3x-345. ' (7) 

Thi3 value of z, substituted in (3), gives 

2(3#-345)-y=120 or 6#-y=810. (8) 

Equation (8) gives 

y =6x-810. (9) 

This value of y, substituted in {2), gives 

3(6ar-810)-:r=120* (10) 

or 17a:=2550. (11) 

.•. £=150. 
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This value of x causes (9) to become 

y=90. 
Using the value of x in (7)^ we find 

z=105. 
Finally, using the value of x in (5), we find 

w=100. 

(x+$y=a (1)} 

2. Given < y-\-\z-=a (2) > , to find x, y, and z+ 

(z+±x=a (3)) 

Equation (3) gives 

4a— x 
z — . (4) 

This value of z, substituted in (2), we have 

4a — x 

y+-jg-=a. . (5) 

Clearing fractions and uniting terms, (5) becomes 

12y— x=8a. (6) 

From (6) we find 

x=12y—8a. (7) 

This value of x, substituted in (1), gives 

12y-8a+|=a. K . (8) . 

Equation (8) gives 

25y=*=18a, (9) 

18a 

This value of y, substituted in (7), gives 

16a 

rc= • 

25 

Substituting for x, in (4), its value just found, we have 

21a 

25 
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Hence, collecting values, we have 

We may observe that if a is any multiple of 25, the abovef 
values of z, y, and z will.be integers. 

(87.) All equations of the first degree, containing any 
number of unknown quantities, can be solved by either of 
the Rules under Articles 82, 84, and 86, or oy a combina- 
tion of the* same. 

The student must exercise his own judgment as to the 
choice of the above Rules. In very many cases he will dis- 
cover many short processes, which depend upon the particu- 
lar equations given. 

(88.) We will now solve a few equations, and shall en- 
deavor to effect their solution in the simplest manner possi- 
ble. 

1. Given < J° , Jt'Z gg > , to find the values of x and y. 

Adding the two equations, and dividing the sum by 9, we 

find 

x+y=24. (1) 

Multiplying (1) by 3, and subtracting the result from the se- 
cond of the given equations, we have 

y=*i6. (2) 

Subtracting (2) from (1), we get • ■ 

x=8. 

(x+y=a (1)} 

2. Given < x+z=b (2) > , to find x 9 y, and z. 

( y+z =c (3) ) 

Dividing the sum of these three equations by 2, we find 

a+b+c t 

x+y+z** - . (4) 

IS 
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From (4) subtracting, successively, (3), (2),-and (1), we find 

_<z+i— c 

X 2~/ r 
a—b+c. 



2= 



2 
— a+b+c 



u+x+y=13 (I)' 

* n- \+x+z*=Vf - {2)f , 

3. Criven < . , „ . ; ' > , to find «, x, y, and z« 

)u+y+z=18 (3)f J 

k tf+y+z=21 (4). 
Dividing the sum of these four equations by 3, we obtain 

« 

u+x+y+z=23. . (5) 

From (5), subtracting successively, (4), (3), (2), and (1), and 
we find 

u= 2\ 

x=5( 

z- 






C x+a(y+z)=m (1) } 
4. Given < y+b(x+z)=n (2) > , to find #, y, and z. 

lz+c(x+y)=p (3)) 

If we add and subtract ax from the left-hand member of (1), 
and add and subtract by from the left-hand member of (2), 
and add and subtract cz from the left-hand member of (3), 
they will become 

(1— a)x+a(x+y+z)=m (4) 

(l-b)y+b(x+y+z)=n l (5)" 

(l-c)z+c(x+y+z)=p (6) 

If we divide (4) by 1— a, and (5) by 1—6, and (6) by 1— c, 
they will become 
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d , . .v Tit 



x+- (x+y+z)^- (7) 

y+^ x+ y +z )=i^s « ( 8 ) 

. z+ ^ x+ y +z )=^ ' ( 9 ) 

Taking the sum of (7), jfi) and (9), we have 

V 

i 1-a 1-b 1-c ) \ ; (10) 



I I 



1-a 1-6 1-c 

I^a l 11 ? T^c 

.-. £+3/+*= * (11) 

a b c> 

1— a 1—6 1— c 
This value of x+y+z substituted in (7), (8) and (9), givesf 

m .+JL.+ P 



m a , }~ a X ~ b 1 ~ c . , 1M 

1— a 1—6 1— c 

T: — t~t 



*-r=ri=rt a b c > < 13) 

l+IZi+IZj+IZc. 

m ft ^ 



- j 



/. . i-« i-* i- c . 

«JL_JLJ_ ^V (14) 

l-c l-A «_*__! 
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5, (5iven[^+|p^|,.tofi D d. a :a d y . 



Ans. < 



y=*35. 

a { #=56. 
C y=23. 



a 



7. Given ^ 6+y 3a+£ f , to find a; and y. 
ax+2by*=d 



Ans. 



2J 2 -6a 2 +<2 

3a 
3aJ~b 2 +d 



3b 



-+- =a 
,x y 

8. Given <~-| — =& > to find ^ «, and z. 

p - z ( J 

vy . * 




Ans. K!/ 35 

— a+b+c 

9. A and B possess together a fortune of $570. If A's 

fortune were 3 times, and B's $ times as great as each really 

is, then they would have together $2350. How much had 

each ? 

Ann. A $250, B $320. 

10. Find two numbers of the following properties : When 
the ons is multiplied by 2, the other by 5, and both products 
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added together, the sum is =31 ; on the other hand, if the 
first he multiplied by 7, and the second by 4, and both pro- 
ducts added together, we shall obtain 68. 

Ans. The first is S, and the second is 3. 

11. A owes $1200, B $2550 ; but neither has enough to 
pay his debts. Lend me, said A to B, y 6f your fortune, 
and I shall be enabled to pay my debts. B answered, I can 
discharge my debts, if you will lend me -g- of yours. What 
was the fortune of each ? 

Ans. A's fortune is $900, fcnd that of B $2400. 

12. There is a fraption stfch, that if 1 be added to the nu~ 

merator, its value ==f > and if 1 be added to the denominator, 

its value =■}:. What fraction is it ? 

Ans. i*5-. . 

13. The sum of two numbers is =a, the quotient arising 
from the division of the one by the other. is =&. Find these 

numbers ? 

A a , ab 

Ans. — _ , and 



b+1 ' 6+1* 

14. A, B, C, owe together $2190, and none of them ^an 
alone pay this sum ; but when they unite it can be done in 
the following ways : 'first, by B's putting \ of his properly to 
all of A's ; secondly, by C's putting \ of his property to all 
B's 5 or, by A's adding \ of his property to that of C. How 
much did each possess ? 

Ans. A $1530, B 1540, and C $1170. 

15. A and B possess, together, only f of the property of 
C ; B and C have, together, 6 times as much as A ; were 
B $680 richer than he actually is, then he would have as 
much as A and C together. How much has each ? 

Ans. A has $200, B $360, anft C $840. 
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16- Three masons, A, B, C, are to build a wall. A and 

1 B, jointly, cottld build this wall in 12 days ; B and C could 

accomplish it in 20 days ; but A and C would do it in 15 

days. What time would each take to do it alone in? And 

in what time will they finish it, if all three work together ? 

Ans. A requires 20 days, B 30, and C 60 ; 
all three together require 10 days. 

17. Three laborers are employed in a certain work. A 

and B would, together, complete this work in a days ; A and 

C require b days ; but B and C, only c days. What time 

would each require, singly, to accomplish it in, supposing 

under all circumstances, that each does the same quantity of 

work ? And in what time would they finish it, if they all 

three worked together ? 

. A . 2abc ' .„ 2abc , 

Ans. A requires -^ — ■ — —-7 days, B - — ■ — =- — — days, 

oc+ac—ao bc+ao—ac 

aDd ° ab^-bc d *? S '> J ™* 7 > -^Tfc dayS ' 

18. A certain number consists of three digits, which are 
in an arithmetical progression. . If this number be divided by 
the sum of its digits, (that is, without considering the value 
they have as tens and hundreds,) the quotient is 48 ; but if 
198 be subtracted from it, then we obtain for the remainder 
a number consisting of the same digits as* the one sought, but 
in an inverted order. What number is this ? 

r • '. . * Ans. 432. 

19. A cistern containing 210 buckets, may b6 filled by 2 
pipes. By an experiment, in which the first was open 4, and 
the second 5 hours, 90 buckets of water were obtained. By 
another experiment, when the first was open 7, and the other 

* 

3^ hours, 126 buckets were obtained. How many buckets 
does each pipe discharge in an hour ? And in what time will 
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the cistern be full, when the water .flows from fcjoth pipes at 

once ? 

Ans. The first pipe discharges 15, and the second, 

6 buckets ; it tvill require 10 hours for them* 

to fill the cistern. 

20. According to Vitruvius, Hier6, king of Syracuse's 
crown weighed 20 lbs., and lost 1^ lbs., nearly, in water. 
Let it be assumed that it consisted of gold and silver only, 
and that 19,64 lbs. of gold lose 1 lb. in water, and 10,5 lbs. 
of silver, in like manner, lose 1 lb. How much gold, and 
how much silver did this crown contain ? 

Ans. 14,77....1bs. of gold, and 5,22....1bs of silver. 

21. A person has two large pieces of iron whose weight 
is required. It is known that i of the first piece weighs 96 lbs* 
less than $ of the other piece ; and that y of the other piece 
weighs exactly as much as f of the first. How much did 
each <rf these pieces weigh f 

Ans. The first weighs 720, the second 512 lbs. 

(89.) Before terminating Ithe subject of simple equations 
we will give a general solution of a system of literal equa- 
tions, or equations in which all the coefficients of the unknown 
quantities are letters.. 

r 

Take the equations * 

dx+by+cz=z(l , (1) 

a'x+Vy+dz^d' (2) 

- a"x+b"y+d'z=a" (3) 

(90.) Before proceeding to the solution, we will observer 
that* when a letter is marked with one or more accents, as is 
the oase with the letters of equations (2) and (3), they are 
supposed to be wholly independent of each other, and are so 
marked for the .sake of giving symmetry to the different equa- 
tions. (See Art. 54.) 
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The usual method of reading accented letters, is as fol- 
lows : 

a! is read, a one accent 
a" is read, a two accents., 
a!" is read, a three accents* 

And in a similar way are other letters with accents read. 

(91.) While upon this subject, we will explain the method 
of reading letters when they are distinguished from each 
other by numerals plgoed at their bases. (Art. 54.) 

Thus, 

a 1 is read, a sub one. 

a 2 is read, a sub two. 

a 3 is read, a sub three. 

a 4 is read, a sub four. 

&c. &c. 

We must carefully distinguish between a lf <t 2 , a 3 , &c., 
and a 1 , a 2 , a 3 , &c. In the latter case the numerals are ex- 
ponents*, and denote powers of a (Art. 11), whilst in the for- 
mer case, the numerals are only used for the sake of conve- 
nience, and denote that a 19 a a , a 8 , &c., are distinct quanti- 
ties. 

(92.) We will now resume our equations. 

ax+by+cz—d (1) 

a'x+b'y+</z=d' (2) 

a"x+b"y+c"z=d" (3) 

If we multiply (1) by m, and (2) by n, and then add tfie re- 
sults, we shall obtain 

(fm+naf)x-\: (mb+nV)tf+ (mc+rKf^^md+nd' (4) 

From (4) subtracting (3), we find 

( (ma+W-a / 0x+(mA+niV6 , 0y+(^+^--c , > ) ifiX 
I =md+nd'-d'' 5 W 

Now, in order to destroy x and y, we will make 
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ma+na'-a"=0 (6) 

mb+nV-V'=0. (7) 

Introducing into the equation (5) the conditions (6) and (7), 
it becomes 

{nw+nc'-c")e=md+nd , --d" % (8) 

md+nd' —d" . 

' * mc+nc* '—c" * 

We must now find the values of m and n from equations ^6) 
and (7) ; for this purpose we will multiply (6) by p and from 
the result subtract (7), we thus obtain 

(op'-6)m+(a , |i-6>-(a // |i-6") =r0 - ( 10 ) 

If we assume 

ap-6=0 (11) 

Equation (10) will give 

a"v-b" ■ v 

n= f . 12) 

From the assumed relation (11), we find 

pJ-. (13) 

This value pf p being substituted in (IS) gives 

a"b-ab" . v 

n= -Jb^AT- < U > 

We can substitute this v&lue of n in either of the equations 
(6) or (7), and then obtain the value of m. But a neater 
method of finding m is as follows : Comparing equations^) 
and (7), we see, that if we change m, a, ft, respectively 
into n, a', b f 9 and ft, a' f b\ respectively into m, a, 6, the equa- 
tions will not be altered. Therefore, we are at liberty to 
make the same changes in equation (14), by which means it 

becomes 

al'V-alb" a'b"-a"b' 



m- 



ah' —alb a'b—ab' 
13 



(15) 
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The values of m and n, (15) and (14), being substituted in 
(9), give 

_ (a'b"-a%y+(a%-ab'y+{ab'--a'b)d" 
Z (a!b"-a"b')c+ (a"b-ab")d +(ab'-a'b)c" ' { ' 

We might now return, to equations (1), (2), and (3), and by 
a similar process we should find in succession x and y. 

But we will derive x and y from the value of z, (16), by 
a process similar to the one employed in deducing the value 
of m, (15), from the value of n, (14). ' 

Comparing equations (1), (2), and (3), we discover that 
they will remain the same, when we interchange y and z 9 b 
and c 9 b 1 and c', and b" and c". Making these changes in 
(16), we find 

_ (aV / -a / V)J+(a // c-gc // K+(ag / -fl / c)^ // 
' V ^-^'^^(a^-ac^i'+^c'-a'c-)^ * ' 

We also discover that equations (1), (2), and (3) will not be 
altered by writing x for z, a for c, a! for d 3 and a" for d' ; and 
conversely. Making these changes in (16), we obtain 

__ (db"-d'V)d+ (d'b-cb")d'+ (cb'-c'b)d" 

\db" -c"6')a+ {d'b-cb")a' + \cb' -db)a" ' } ' 

We might have deduced this value of x from that of y, by 
writing, in (17), x for y, a for b r a! for V, and a!' for 6". 

Collecting our results, we have 



x- 



_(M'-vdyi+(W'-d/ye+(d/-bJ)# h 

(c , 6 /, -6V / )a+(6c ,, -c& /, )a , +(c6 , -6c , )a ,/ 



x= 



(a'd' -da")d+ (ca"-ad f )d'+(ac'--ca')d'\ 
y ~~ (a l d t -da! l )b+(ca n -ac , ')b , +(^ -ca')b"( * ' 

_ (a^ / -ftVQJ+(fai // ~ay / )^ / +(a& / ~-^)^ 1 
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It would not be difficult to find 4 similar expressions for w t 
&, y, and z, in the equations 

aw+bx+cy+dz=e 

dw+Vx+dy+d'z^ef 

a"w+b"x+c"y+d"z=e" 

a"'w+b"'x+c'"y+d"'z=e"'. 

But it is evident thdt such expressions, when found, must 
be very lengthy. 

« 

(93.) This method of .deducing one expression from ano- 
ther of a similar nature, is of great use, especially in the 
higher parts of analysis. In order that the proper permuta- 
tions may be made with ease,' and without danger of error, 
we must adopt some simple and uniform notation for the dif- 
ferent values of the quantities which enter into our expres- 
sions. Indeed, by a well chosen method of notation, we 
may frequently resolve, with ease, questions which would 
otherwise be extremely difficult* 

Perhaps we can not better impress upon the student, the 
importance of a' judicious notation, than by giving, at length, 
the solution of the following questions. 

* 1. Find n numbers, such that the first, increased by a x 
times the sum of all the others, shall equal b\ ; the second, 
increased by a 2 times the sum of the others, equals b 2 ; the 
third, increased by a& times the sum of the rest, equals b 3 ; 
and so on for the other numbers. 

SOLUTION. 

Let the n numbers sought be represented by 

. %li %2l *^3> '" " " "" ,. ~ * " " ^?»* 

Then, if 

S=z 1 +x a +x 9 + ------ +x n , (a) . 
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we shall have, by the conditions, the following system of 

equations : 

a?i+ai(5— Si)=&i (1) 

x 2 +a 2 (S— x 2 )=b 2 (2) 

x 9 +a 9 (8—x 3 )=b 3 (3) 



(A) 



*»+#* (£-#«)= &n (») 

From (A) we readily find the following system of equations : 



a 



#i = 



«!— 1 



xS- 



h 



a x — "1 



x> 



a * xS- * 2 






a 9 — 1 



#3 = 



#3—1 



XjS- 



fla- 1 



(!') 
(2') 

.(30 > (A0 



a 



Ju % 



n 



xS- 



o»— 1 o»— 1 



(«0 



/Taking the sum of the n equations (A0, we find 



<S=s. 



a 



X.S— s. 



»i 



(B> 



aj— 1 * a 1 —l 

Where, for the sake of brevity, we have put s for the sum 
of all the terms similar to the one which follows it, that is 

+ H zr (a) 



s. 



s. 



a x — 1 a x 



1 a Q — 1 a 



*i i_*2_ , t> 3 



Returning' to equation (B), we find 



+ - . . 



+ rii- <«"> 



s. 



s=- 



a x — 1 



(C) 



2. 



a 



a x — 1 
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This value of 8 written in the n equations (A') gives 
_ «i J ™ 1 -1 ( bi 



2. 



X* = 



•i-l^.JUL^ 



s. 



a 1 — 1 



#2 — ~ 



«1— 1 



a 2 - 1 



s. — -1 

4l— 1 



fli— 1 



a 2 — 1 



(D) 



2. 



a 



# n — 



- «, 



a 2 — 1 



a.— 1 



s. 



a 



ai— 1 



-1 



a n -l 



If »=10 ; and J 1 =ft2=&3=i4=is=&6~&7 =: ^8 = =i9=iio 
=845693 ; and a^ =y, a 2 =i) «3 =i> #4 =ij #s =i? «e =^ tV> 
a 7 = iti #8 —"A"* ^9 =T ! 3> «io =tt» then will the above ques- 
tion agree with question 77, Chap. XVI, Higher Arithmetic, 
which question is there required to be solved by rules purely 
arithmetical. Question 4, Art. 88, is also a particular case 
of the above question. 

2. Suppose n individuals, A x * A 2 » A 3 , A*, 

play together on this condition, that the one who loses shall 
give to each of the others as much as they then have. First 
Ax loses, then A 2 , then A 3 , then A 4 , and so on, until, in 
turn, they have all lost ; and at the. end of the 7ith game their 
respective shares are a 1 , a 2 , a 3 , ----- a n ; How much 
had each before playing ? 
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SOLUTION. 

Let their respective shares hefore playing be represented by 

#1> X 2 , 2*3 5 - - - - X n * 

Also, put 

x x +x 2 +x 3 + - - - - - +x H =S. (1) • 

Since Ai loses on the first game, he must, by the question, 
give to A2> A 3 , A 4 , &c, as much as they now. have. Hence 

^Li's money will be diminished by ^2+^3+^4 H r-tf*, 

which, by (1), equals S— x 19 so that A/s money will be 

a?i— (S— x 1 )^2x 1 —S. 
Therefore, at the end of the first game, they will have 

\Ai A 2 A 3 A n 

2x x — S; 2x 2 ;. &z 3 ; 2x n . 

Nowj since A 2 loses on the second game, he must give to 
Ai, A 3 , A 4 , &c, as much as they now have. Hence A 2 's 
money will be diminished by 

2x 1 ~S+2x*+2x 4 + 2x n . (2) 

Since they, all together, always have the same amount as at 
first, we have 

2x } -S+2x 2 +2x 3 + - -' 2x n =*S, (3) 

.-. 2x x -S+2x 3 +2xi+ - 2x\=S--2x 2 . 

Hence, A 2 , after the second game, will have 

2x 2 — (S— 2x 2 )=4:X 2 — S. 

Therefore, at the end of the second game, they will have 

Ai A2 A3 A 4 A* 

4^1— 25; ±x 2 —S; 4r 3 ; 4a; 4 ; 4r n . 

Proceeding in this way, we find that after the third, game, they 
will have 

A x A 2 A 3 A 4 A 6 ^An 

8x!-4S; 8x 2 -2S; 8x 3 -S; Sx 4 ; 8x 5 ; Sx n . 
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And m general, after the itth game, they will have 

2 n x 1 *-2 n ~ 1 S; 2 n x 2 -2 n ~ 2 S; 2 n x 3 -2 n " 2 S; 2*zJ-S. 

Equating these with the values, 

a l9 a 2 ,a 3 , a 4 , ----- a n9 

we nave the n following equations 

2 n a> 1 -2 n - 1 S=a 1 
2 n x 2 -2*- 2 S=a 2 
2 n x 3 -2 n ~ 3 S=a 3 
2»x A -2»-*S=a A x , /v ( 



(IT 

(2') 
(3') 
(4') 



2X-i-2S=an-i ( ( n-iy) 

from the above system of equations (A), we readily find 

s 

<i") 



X \ 2*^2 



' _02 S 

2 ~2» + 2* 

a 3 S 



2 n 2 



(2") 
(3")l 



^-i=^+^T <[*-!]") 



(B) 



2' 

X*^ 1 — ■+" — 



2 tt 



(*") 



Now, since they all together had as much money when 
they left off playing, as they had before playing, it follows, 
that 

£=a 1 +a a +a 3 +<z 4 + - - - - a n . (C) 

If this value of S be substituted in the system of equations 
(B), we shall then have the values of 
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£jf ^2l #3> - 

in terms of known quantities. 
. If we Have the relation 



x 



nl 



=a 



n) 



a 1 =a 2 : =(i2=a 4 = - - - - 
then (C) will give 

and the system of equations (B) will then become 



x L 



=ai (l + ¥) 



P) 



x, 



>= ai \¥ + ¥} 



If in (D), we suppose w=5 and a 1 =32, we shall have 

a^^Sl; o^^l.; # 3 =21; # 4 =11; #5=6. 

The above supposition causes our question to agree with 
Quesw 13, Chap. XV, Higher Arithmetic. 
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CHAPTER IV. 

INVOLUTION, EVOLUTION, IRRATIONAL AN0 

IMAGINARY QUANTITIES. 



INVOLUTION* 

' i 

(94.) The process of raising a quantity to any proposed 
power is called Involution. 

When the quantity to be involved is a single letter, it ,i» 
involved by placing the number denoting the power above k 
a little to the right. (Art. 11.) 

After the same manner we may represent the power of any 
quantity, by enclosing it within a parenthesis, and then treat- 
ing it ats a single letter. 

Thus, 

the second power of mx=(mx) 2 9 

the third power of a+6=(a+i) s , 

the fourth power of 3m+y=(3w+y) 4 , 

&c., &c. 

j 

CASE I. 
(96.) To involve a monomial, we obviously have this 

14 
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RULE. 



I. Raise the coefficient to the required pouter, by actual mul- 
tiplication. 

II. Raise the different letters to the required power by mul- 
tiplying the exponents 9 which they already have, by the number 
denoting the power, observing that if no exponent is written, 
then one is always understood. To this power prefix the power 
of the coefficient. 

Note. — If the quantity to be involved is negative, the 
signs of the even powers must be positive, and the signs of 
the odd powers negative. (Art. 30.) 

EXAMPLES. 

1. What is the square of 3ax* 9 

Here the square of 3 equals 

3 2 =3X3=9. 

Considering the exponent of a, in the expression ax 3 , as one> 
we find a 2 x* for die square of ax 3 . 

Therefore we have 

(3ax 3 ) 2 =9a 2 x«. . 

2. What is the. fifth power of -2ab* ? 

Ans. (-2a6*) 5 =-32a 5 ft 15 . 

1 

3. What is the fourth power of — ^y"" 2 ? 

1 ' 1 

Ans. (-3^~ 2 ) 4 =g^V 8 > 

which by Art. 51, is the same as 

x A - 
• Sly 8 * ' 
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X 

4. What is the seventh power of — a~ 2 x 9 

i x 1 
Ans. — a~*x 7 = 7. 

a* 

5. What is the third power of ar'y"" 1 ? 

Ans. £ 9 y~ , =-y. 

y 

6. What is tjie »th power of —2x~*y 2 ? 

Aris. ±2»a?- , "y 2H=s: = t ^r- 

7. What is the square of — 7af 1 y~* ? 

.49 

Ans. 49ar a i/~ 6 ==-5-*. 

1 x 

8. What is the third <>ower of — ^ 3 y" 5 ? 

1 x 9 

125, * 125y 16 

j, 

9. What is the seventh power of — infxz* 1 ? 

Ans. — mrx 1 z" 1 . 

2 

10. What is the fourth power of — ^n" 2 y 9 7 

•a 16 -s< a 
Ans. —ft "y * . 

81 * 



CASE II. 

(96.) When the quantity is compound, we can write the 
different powers by the aid of rules which we will hereafter 
point out. (See Binomial Theorem.) 

At present, we will content ourselves, by involving com- 
pound expressions, by actual multiplication according to 
Rule under Art. 34. 
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EXAMPLES. ' 

1. Find the second power of x+y— z. 

x+y—z 
x+y—z 

X 2 +xy—xz 

+xy +y 2 -?yz 
—xz —yz+z 2 



Ans. ~x 2 +2xy— 2xz+y 2 — 2yz+z 2 . 

2. Find the fifth power a+b, as well as all the lower 
powers of the same. 

(a+b) 1 -a+b 
a+b 



a 2 +ab 
+ab+b 2 

(a+b) 2 =a 2 +2ab+b 
. a+b 



a*+2a 2 b+ab 2 

. a 2 b+2ab 2 +b* 

*- 

(a+6) s =a 8 +8a 3 6+3ai 3 +i 3 
a, +6. 



a 4 +3a*b+3a*b a +ab* 

- a*b+3a 3 b 2 +3ah'+b* 

4o+*) 4 =* 4 +4a 3 i+6ffl 3 6»+4a& 3 +& 4 
a +b 

a'+4a*b+ 6a 3 b'+ 4a 2 J 3 +ai 4 

a 4 b+ 4a 8 6 3 + 6a 3 i 3 +4ai 4 +i s 



(a+i) 6 =a 8 +5a 4 &+10a 3 i 3 +10a 3 6 3 +5a6 4 +4' 
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3. Find the fifth and lower powers of a— ft. 

{a-by=a-b 
a— b 



>a 2 —ab 
-ab+b 2 

{a-bY-a 2 -2ab\b i 
a —b 



cP-ZaH+ab* - 
- a*b+2ah 2 -b* 



( a -A)3 =a s -3a*b+3ab a -V 
a —b 



.3 



a* -3a z b+3a*b' -ab* 

- a*b+3a'b 2 -3ab*+b* 

' {a-b)* =a* -4a 3 b+6a 3 b 2 -4a& 3 +b* 
a —b 

a'-4a*b+ &aH 2 - 4a 2 b*+ab* 

- a*b+%a 3 b a - 6a a b*+4gb*-b s 

(a>-b)***a' i -5a*b+10a a b 2 -lQa a b*+5ab*-b' i 

4. What is the cube of a— x 9 

* Ans. a 3 — 3a 2 #+3a£ 2 — # 3 . 

6. What is the square of m+ra— x 9 

Ans* m 2 +2mn— 2mx+n 2 ~2nx+x 2 . 

6. What is the fourth power of 3jr— 2y ? 

Ans. 81ar 4 -2l6a: 3 y+216^ 2 y 2 -96^ 3 +16y 4 . 

7. What is the square of a+ b ? 

Ans. a 2 +2ab+b 2 . 

$. What is the square of a+b+c? 

Ans. a*+2ab+2ac+b*+2bc+c*. 



110 EVOLUTION. 



EVOLUTION. 



(97.) Evolution is the extracting of roots, or the reverse 
process of involution. 

When the quantity whose root is to be found is a single 
letter, the operation is denoted by giving it a fractional expo- 
nent, the denominator of which denotes the degree of the 
root. (Art 14.) 

And in the same way we may denote the extraction of a 

root of any quantity or expression, by enclosing it within a 

parenthesis, and then treating it as a single letter. 

j. 
Thus, the second root of fny=(my) 2 9 

x 
the third root of x+y = (x+y) 3 , 

the fourth root of 2x— 3y=(£r— 3y) 4 , 

the nth root of a— 6=(a— 6)*, 
&c, &c. 

CASE I. 

(98.) To extract a root of a monomial, we obviously have 
the following 

RULE. 

I. Extract the required root of the coefficient , by the usual 
arithmetical rule* (See Higher Arith., Chap. XI.) When the 
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root can not be accurately obtained, it may be denoted by means 
of a fractional exponent, the sarnie as in the case of a letter, 

II. Extract the required root of the different letters , by mul- 
tiplying the exponents which tKey already have by the fractional 
exponent denoting the required root* To this root prefix the 

root of the coefficient. 

•>• 

Note. — Since the even powers of all quantities, whether 
positive or negative, are positive ; it follows that an even root 
of a negative quantity is impossible, and an even root of a 
positive quantity i$ either positive or negative. 

We also infer that an odd root of any quantity has the 
same sign as the quantity itself. 

EXAMPLES. 

1- What is< the square root of 64a 2 6 4 & 6 ? 

In this example, the square of the coefficient, 64, is ±8, 
where we have used both signs. 

And, 

.2L4/»0\2_„J>2„.3~ 



(a 2 iV) 2 ==o&VS 

.-. (64a 2 b A x«f=±8ab 2 x* 
2. What is the cube root of 64a *x 6 T 



Ans. Aax 2 . 



3. What is the fifth root of -Z2xy 2 ? i 



x 1 
Ans. — 2x s y 5 . 



4. What is the seventh root of —ax" 2 ? 



jl 2 a 
Ans. — a 7 x~**= — j* 

x 1 



5. What is the square root of — 4a 4 6 2 ? 

AnS. Impossible. 
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6. What is the cube root of 27a z b\ 2 ? 

Ana. 3ab*. 

7. What is the fourth root of 16a- s fozr x ? 

x 
a. x x 2b 4 
Ans. ±2a- 4 b 4 x~ 4 = ± -rX 

a p 4 

(99.) By comparing the operations of this rule, with those 
of rule under Art. 95, we see that involution and evolution 
of monomials may both be performed by one general rule, 
of multiplying the exponents of the respective letters by "the 
exponent denoting the power or root ; we will therefore give 
the following promiscuous examples, which will require the 
aid of one or both of these rules. 

EXAMPLES. 

1. What is the cube root of the second power of &a*b* ? 
If we first raise 8a*b 9 to the second power, it will become 

(8a 3 6 9 ) 2 =64a 6 6 18 , 
extracting the third root, we find 

(64a 6 i 18 )*=4a 2 6 6 , 
for the result required. 

Again, first extracting the cube root of 8a*b 9 9 it becomes 

(8a 8 i 9 )*=2o&*, 
raising this to the second power, it becomes 

(2a6 3 ) 2 =4a 2 6 6 , 
the same as before. 

(100.) Hence, the cube root of the square of a quantity, 
is the same as the square of the cube root of the same quan- 
tity. 

And in general, the nth root of the mth power of a qwmti- 
ty, it the tame at the mth power of the nth root of the same 
quantity. 
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Therefore, a may be read, the fourth power erf the fifth 
root of a, or the fifth root of the fourth power of a. 



x 



And in the same way, (a+b) 2 is read, the third power ot 
the square root of the sum of a and b, or the square root of 
the third power of the sum of a and b. 

2. What is the value of (-3aA 2 x*f ? 

Ans. $*ah*x 2 * 

3. What is the value of (4a~ 2 $ 4 x) 3 t 

Ans. Bfkr^b 1 °a*. 



CASE II. 

(101*) To extract any rdot of a polynomial, we have the 
following general 

RULE. 

I. Having Arranged the polynomial according to thepowets 
if tome one of the letters, so that the highest power shatt stand 
first, extract the required root of the first term, which will be 

the first term of the root sought* 

II. Subtract the power of this first term Ofthe YOotfr&m the 
polynomial* and divide the first term of the remainder, by the 
first term of the root involved to the next inferior power, multi- 
plied by the number denoting the root ; the quotient will be the 
second term of the root. 

IIL Subtract ih& power of ike term* already fomd fro* the 
polynomial, and using the same divisor proceed a$ btftoi* 

This rule obviously varifiefe itself, Aince, whenever A new 

16 
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term is added to the root, the whole is raised to the given 
power, and the result is subtracted from the given polynomial : 
aad when we thus find a power equal to the given polyno- 
mial, it is evident that the true root has been found* 

1. What is the fifth root of 

<t s +5a A b+10a 3 b z +10a 2 b*+5ab 4 +b s ? 

OPERATION. BOOT. 

a*+5a 4 b+10a*b 2 + 10a 2 b*+5ab 4 +b s (a+b. 
a 



5a 4 ) 5a 4 b 
{a+b) 5 =a s +5a A b+10a z b 2 +10a 2 b*+5qh A +b s 

( 



EXPLANATION. 

We first found the fifth root of the first term a 5 , to be a, 
which we placed to the right of the polynomial for the first 
term of the root. Raising a to the fifth power and subtract- 
ing it from the polynomial, we have 5a 4 b for the first term 
of the remainder. 

Since the number denoting the root is 5, we raise the first 
term, of the root, a, to the fourth power, which thus becomes 
a 4 , thjs multiplied by the number denoting the root, gives 
6a 4 for opr divisor. 

Ndw, dividing 5a 4 b by 5a 4 , we get 6, which we write for 
the second term of the root 

Involving this root to the fifth power by actual multiplica- 
tion, as was done in Ex. 2, Art. 96, we have 

{a+b) s =a s +5a 4 b+10an 2 + 10aH*+6ab 4 +b s y 

which subtracted from the given 'polynomial leaves no re- 
mainder, so that we know that a+b is the true root. 

2. What ia the square root of 

4ar*-16ar»+24a; a -16*+4 ? 
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OPERATION. MOT. 

4x* -16s* +24x a -16x+4(2x a -4s+2 
(2x a ) a =4s 4 

4z a )-16x 8 
(2tf a -4r) 2 =4a: 4 -16ar 3 +16a; a 

4r a )8a: a 
(2* a -4z+2) a =4z 4 -16a; 8 +24« 2 -16*+4 

t 

» 

i 

3. What is the square root of 

le^H^^+s^'+eos+ioo ? 

Ads. 4a a +&H-lO. 

4. What is the cube foot of 

a 6 +&*?-3a 4 ^lla 8 +6a 2 +12a-8 ? 

Ans, a 2 +a— 2. 
& What is the sixth root of 

• a*-6a 6 b+15a A b 2 -2(>a*b*+15a 7 b 4 --6ab 5 +b*? 

Ans. a— fc. 

6. What is the fourth root of 

a A -4a*b+6a 2 b 2 -4ab'+b 4 t 

Ansu a— 6. 

7. What is the seventh root of m 7 +7m*n+21m s n 2 
+35m 4 n*+35m*n*+21m 2 ri s +7mn*+n, 7 ? 

, Ans. tn+n. 

(102.) If we carefully observe the law by which a poly- 
nomial is raised to the second power, we shall, by reversing 
die process, be* enabled to deduce a rule for the extraction of 
die square root of a polynomial, which will be more simple 
than the above general rule, and of more interest, since the 
arithmetical rule is deduced from it. 

By actual multiplication, we find 
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4 

(a+b) 2 =a 2 +2ab+b 2 , 

(a+b+c)*=a 2 +2ah+b 2 +2(a+b)c+c 2 , 

(a+b+c+d) 2 

=a 2 +2ab+b 2 +2(a+b)c+c 2 +2(a+b+c)d+d 2 , 

(a+b+c+d+e) 2 

(a 2 +2ai+ b 2 +2(a+b)c+c 2 ) 

~ I +2{a+b+c)d+d 2 +2(a+b+c+d)e+e 2 . > 

&o., &c. 

From the above, we discover, that 

(103.) The square of any polynomial is equal to the square 
of the first term, plus twice the first term into the second, plus 
the square of the second; plus twice the sum of the first two 
into the third, plus the square of the third ; plus twice the sum 
of the first three «n*> the fourth* plus the square of the fourth ; 
and so on* 

(104.) Hence, the square root of' a polynomial can be 
found by the following 

RULE. 

L J$U* arranging the polynomial according to the powers 
of svmecme of the letters, take the root of the first term, for the 
first term of the required root* and subtract its square from ih* 
polyMwpal. 

H». Mringdow the iMimtwrufw a divide Divide 
ittytwe* the wot just found, and add the quotient, both to the 
Wttjmdto the divisor. Multiply the divisor thus increased, 
wtatfotom latf placed w the root, and subtract the product 
fiwnAtdiwid^ud. 

II. Bring down two or three additional terms and proceed 
as before. • * , 



N 
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EXAMPLES. 



1. What is the square root of 

a 2 +2ah+b 2 +2(a+b)c+c 2 +2(a+b+c)d+d 2 f 

OPERATION. 

ROOT. 

a a +2a$+& a +2(a+6)c+c a +2(«+M-c)<*+d a (o+i+c+<*. 



a 



2ab+b* 
2ab+b a 



2(a+b)+.c 2(a+b)c+c a 

-2(o+J)c+c a 



» * 



2(a+b+c)+d 2(a+b+c\d+d* 

2(a+b+c)d+d 3 


2. What is the square root of 

&x 9 +12x*+5x 4 -2x*+7x 2 -2x+l ? 

OPERATION. 

* "ROOT 

4x*+12x*+5x*-2x 3 +7x 2 -2x+l(2x*+3x 2 -x+l 
4x* 



4ar 8 +3a; 2 12a; 6 +5a; 4 
- 12a? 5 + 9a? 4 



iar'+ftz*-* -4x 4 -2a; 8 +7a; 2 

-4a; 4 -6s 8 + a? 2 



4a?'+6a?*-&r+l 4r 3 +6ar 2 -2ar+l 

4a; 8 +6a? 2 -2a?+l 
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3. What is the square root of 

x 4 -2x 2 y 2 -2x 2 +y A +2y 2 +tf 

Ans. x 2 — y a — 1. 

4. What ig the square root of 

9x 4 y 4 -30x*y 3 +25x 2 y 2 ? 

Ans. 3x 2 y 2 —5xy. 

5. What is the square root of 

a 2 +2ab-2ac+b 2 -2bc+c 2 ? 

» 

Ans. a+b—c. 

6. What is the square root of 

£m 2 -36mn+81n 2 ? 

Ans. 2m— 9». 

•» » 

(105.) We will now endeavor to find a particular rule for 
the. extraction of the cube root of a polynomial. 

By actual multiplication, we find 

(a+b)*=a*+3a 2 b+3ab 2 +b* 

(a+*+*) 3 

=a 3 +3a 2 b+3ab 2 +b*+3(a+b) 2 c+3(a+b)c 2 +c*, 

{a+b+c+d)* 

_ ( a*+3a 2 b+3ab 2 +b*+3{a+b) 2 c+3(a+b)e 2 
~~ I +c 3 +3(a+b+c) 2 d+3(a+b+c)d 2 +d\ 

&c«, &c. 

(106.) From which we discover, that 

The cube of any polynomial is equal to the cube of the first 
term, plus three times the square of the first into the second, 
plus three times the first into the square of the second, plus the 
cube of the second; plus three times the square of the first two 
into the. third, plus three times the first two into the square of the 
third, plus the cube of the third; plus three times the square of 
the first three into the fourth, plus three times the first three into 
the square of the fourth, plus the cube cfthe fourth ; and so on. 
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(107.) Now we may reverse the above process, that is. 
We may extract the cube root of a polynomial by the fol" 
lowing 

RULE. 

I. Having arranged the terms of the polynomial according to 
the powers of some one of the letters, seek the cube root of the first 
term, which place at the right of the polynomial for the first term of 
the root, also place it at the left by itself, for the first term of a co- 
lumn, headed first column. Then multiply it into itself, and 
place the product for the first term of a column, headed second co- 
lumn. Again, multiply this last result by the sdme first term of the 
root and subtract the product from the first term of 'the polynomial >, < 
and then bring down the next three terms of the polynomial, for the 
first dividend. Add the first term of the root just found to the 
first term, of the first column, the sum will constitute, its second 

term, which must be multiplied by the first term of the root, and 
the result added to the first term of the second column, for its second 
term, which we will call the first trial divisor. The same 
first term of the root must be added to the second term of tlie first 
column, forming Us third term. 

II. Divide the first term of the first dividend by the first term 
of the trial divisor, the quotient must be added to the root already 
found, for its second, term, it must also be added to the last term of 
the first column, the result will be its fourth term, which must be 
multiplied by the second term of the root and the product added 
to the last term of the second column, which sum will give its third 
term, which in turn must be multiplied by the second term of the 
root, and the pj;oduct subtracted from the first dividend. 

III. To the remainder, bring 'down three or four of the next 
terms of the polynomial for a second dividend. Proceed with 
this sec/ond term of the root, precisely as was done with the first 
term, and so continue until the entire polynomial has been ex" 
hausted. 
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6. What is the cube root of the pokmomial 

x B -6x s + 15a;*-20a:'+15a; a -&r+l t 

. Ans. x*-2x+l. 

6. What is the cube root of the polynomial 

aP+lSa'x*— 8o'ar*— 60?*? 

Ans. a*— Sax. 

7. What is the cube root of 

. a'— 3o s +6o*-7a 3 +6a a — 3o+l? 

Ana. a a — o+l. 

8. What is the cube root of 

* 8 +6r*+31:r*+44a;*+6&E a +54z+27 ? 

Ans. :t a +&r+3. 

(108.) From the above rule, for extracting the cube root 
of a polynomial, we can easily' deduce the rule which we 
have given in the Higher Arithmetic for the extraction of the 
cube root of a number. 

This rule is also particularly interesting because of its 
close analogy to the method of finding the numerical roots 
of a cubic equation, as explained in a subsequent part of 
this work. 
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IRRATIONAL OR SURD QUAN- 
- TITIES. 

(109.) An Irrational Quantity, or Surd, is a quan- 
tity affected with a fractional exponent or radical, without 
which, it can not be accurately expressed. 

Thus, 

V3 is a surd, since the square root of 3 can not be accu- 
X x 
rately found; also 8 a , 4 , \/i, \/5, &c, are surd quanti- 
ties. 

REDUCTION OF SURDS. 

CASE I. 

(110.) To reduce a rational quantity to the form of a surd, 
we have this 



Raiee the quanta root of the re- 
quired twrd ; then m power, ew- 
freued by meant oj exponent, wUl 
express the quantity 

1. Reduce 5a t 

Raising 5a to the third power, we have 
(5o) 3 =135a', 
extracting the cube root, it becomes 

5a=Vl25a'=(125a*) T . 
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2. Reduce -*■ to the form of the fifth root. 
a' 



•0- 



(111.) To reduce surds expressing diflerent roots to equi- 
valent ones expressing the same root. 



Seduce ike diffei ienominators ; then 

rains each quantity he numerator of it* 

respective exponent ; denottd by the com- 
mon denominator. 



1. Reduce </3, V*, and \/5 to surds expressing the 
same root 

Changing the radicals into fractional exponents, they be- 
come i, i, -J, which reduced to a common denominator, are 
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A> 1*2* A- Now, raising the quantities 3, 4, and 5, to 
powers denoted respectively by 6, 4, and 3, we find 3 6 , 4 4 , 5 3 , 
or which is the same, 64, 256, 125. Taking the 12th root 
of these results; they become 

- (64)", (256) 1 >, (125p, 

■i * ■* 

2. Reduce a and x* to surds expressing the same root. 

' Ans. H^ 

* » 

3. Reduce a? 3 , y , m 2 ta surds expressing the same root. 

i x 

x*=(x 2 )* 

a m . ^ y K w * 

X X 

4. Reduce V 2, V 3, V * to Surc *s expressing the same 
root. 



V2=(2 JJ0 ) fl ° 

Ans. \y3=(3 ls yk 

V4=(4 ia )^ 



CASE III. 

(112.) To reduce surds to their simplest form* When- 
ever a surd can be separated into two factors, one of which 
is a perfect power, it can be simplified by this 
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RULE. 

Having separated the surd into two/actors, or^e of which is 
a perfect power 9 take the root of the factor which is a perfect 
power and multiply it by the surd of the other factor. 

. EXAMPLES* 



1. Reduce V288 to its simplest forms. 

We can separate 288 into the factors 144x2, of which 
144 is a perfect square whose root is 12, therefore 

V288= V 144X2= V144X </2=12VS; 



2. Reduce fyx*y—a 2 x* to its simplest form. 



Ans. * > /x 3 y—a 2 x 3 =x fyy—a 2 . 



3 

v. 



3. Reduce V — 32a 6 6 to its simplest form. 

Ans. V-32a 6 6=-2a fyb. 

4. Reduce (a 2 y~ 4 x 6 ) 2 to its simplest form 

Ans. {a 2 y- 4 x 6 )*=ax*y- 2 =— T . 

r 

X 

6. Reduce (m 2 nx s y 3 ) 2 to its simplest form. 

x 
Ans. mx 2 y(nxy) . 

> (113.) When a surd is in the form of a fraction it may be 
simplified by the following 

RULE. 

m « 

Multiply , both numerator and denominator by such a quantity 
as mil render the denominator a perfect power. 
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EXAMPLES. 



• /8 ' 

1. Reduce v/ ^r to its simplest form. 



Multiplying both numerator and denominator by 11, we 
hare 



/8 /88 /"4 2 , 

Vn-Vm 8- V5i XM -ii' w - 

2. Reduce \/ — j- to its simplest form. 

A 3 np 3 / a j * x i 



/a 4 6V 
3. Reduce I 1 to its simplest form, 

Ans . l a ^L\ =t {a * b * X Y)i 



4. Reduce I J to its simplest form. 



.ADDITION AND SUBTRACTION OF SURDS. 

RULE. 

(114.) Reduce the surds to their simplest form ; then, if the 
surd part is the same in both, add or subtract the rational 
parts, arid annex the common surd part to the result ; but when 
the surd, parts are different, they can only be added or subtract* 
edby the aid of the signs + or — . 
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EXAMPLES. 

1. What is the sum of \/54 and V24 ? Also, what is 
the difference of the same surds ? 

By reduction we have 

V54W9XG=3\/6 

V24=V4X6t=2V6 



Therefore, V64+ V24 =*5 V6. 

And, V54- V24 = V6. 

2. What is the sum and difference of 3 ^/a 4 b and yah 4, t 

A C The sum=(a+i)Va*- 
, Ansu iThediff.=(a-6)Vak 

x I 

3. What is the sum of (36s 2 y) 2 and (25y) 7 ? 

An^. (6a?+5)-/y. 

4. What is the sum of (&z)V(V> ? , *** (27a; 4 ) 8 ? 

Ans. (2+3x+y 2 ) 3 y/ x> 

£. What is the suin of (a£ a s 6 )^and (m A y lo y? 

Ans. z(a5 3 *) 6 +y 2 (m 4 )* 

m 

MULTIPLICATION AND DIVISION OF SURDS. 

RULE. 

(115.) Reduce the surds to equivalent ones expressing the 
same rooty (Case II. Art. Ill,) then multiply or divide as re- 
quired* 

EXAMPLES. 

1. What is the product of ^8 by V 16 ? « ' 

By Case II, we find V8=(8 3 ) 6 =(51») 6 " 

V16=*(16*)«=(256)* 
. Therefore, V 8 X */ 16=(512X256) T =4 V 32. 
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2. What is the product of 4 V d> by 3 V by ? 

Ads. 18Va a 4V- 

3. Divide 4 V 32 by V 16. 

Ans. V8. 



4. Divide i/a 2 b~* by V«6 4 - 

Ans- a6- 2 (a- 2 6- 6 ) 6 » 

5. Divide jlaWby ^/2ab 2 . 

x 
Ans. a(16a& 6 )\ 

9 

EXTRACTION OF THE SQUARE ROOT OF A BINOMIAL SURD. 

(116.) When one or both of die terms of a binomial are 
surds, it is called a binomial surd. 
Thus, 

/ i m[ are binomial stirds. 

(117.) Before we proceed to the extraction of the square 
root of a bidomial surd, we will establish the following lent* 
mas. 

LEMMA I. 

The square root of a quantity can not consist of the sum of 
two parts, one of which is rational and the other irrational. 

For if possible, suppose we have die relation 

Va~z+ Vy (1) 

where x is rational. 

Squaring both members of (1), we find 

fit* x *+2xVy+y. (2) 

> 

From (2) we obtain 

■— x 2 — i 



Vy= , * . (3) 



17 



r 

i 
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Equation (3) gives an irrational quantity equal to a ration- 
al one, which is impossible, therefore th£ condition (1) is 
impossible, hence the above lemma must be correct. 

' LEMMA II. 

In any equation, consisting of rational quantities and irra- 
tional quantities, the rational quantities on each side are equal, 
as also the irrational quantities. 

Suppose we have the equation 

a+Vb=x+Vy. (1) 

Then if a is not equal to x, let us hav a=xAim, this value 
of a substituted in (1), gives 

xiim+ Vb=x+ Vy. (2) 

or ±m+Vb=Vy. (3) 

Equation (3) shows that the square root of y is partly ra- 
tional and partly irrational, which is impossible (Lemma I). 
Therefore it is absurd to suppose that x differs in value from 
a, hence #=a. Consequently Vb= Vy. So that the above 
lemma is correct. 

LEMMA III. 



If Va+ Vb=x+ Vy, then tvill Va— V6=x— Vy. 
If we square both the members of the condition 

y/a+ Vb=x+ Vy, (1) 

we find 

a+ Vb=x 2 +2x Vy+y. (2) 

Equating the rational, as well as the irrational parts of (2), 
(Lemma II), we have 

a=x 2 +y, (3) 

Vb=2xVy. (4) 
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Subtracting (4) from (3), we have 

a—Vb=x 2 —2xVy+y. (5) 

Extracting the square root of both members df (5), we get 

Va—Vb=x--Vy. (6) 

So that if (1) is true, then also will {6) be true, which estab- 
lishes the aboye, lemma. 

(118.) We are now prepared to proceed to the extraction 
of a binomial surd. , 

Assume 

Va+ Vb=x+,Vy. (1) , 

Then (Lemma III) 

— ■■ * , * 

Va— </&=#— Vy. * (2) 

Equations (1) and (2), when squared, become . 

'• d+Wb=x 2 +2xVy+y. (3) 

a—Vb=x 2 —2xVy+y. (4) 

Taking the sum of (3) and (4), and dividing the result by 2, 
we obtain 

* » 

a=x 2 +y. (5) 

If we multiply equations (1) and (2), we get 

V^=i=a; 2 -y. ' (6) 

Adding (5) and (6), and dividing by 2, we have 

Subtracting (6) from (5), and dividing by 2, we find 

a— Va 2 — b 

—2 — =y- (8) 

Extracting .the square root of both members of (7) and (8), 
we get 
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(a+Va 2 -b) 



X 
2 



(9) 



Vy=]^Z^Etl' (10) 



Taking the sum of (9) and (10), we have 



(a+Va 2 — bf 2 , \a— Va 2 — b) 2 . / m 
Irv y ) 9 V i 2 1 



2 ) ( 2 

Subtracting (10) from (9), we get 



i 



x— Vy= 



a-Va 2 -6 ) 
2 * 



a+ Va 2 -fe j )*_ i a—Va*-b ) 2 ^) 



For the left-hand members of (11) and (12), substitute their 
values given by (1) a»d (2), and wejheu have 



Va+Jb 



^ \a+ Va 2 — b) 2 , \ a— -/a 2 — b )* /£\ 



y^^S+^Z^-jffr^j' . (B) 

By using the double sign i, we may combine in one for- 
mula, both (A) and (B). 

.—. — 77 $ a + Va 3 — i ) 2 . ( a— Va*—b } * (r \ 

m^t-?— \ }— t— J ( } 

(119.) We will now show {he use of formulas (A) and 
(B), by the following 



T I 



SURD QUANTITIES. 133 

EXAMPLES. 

1. What is the square root of 7—2 \/10 ? 

Reducing the factor 2, to the form of the square root - 
(Art. 110), and then introducing it under the radical sign, we 
have 7—2 V 10=7— a/40, which when compared with the 
general form a— V6, gives a==7 ; 6=40, these values of a 
and b, substituted in (B), givQ 

a+ Va^b ) * ( 7+ V49^40 ) * /7+3\ i . 

~' — 2 — I =br) ~ v& 

_ * _ 

{— F- ^ = \— 2 — \ -It-)-^; 

Therefore, we have 

V7-2V10= V5-V2. 

2. What is the square root of 6+V20 ? 

In this example we have a=6 ; 6=20, which substituted 
in formula (A), give 



i 



a+Va a -6 I S 6+ V36-20 




2 
Therefore, 




-Va 2 -bt J V6-V36-20 



-fa*- 



V6+V20=V5+1. 



3. What is the square root of 2(#+l)+4V#? 

Ans. V2s+V2. 
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4. What is the square root of 6— 2V5 f 

Ans. a/5— 1. 

5. What is the square root of 7+4 \/3 ? 

Ans. 2+V3. 

TO FIND MULTIPLIERS WHICH WILL CAUSE SURDS TO 

BECOME RATIONAL; 

CASE I. 

(120.) When the surd consists of but one term, we can 
proceed as follows : 

x . . m-l 

Suppose the given surd is x m , if we multiply this by x » , 

X m-,1 

by rule under Art. 115, we shall have x m Xx »» =x, a ration- 
al quantity. 

Hence, to cause a surd to be rational by multiplication, we 
have this 

RULE. 

Multiply the surd by the same quantity, having such an ex- 
ponent, as when added to the exponent of the given surd, shall 
make one. 

EXAMPLES. 

1. How can the surd x 3 be made rational by multiplica- 
tion ? , ' _ 

In this example, i added to the exponent £, gives 1, there- 

2. 

fore we must multiply by # 3 , performing the operation, we 
have 

x*Xx 5 =x. 



2. Multiply x so that it shall become rational* 

An, ,*X«U 
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3. Multiply x" 7 so that it shall become rational. 

A JUL 

Ans. x~ 7 Xx 7 =#. 



CASE II. 

(131.) When the surd consists of two terms, oris a bino- 
mial surd. 

Suppose it is required to multiply Va+ Vb so as to pro- 
duce a rational product ; we know from Art. 36, Theorem 
HI, that " • 

( Va+ Vb) X ( Va- Vb)=a^b. 

* • 

Hence, to cause a binomial surd to become rational by 
multiplication, we have this 



r . 



RULE. 



» ^ 

Change the sign which connects the two terms of the bino- 
mial surd, from + to — , or from — to +, and this result, 
multiplied by the binomial surd, will give a rational product. 



EXAMPLES. 



1. Multiply ,V3— V2 so as to obtain a rational product. 

Ans. (V3~V2)X(V3+V2\=3-2=1. 

2. Multiply 4+ V5 so that the result shall be rational. 

Ans. (4+V5)X(4-V5)=ll. 

3. How can Va+b-~~ Va—b be made rational by multi-* 
plication? 

Ans- ( Va+b- Va^b) X ( Va+b+ yfa~ = -b\-2a. 

4. How can Vl—1 become rational by multiplication ? 

Ans. (V7-l)x(\/7+l)=6, 
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(122.) If the surd consist of three or mote terms of the 
square root, connected by the signs plus and minus, it can 
be made rational, by first multiplying it by itself after chang- 
ing one pr more of the connecting signs. 

examples. 

1. If it is required to make v^5— V3+ V2 rational by 
multiplication, we should first multiply by V5+V3+ V2, by 
which means, we obtain 

V6- VS+ V2 

V5+ V3+ V2 



5-V15+ V10-3+V6 
+ V15+ V10 -V6+2 



5 +2 VlO-3 +2=4+2 \/10. ' 

Again, multiplying 4+2 VlO by 4— 2-/10, we get 
(4+2Vl0)x(4-2\/10)=-24. 

2. Multiply 2+ V3— V2 so that it shall become rational. 

FIRST OPERATION* 

2+ V3- V2 
2+ V3+ V2 



4+2V3-2V2+3-V6 
+2V3+2V2 + V r 6-2 

4+4V3 +3 -2«5+4V8. 

SECOND OPERATION. 
6+ 4V3 

5- 4V3 



' 25+20 V3 
-20V3-48 

25 -48=-23. 
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. 3. Multiply. V5+V2—.V3+1 so that its product shall be 
rational. 

FIRST OPERATION. 

V5+ V2- V3+ 1 

V5- V2+ V3+ 1 " • . " 



6rWlO— V16+ V5+ V6-V2+V3 . 
-2- -/KM- V16+ V5+ V6+V2-V3 
-3 

1 



• • 



+2V5+2V6 

SECOND OPERATION. 

1+2^5+2^6 
1-2V5+2V6 



1+2V5+2V6-4V30 
-20-2 V5+2 V6+4 -/30 
24 

5 +4V6 

THIRD OPERATION. 
5 + 4V6 

-5+ 4V6 



■25-20 V6 
96+20 V6 



71 

(123.) ^To reduce fractions, having polynomial surds for a 
numerator or denominator or both, so that either the nume~ 
rator or denominator may be free from radicals. 

Suppose we wish to transform the fraction 

i 

into an equivalent fraction, having a rational denotbimtor. 

18 
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» 

It is evident that this transformation can be effected, pro- 
vided we multiply both numerator and denominator by such 
a quantity as will cause the denominator to become free of 
radicals, so that the operation is reduced to the finding a mul- 
tiplier which will make VS+ -/2+1 rational. 

w 

s 

We will first multiply by - V3+ V2+1. 

OPERATION. - • 
V3+V2+1 

-V3+V2+1 



— 


3- 


-V6- 


-V3+ 


V2 


+ 


2+ V6+ V3+ 


V2 


+■ 


1 









2V2 

Hence, if we multiply both numerator and denominator of 

1 1+V2— </3 

V3+V2+1 by ~ VS+ V2+h itwillbeCOme 2V2 ' 

Again, multiplying both numerator and denominator of 

1+V2-VS. . • . „ . V2--/6+2 
5-75 by v2, we finally have . Ine de- 
nominator is now rational. 

^ 

(124.) Hence, to transform a fraction, having surds in its 
numerator or denominator or both, into an equivalent frac- 
tion, in which the numerator or denominator may be free of 
surds, we have this 

RULE. 

Multiply the numerator and denominator by. such a quanti- 
ty as will cause the numerator or denominator,. as the required 
case may be, to become rational. 



» 
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EXAMPLES. 



5-L. +/Q 

1. Reduce to a fraction having a rational numera- 

4 

tor. 

Multiplying both numerator and denominator py 5— V3, 
we have 

5+ V3 _ {5+ V3)(5- V3) _ 22 
4 "" 4(5-^3) 20-4 V3* 

V5+2 

2. Reduce . , — r— — 7- to a fraction having a rational 

V5+ V3+ V2 ? 

denominator. 

Multiplying both numerator and denominator by V5+ V3 
— V2 9 we get 

5+ Vl5- VlO+2 V5+2V3-2 V2 . 

6+2V15 

Again, multiplying both numerator and denominator of 
this last fraction, by 6— 2V15, it becomes 

4V30-4V15-6V10+10V6-8V3-12V2 
^24 ' 

or changing both signs of numerator and denominator, it be- ■ 
comes, after striking out the factor 2 from both, . 

6^2+4 V 3-5 V 6+3 V 10+2 V 15-2 V 30 
— 12 * 

3. Reduce , to an equivalent fraction having a 

rational denominator. 

K VU-V10-V7+V5 

Ans. . 
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4. Reduce 



V3+V2+1 
rational denominator. * 



to an equivalent fraction having 



Ans. 



2+V2-V6 



5. Reduce .. . — y- 9 first to a fraction having a rational 
v o+ Vx 

denominator, and then to a fraction having a rational nume- 
rator. 

Va+ Vx Vab— Vax+ Vbx—x 



Ans. 



Vb+ Vx' 
Va+Vx 



b—x 
a—x 



Vb+ Vx Vab+ Vox— Vbx—z* 



} 
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(125.) We have already shown/that (see Note to the Rule 
under Art. 98) an even root of a negative quantity is impos- 
sible. Such expressions are called imaginary. 



V — a 
\f—a 



are all imaginary quantities. 



6 



y —a 



2f y—a, 



Surd quantities, though their values can not be accurately 
found, can, nevertheless be approximately obtained; but 
imaginary quantities can. ngt have their values expressed by 
any means, either accurately or approximately. They must, 
therefore, be regarded merely as symbolical expressions. 

(126.) We will confine ourselves to ^the imaginary ex- 
pressions arising from taking the square root of a negative 
quantity. 

The general form of imaginaries of this kind, is 

V— a= VaX —1= Va. V— 1, 
replacing the rational surd quantity Va, by J, we have 

so that all imaginary quantities arising from extracting the 
square root of a minus quantity is of the form 



1 
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And in general 



v/-l=< 


c, we 


shal 


c 2 = . 


-1 




c 3 = - 


-V- 


-1 


c 4 = 


1 
V- 




c s = 


-1. 


c 4m = 


•1 




c 4m+l = 


•V- 


1 


c 4«+» = 


-1 





c«"+ s =-V-l, 
m being any integer whatever. 

(12&) From which we easily deduce the following prin- 
ciples. 

(+ V^X(+ V^^- y/a 2 =-a. 

(- V^ X (- V^o)-t- Va 2 --a. 

(+ -J^a) X (- V*^=+ Va* =o. 

(+ \^^jx (+ V^6J"=*- Vab. 

(- V^ x (- V^8)= - Vai. 

(+ V^) x (- </^fy=+ Vol. 

The above is in accordance with the usual rules for the 
multiplication of algebraic quantities, and must be consider- 
ed as a definition of this symbol, and of the method of using 
it, and not as a demonstration of its properties. 

(129.) The student must not infer from what has been 
said, that imaginary quantities are useless. So far from be- 
ing useless, they have lent their aid in the solution of ques- 
tions, which required the most refined and delicate- analysis. 

(ISO.) We will now, in order to become more familiar 
with the operations of imaginajies, perform some examples in 
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MULTIPLICATION OF JMAGINARIES. 



1. Multiply 4\/-l+ V-2 by 2 V-l-V^. 

OPERATION. 1 



4V-1+V-2 



2V-1-V-3 
—8-2^2+4^3+ V6. 



2. Multiply 4+ V-3 by 2- V-2. 

OPERATION. 



4+ V-3 



~*^ 



2- V^2 



8+2V-3-4V-2+^6. 
3. Multiply 3— V— 1 by 4+ -/^T. 

' OPERATION. 



3- V-l 



4+ V-l 

12-4 V~^l 
+3V^T+1 



12- V-l+l=13-V-l. 



4. Multiply i— JV -3 into itself. 

. OPERATION. 

HV-8-i 



WV-8-*«~ J-JV-3. 



1 
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(131.) We will now perform some examples in 

DIVISION OF IMAGINARY QUANTITIES. 

1. Divide 4+ V-2 by 2- V-2. 

OPERATION. 



2- V-2 



Multiplying numerator and denominator by 2+ V— 2, it be- 



comes 



6+6V-2 



=l+V-2. 



In the same way we find 



*£T 



l+V-l * v 






* * 



(132.) We will also add a few examples of the extrac- 
tion of the square root of imaginary binomial surds. 

1. Extract the square root of 3+2 V— 1.' 
Comparing this expression with the general formula (A) 
Art. 118, we have a=3 $ 6±=— 4, hence. 

( a+ Vv^b ) *, ( 3+ V 13 } * 

a-^VJtt l* = J 3-V13 £* te J V13-3 ^ x v — 
2 

Therefore, 



/ . 
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. ==r ( V18+3 )* , i V13-3 >* .— - 

V3+2-/-l=J g J + } g— | . V-l. 

2. Extract the square root of 8— 2 V— 1. 

All the difference between. this example and the last, is in 
the sign which connects the two terms, so that we need only 
change the sign which connects the two t$rms of the answer 
to the last, in order to obtain the answer of this. (Compare 
formula (A) and (B) Art. 118.) 

Hence, 

— — - ( V13+3 )* (Vl3-3> a / — 

•3-2 /=jf~ | 2 ^ "'I - » \ *' 

If we a4d the answers of these two questions, we shall 
have ' 

V13+3 )* ' 



^3+2V-l+V3-2V-l=2 



V8(Vl3+8). 



(133.) Be/ore closing this chapter, we will show the inter' 
pretatton of the following symbols -j , — , — . 

We know from the nature of multiplication, that multi- 
plied by a finite quantity, that is, repeated a finite num* 
ber of times, mast still remain equal 0, hence we have this 
condition 

OXA^O. (1) 

Dividing both members of (1) by A, we find 

0=-^. (2) 

19 
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Therefore the symbol -^ will always be equal to 0, as long 

A 

as A is a finite quantity, 

(134.) Since the quotient arising from dividing ope num- 
ber by another becomes greater in proportion as the divisor 
is diminished, it follows that when the divisor becomes less 
than any assignable quantity, then the quotient will exceed 
any assignable quality. Hence, it is usual for mathemati- 

A • 
cians to say, that — is the representation of an infinite quan- 

ty. The symbol employed to represent infinity is 00, so 
that we have 

'■ A 







= 00. (3) 



(135.) Dividing both members of (1) by 0, we find 

-<*=?• (4) 


This being true for all values of A shows that - is the 

B ymbol of an indttemituUe qvantky. ' . 

To illustrate this last symbol, we will take several exam- 
pies* 

1. What is the value of the fraction z T , when x*=a9 

bx—ab 

♦ - 

Substituting a for x, our fraction will become 

x *-a 2 a 2- a 2 o * . 

= r = — ; ! s=s "r=a» tttdeterminate quantity. ^ 

bx—ab ab—ab * * 

* 9 

1 

If, before substituting a for #, we divide both numerator 
and denominator pf the .given fraction by x—a, (Art. 58,) we 

find 

x*—<a x+a 

-• ^^ * 

bx—ab b 



I 
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' Now, substituting a for x, in this reduced form, we find! 

v x-\-a a-i-a 2a 

~b- b J' 

O/t » X ~~a 

Therefore ^- is the true value of 7 7- j — =-, when i=a. 
b bx—ab 

2. What is the value of -= — j- — ■- — «-, when a:=a 9 

x*—2ax+a* 

Writing a for x % we find 

x 2 -ax ^ a*-Q* JO 
x 2 —2ax+a 2 a 2 —2a 2 +a 2 0* 

* 

If we reduce this fraction by dividing both numerator and 
denominator by x— a, we find 

x*—ax ^ x / 
x 2 —2ax+a 2 ' x—a 
Now, writing a for z in the reduced form, we find 

« 

x d £=a, (Art. 134.) 



x—a a— a 



t .x 3 —Saxl+3a 2 x—a 3 . 

3. What is the value of 7 — *~ , when x^a? 

bx—ab 

When a is substituted for x 9 we have 

x*-3ax 2 +3a 2 xra s _ a z -3(L*+3a*--a 3 ^(S 
," bx—ab ab^-ab 0* 

X 

Reducing, by dividing numerator and denominator by x— a, 
we find 

x 3 -3ax 2 +3a 2 x-a 3 _x 2 ^2ax+a 2 

■ —1. . — 

bx—ab b 

Writing a for x, we have 

x 2 -2ax+a a a 2 -2a a +a 2 



j =-£=0. (Art. 133.) 
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(186.) From the above, we conclude that whenever an 
algebraic fraction is reduced to the form ;r, there exists a 

factor common to both numerator and denominator. 

If we reduce the. fraction, by dividing both numerator and 
denominator by this common factor, it will become of one 
of the following forms. 

A 

-n—a finite quantity* 

~i-=O=fl0 value. 
A 



— -=s=0o=aft Infinite quantity. 
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CHAPTER V. 



QUADRATIC EQUATIONS. 

(137.) We have already (Art. 69) denned a quadratic 
equation, to be an equation in which the unknown quantity 
does not exceed the second degree. 

The most general form of a quadratic equation of one un- 
known quantity, fe 

ax 2 +bz=€. (1) 

Dividing all the terms of (1) by a, (Axiom IV,) we find . 

*'+**=-, (2) 

a a 

where, if we assume -4=-, and JB=-, we shall have 

a a 

x 2 +Ax=B. (3) 

Equation (3) is as general a form for quadratics as equa- 
tion (1). 

In (3), A and B can have any values either positive or. 
negative. 

(138.) When -4=0, equation (3) will become 

x 2 -£, (4) 

which is called an incomplete quadratic equation, since one 
of the terms in the general forms (1) and (3) is Wanting. 
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(139.) When 7?=0, equation (3) will become 

x 2 +Ax=0> 

which divided by x is reduced to 

x+A=0, ' 

which is no longer a quadratic equation, but a simple equa- 
tion. 

(140.) If -4=0 and 5=0 at the same time, equation (3) 

will become 

s 2 =0, 

which can only be satisfied by taking x=0. 

INCOMPLETE QUADRATIC EQUATIONS. 

(141.) We have just seen that the general form of an in- 
complete quadratic equation is 

x 2 =B. (1) 

If we extract the square root of both members of this equa- 
tion, we shall (Art 98) have 

- x=±VB. ip) 

Equation (a) may be regarded as a general solution of in- 
complete quadratic equations. 

(142.) To find the value of the unknown, when the equa- 
tion which involves it, leads to an incomplete quadratic equa- 
tion, we have this ' , 

RULE. 

4 

I. Clear the equation of fractions by the same rule as for 
simple equations. (Art. 73.) 

II. Then transpose and unite the like terms, if necessary, 
observing the rule under Art. 76, and we shall thus obtain, 
after dividing by the coefficient of x 2 , an equation of the form 
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of x 2 = B. Extracting the square root of both members; wc 
shall find #=± V B. 

EXAMPLES. 

1. Given • +7=9, to find x. 

19 #> 

This, when cleared "of fractions, by multiplying by 19, be- 
comes 

# 2 +2+133=i71, 

transposing and uniting terms, we find ff 2 =3(k If we com- 
pare this with our general form, we shall see that JB=36. 
Extracting the square root, we have #=±6, or as it may be 
better expressed, £=6 or £=—6. 

_ 3 1 346 

2.^en— 2 +-=— ,tofindx. 

This cleared of fractions, becomes 

147+343£ 2 =346a; 2 , 
transposing and uniting terms 3rr 2 =147, 

dividing by 3 x 2 =49, 

extracting the square root, we find #=±7. 



3. Given x 2 — ^-=44, to finds. 

6b 



Aps. #=±12 



a; 2 
4. Given 8+5s 2 =— +4z 2 +28, to find x. 

o 



Ans. #=±5* 



a: 2 _ x 2 



5. Given 2+— -7=— +13, to find x. 



Ans. x=±9* 



(143.) We must be careful to interpret the double sign =fc 
correctly, the meaning of which is, that the quantity befora 
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which it is placed may be either plus, or it may be minus. 
It does not mean that the quantity can be both plus and mi- 
nus at the same time. 

(144.) If an equation involving one unknown quantity can 
be reduced to the form x n ~N, the value of x can he found 
by simply extracting the nth root of both members, thus, 

#=V JV- (See note under Rule of Art. 98.) 

(145.) Where it must be observed (Art. 98) that when n 

is an even number, the value of x will be either plus or minus 

for all positive values of N, but for negative values of JVthe 

value of x will be impossible. When n is an odd number, 

the value of x will have the same sign as N has* 

x 
(146.) If the equation can be reduced to the form a?*=N f 

then x can be found by raising both members to the with power, 
thus: #=2V m . 

(147.) Where x will be positive for all values of N f pro- 
vided m is an even number, but when m is an odd number 
then x will have the same sign as N. 

(148.) Finally, when the equation can be Reduced to the 
form „.— xr 

We must first involve both members to the with power, 
and then extract the nth root, or else we may first extract the 
nth root, and then involve to the mth power. (Art. 100.) 

Thus, 

m 
EXAMPLES. 

Vx+28 \/#+38 
1- Given - 7 _» 7 — , to find x. 

This, when cleared of fractions, becomes 
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x+34Vx+168=*x+42Vx+U2, 
transposing and uniting terms/ we have 

SVx=16 f 
dividing by 8, Vx=2, 

raising to the second power, , #=4> 

2a 



. 2. . Given Vx+ Va+x= , to. find x. 

Va+x 

This equation, when cleared of fraction, by multiplying by 

. « 

Va-\-x 9 becomes 



Vax+x 2 +a+x=%a, 

Vax+x 2 =a—x 9 

squaring both members, . * 

ax+x 2 =a 2 r- 2a%+x 2 f 
2ax=a 2 
■ a 
3 



2 



3. Given 3+x 8 =7', to find x. • " 

Ans. o?a==±8. 
i 

4. Given (y w — 6) 2 =a— d, to find y. 

Ans. y»|(a.-d) a +6}". 

. — , 

.5. Given v#—32*?16— -/#, to find x. 

Ans. #=81. 

G. Given (x+a) 2 = ir to fi&dLj?. 

(a:— a) 2 

Ans. 9~±(fa*4&fr+-}*)K 

~. Vx+ Vx~-a ac 2 

7. Given — r==— > to find x. 

Vx—vx—a ,*""« r 

Ane. xJZM&L, 

20 . 
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3 / x 

8. Given Vx+ y/x— Vx— Vx=»\/ — : — 7-, to find x. 

* V tc+ Vx 

Ans. #=— • 
16 

9. Given . ;. =~2~» to find x. 

1-Vl-s 2 1+Vl-s 2 * 

Ans. x=Az— . 
2 



COMPLETE QUADRATIC EQUATIONS. 

(149.) We have already seen, that 

ax 2 +bx=c 9 (A) 

is the most general form of a quadratic equation, where ' 

a=the coefficient of the first term, 

J=the coefficient of the second term, 

c=the term independent of ir. 

If we multiply the general quadratic equation (A), by 4a, 
it will become 

4a 2 x 2 +4cdbx=4cac. (1) 

Adding b 2 to both members of (1), it becomes 

4a 2 x 2 +4tahx+b 2 =b 2 +4ac. . (2) 

If we extract the square root pf bpth members of (2), we get 

2ax+b=±Vb 2 +kK. (3) 

By transposing, (3) gives 

2,ax=-b± Vb 2 +4ac : / ^ (4) 

Dividing (4) by 2a, we get 

-J± Vb 2 +4ac r /T ^ 

*= — £ — • . < B > 

Formula (B) may be regarded as a general solution of all 
quadratic equations. 



QUADRATIC EQUATIONS. 156 

. If we translate it into common language, we shall obtain a 
rule for solving quadratics. 

Hence, to fincj the value of an unknown quantity, when 
given by a quadratic equation, we have this 

I 

. RULE. 

Having reduced the equation to the general form ax 2 +bx~c 9 
we canjind x, by talcing the coefficient of the second term with 
its sign changed y plus or minus the square root of the square of 
the coefficient of the second term increased by Jour times, the co- 
efficient of the first term into the term independent of x, and 
ttie whole divided by twice the coefficient of the first term. 

EXAMPLES. 

36-* 

1. Given Ax =46, to find the values of x. 

x . 

i 

This, when cleared of fractions, becomes 

4z 2 -36+£=462\ 

Transposing and uniting terms, we have 

4z 2 — 45z=36. 

This compared with the general form 

' ax 2 +bx=c, 

gives a=4 ; 6=— 45 ; c=36. 

The square of the coefficient of the second term 

=(-45) 2 =2025. 

Four times the coefficient of the first terrti into the term 
independent of x, 

=4X4X36=576. 

Therefore, taking the square root of the square of the coeffi- 
cient of the second term increased by four times the coeffi- ' 
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cient of the first term into the term independent of x, we get 

± V2025+576=± a/2601- ±51.- 

This added to the coefficient of the second term with the 
sign changed, gives 

45±51, 

which must be divided by twice the coefficient of the first 

lefiii- Hence, 

45±51 

, sc= • ' 

8 

If we tttke, the upper sign, we get 

45+51 ^ ^ 

g 

If we take the lower sign, we find 

45-51 3 . 



#=■ 



8 4' 



Therefore, a?=12^or — -. 

4 

Either of which values of x, will verify the equation.. 

5a;— 4 a;— 2 

2. Given r" =9 "' — o~> tb ^^ l ^ e values of x. 

This, when reduced to the general form, becomes 

£ 2 -18z=-72. 

Squaring 18, we get 

(18) * =324. 

Four times the first coefficient multiplied into —72, gives 

4 X -72 =-288,' \ 

which added to 324, gives 36, the square root of which is 

±6. Therefore 

18±6 
xf= - =12 or 6, 
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</7z 2 +36;z 



3. Given V3x— 5= , to find the values of a:. 

x 

Squaring^oth members, we have 

7z 2 +36:z 



3x— 5- 



x 2 



This* cleared of fractions, becomes 

3x 2 *-5x=7x+36. 
Transposing and uniting terms, we have 

3x 2 -12x=36. , 

This divided by 3, gives 

x 2 -4a=12. 



mu r 4±V(4) 2 +4Xl2 44:8 „ 

Therefore, x= ^- ^"ir" ' or "*• 

3 3 27 

4. Given -* — — H — 2 , A =— > t0 find the values of x. 
x*-~3x x +4& Sxi 

This, by reduction, becomes 

9a; 2 -7a;=116. 



mu r 7±V7 2 +4X9X116 7±65 A o2 

Therefore, z=*=- — ^-=--—=4, or — 3f. 

a; 2 + 12 x 
5. Given — h"5=4#, to find x. 

This reduced, becomes 

x*-ix=- 12. . 



, 7±V7 2 +4X-12 7±1 
Therefore, #= == ~ir* ^j or 3. 



(150.) An equation of the form 

a# 2w +ta*sH=c, (A), 

can be solved by the above rule, which indeed will agree 
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with the form under consideration .in the particular case of 
ii=1. 

I£ in the above equation, we write y for #*, snd conse- 
quently y 2 for a; 2 *, it will become 

ay 2 +by=c 9 

which is precisely of the form of (A), Art. 149. Conse- 

quently, 

-b±Vb 2 +±ac 
y = 2a ' 

Resubstituting x n for y, we have 



^ -J±V6 2 +4ac 

&— —z 

2a 

_ ( -5± Vb 2 +4:ac ) 



x 

n 



And, x={ — \ (B) 



2a 



i 



This value of x, must hold for all values of the constants 
n 9 a, b f and c, whether positive "or negative, integral or frac- 
tional. 

examples. 

1. Given x A +ax 2 =b 9 to find x. 
This becomes y 2 +ay=b, when for x 2 we write y. 

-a±Va 2 +46 , 

••• y= o =* > 



hence, x= 




2. Given 3x 2 *-2;r w =8, to find #. 

2±10 

# w = — ^ — =2, 
6 ' 

• * • 2/—" y <w» 
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3. Given 2(l+#— x 2 )— Vl+x— x 2 = — ^, to find x. 

If for 1+x— x a t we puty 2 , our equation will become 

1 ' 



or 



hence, 



18y a -9y=-l, 

^9±3_1 1 
"• y ~"36"~3' 0r 6' 

y = 9' OT 36- 



Resubstituting 1+x— x 2 , for y 2 , we have, when we take the , 
first value of y 2 , 

1+X—X 2 = y 

9z 2 — 9#=8, 
9±3-/41 1 1 , 1 1 , 

" = a + 6 V41 ' or 2"e V41 ' 



• • 37— 



18 



When we take the other value of y 2 r we have 

i 

1+x ~ x 36' 



or 



36x a -36a:=35, 



36±24Vll 11, 11, 

•'* ** 72 =2 + 3 Vll » or 2~3 V11 ' 

Collecting these four values of x, we find 

... *=*-£V41, 
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4. Given lx 2 ^J + la 2 — A = — , to. find the va- 
lues of x. 

This equation is easily put under' this form 



x x 



This squared, becomes 

* * * 

a 4 « =x 4 — 2ax Vx 4 —a 4, +a 2 x 2 w . 

x x 

Collecting terms, we have 

x 4 — a 4 — 2ax Vx 4 — a 4 = — a 2 x 2 . 

If we put y 2 =x A — a 4 , and A*=ax 9 /we shall haw 

y 2 -2Ay~-A\ 

.-. y= — -; — =A. 

Resubstituting for y and A % we get 

vx 4 —a 4 =zax. 

Squaring, we get ■ 

# 4 — a 4 =a 2 x 2 , 

or _ a; 4 — # 3 a 2 =a 4 l 

Again, substituting 2=a; 2 , and we have 

2 a — a a 2=a 4 , 

_a 2 ±a 2 V5_ 2 ' 



Hence, . x= 



'{*??: 



(151.) When, in the general form fbr quadratics, a=l r 
the rule under Art. 149, is susceptible of considerable modi- 
fication. 
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If this value of a is substituted in formulas (A) and (B), 
Art. 149j they will become 

x 2 +bx=c. , (C) 



-b±Vb 2 +4c 



-iMir-- p.. 



2 

Therefore, when the coefficient of z 3 is a unit, the value 
of x can be found from formula (D). 

* All quadratic equations may be put under the form of (C), 
by dividing all the terips of the coefficient of x 2 9 so that the 
expression of (D) for x must be as general as that of (B), 
Art. 149. 

Hence, for the solution of quadratic equations, we have 
this second 

RULE. 

Having reduced the equation to the form x 2 +bx=c, toe can . 
find x by taking half the coefficient of the second term, with its 
sign changed ; plus or minus the square root of the square of 
the half of the coefficient of the second term, increased by the 
term independent of x, . 

EXAMPLES* 

1. Given x 2 ~ 10x=s— 24, to find x. 

In this example half the coefficient of the second term is 
6, which squared and added to —24, the term independent 
of x, is 1. Extracting the square root of 1, we have ±1. 

Therefore, ( #»5±l»6 f or 4. . 

* * 

x ' f ' 

2. "Given = » , to find x* 

This cleared of fractions, becomes 

3z 2 — 6a?=s7a?+480. 
4l 
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Transposing and uniting terms* we have 

3rr 2 -12x=420. 

Dividing by 3, we have 

z 2 -4zt=149, 
.-. s=2± 12=14, or -10- 

„. x+12 , x 26 

3. Given +— rrH— T» to find a:.. 

v x #+12 5 

1 Ans. #=3, or —15, 

4. Given 3s 6 +42a; :i =3321, to findz. 

x 
Ans. 3, or (— 41) 3 . 



(152.) Equations containing two or more unknown 
quantities, which involve in their solution 

quadratic equations. 

1. Given | ^^=9^00?' } . *> find * and y. 

From the first of these equations, we find 

_ 30(ty 
y-125 

Substituting this value of £ in the second equation, h be- 
comes ■ ' s ■ 

*~\f=ik\ =9000 °- 
Which, when expanded, is 

' ,* &000< V ^ 9 oooo. 

y y 2 -250y+ 15625 
This, cleared of fractions, and terms united, becomes 
y A -25<fy 3 -164375y 2 +22500000t/= 1406250000* 

This may be written as follows: 

(y a -125y) a -180000(y 2 -t25y)= 1406250000. 
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Solving by rule for quadratics, considering y a — 126y as the 
unknown quantity, we have 

y 2 ^125y=90000db 97500. 
Hence, 

.y 2 -125y=187500, or y 2 -125y*r-7500. 

The first of these gives 



125±875 R _ . 

i/= =500, or —375. 



The second give? 



125 ±25-/ -23 

2/= 



2 
Both of which values are imaginary. 

Having found y, we can substiute it in the equation 

300y 



y-125' 
and thus obtain the values of x. 

, (y*-x A =a 2 (l)i 

2. Given '< / ? > to find x and y. 

\x*y*-cx*=ay* (s( ) 

From (2), we get 

*■-?!,• (3) 

y 3 —c ' 



which substituted in (1), we have 



,e_ . «y . _„ 2 



y- y6 _^3 +c , =« a . (4) 

Clearing (4) of fractions, it may then be put under the form 

(y*-cyy-2a*W-cy*)=a*c>. . (5) 

Solving this by quadratics, considering y 6 — cy* as the un- 
known quantity, we have 

y 8 -^=fl 2 ±flVl+?. (6) 
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Again, solving (6) by quadratics, considering y* as the un- 
known, we have 

Extracting the cube root of (7), it becomes 



y~ 



h±p±aWl+,'+^) i | (8) 



The value of y (8), or better the value of y* (7), when 
substituted in (3), will give x. . > 

'v+v>+x+y+z*=66 (1)' 

f -*^-*~ 207 < 2 >( , to find », », 

3. Given <Vr-„-y-z=-9 (3)V ^ y> ^ ^ 

Jay— ©— t0-*-z=— 19 . (4) 
yz— t?— w— £=38 (5) 

«o+»+w=263 (6)=(l)+(3) 

«a+w>+*=47 (7)=(l)+(3) 

xt,+x+y=3,7 (8)=(l)+(4) 

yz+y+*=94 (9)=(l)+(5). 

By adding unity to both members of (6) and (7), they be- 
come 

e(«H-l)+uH-l=264 (10) 

ar(w+l)+w+l=48 (11) 

H-l_ll 
*+l~2 

Equation (19) gives 

lLr+9 



(12)=(10)-=-(ll) 



•- -5— (* 3 ) 



I 
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Proceeding with (7) and (8), as we did with (6) and (7), we 
find 

24y+5 , . 

.*"— IT- ' (U > 



In a similar way, (8) and (9) give 

95a;+57 



(16) 



• 38 

The values of v, to and z, equations (IS), (14), and (IS), 
being substituted in (1), give 

ll*+9 L 24y+5 ■ 96x+57^ , _ ' 

-2- + - J i9- + -w- +x+ y~ 66 ' . (16 > 

Clearing (16) of fractions and uniting terms, we hare - 

171aH-43y=946. (17) 

From (17), we find 

945-171* 
»— «— < 18 > 

From (8), we get 
1 37 -a: /,«» 

• srs+i' (19) 

Equating these values of y, (18) and (19), we have 

945-171* 37-<c . v 

43 = t+T' < 20 > 

Clearing (20) of fractions and uniting terms, we have 
H 171a? 2 -817z= -646, 

I 817±475 , 646 . 

••• a;= -348- =1 * 'm- 

Having found x either of the equations (18) or (19) will make 
known the valqes of y ; and then frond (13), (14) and (15) 
we readily find v 9 w and z. 
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4. Given z An -2x* n +ar=6, to find z. 

This is readily put under this form 

{x 2n -a») 2 -(x 2n -a*)=6. (1) 

If we make y=x 2n —af, equation (1) will become 

y a -y=6, (2) 

.-. y=i±f. (3) 

Resubstituting for y, we have 

x 2 «-a*=3, ( 4 ) 

or x 3n — a*=-2. (5) 

Now, in (4) and (5) substituting z for af, and we have 



. z 2 — 2=3, 


(6) 


or z 2 — z=— 2, 


(7) 


From (6), we have 




, z=i±£</13. 


(8) 


From (*/), we find 




z=i±iV-7. 


(9) 


Resubstituting of for z 9 we find 




^=i±iVl3, 


<10) 


s^-i.zL^V-7. 


(11) 



Taking the nth roots of (10) and (11), we find 

a;=5i±^Vl3j" 
Ans. -^ 

ft 

( #+y=a (1) ) 

5. Given < \ , to find a: and y* 

(* 2 +y 2 =i (2)) 

Squaring (1), we have 

x 2 +2xy+y 2 =a 2 . (3) 
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t 

\ < 

Subtracting (2) from (3), we get 

2xy=a 2 r-b. (4) 

Subtracting (4) from (2), we find 

x 2 -2xy+y 2 =2b-;a 2 ; - (5) 

Extracting the square root of (5), we get 

x— y=±V2b— a 2 . (6) 

Taking half the sum of (1) and (6), we get 

x=^i^V2b-a 3 . (7) 

Subtracting (7) from (1), we find 

a 1 

y = 2^2 V2£-a 2 . (8) 

( x+y=a (1) ) 

6. Given 2 S , to find x and y. 

(x*+y a =b (2)) 

We will indicate our operations upon the successive equa- 
tions, by the method explained Art. 83. 

zt'+Sx'y+Sxy 3 +y> =a* ^ . (3)=(1)* . 

Sxy(x+y)=a 3 -b (4)=(3)-(2) 

1 

a*-b 

x*+2Xy+y 3 ^a 2 (7)=(l) a 

4a 3 -44 ' , '■ 

ixy=—^— (8)=4X(6) 

45-a 3 
x*-2xy+y*~-^ r (9)=(7)-<8) 
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_ a Ajb-J >i 

y ~2 T 2( 3a J 



(10)= V(9) 



(11)- Gi+£2> 



(18). fitfiQ 



( a:+y=a (1) ) 

7. Given < ? , to find # and y. 

7x 4 +y 4 =4 (9)$ . " 

x'+ix*y+6x 2 y'+4xy*+y'=*a* .(3)=(1) 4 

4xy{x a +y')+6x*y>**a'-b (4)=(3)-(2) 

X 3 +2xy+y'=a*~ (5)=(l) a 
Transposing Stey of (5), we get 

x 2 +y 2 -a a -2xy. (6) 

Substituting this value of s 3 +y a in (4), we get 
4ay(a 2 -2a^)+6a; 3 y a =<»*-J. (7) 

This becomes, by putting 2 for xy, and transposing 

2« a -4a a zss4-a 4 , (8) 



/6+a 4 



Hence, 



xy=a*±y ~y- 



2 



(10) 



, ■ 7M-a a 
4«y^4a a ±4V -g— . (H)=(10)X4 
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-aay+y^Sa^^ 6 -^., (12)=<5)-<U) 



x 



-y^\-Za > ^J h ±3L.V (13)=V(12) 



"■S^*-*"** 



^^-^y^j* ^»-fi^ea 



2 2 



8. Given ? . . v.tofindxandt/. 

^a; i y+x 6 y 10 =5103 (2) $ ' 

2a: V =13122 (4)=(3)_(e) 

a;8 y 8=6561 <(5)=(4)+2 

zy=±3 (6)=V(5) 

«V=±27 " (7)=(6)* 

- x*+y a =±5 (8)=(l)+(7) 

2sy=±6 (9)=(6)x2 

* a -Htey+y* = :f4 (io)=(8)-(») 

x-y= =fc V-l or ± 1 (11)= V(10) 

x'+2xy+y :> =±ll (12)=(8)+(9) 

x+y=± Vll or ± V-ll (18)= V(12) 

s=*(± Vll± V-l) or i(i V=ll±l) (l*)=tt"ffi) 

y=l(± Vll^ V-l) or *(± V^li^l) (16)=H!>d!i) 

22 
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(yx*-x*+z=±3 (1)) 

9. Given 2 > , to find a; and y. 

lyx{yx 2 +L)-x*+x=6 {2)) 

Subtracting from (1) and (2), we find 

y 2 x*+yx— yx 3 =3 (3) 

Dividing (3) by (1), we get 

This value of y substituted in (1), gives 

'x*y A -Sx*y*+l&x* 

10. Given ) =90xy+60(x-y 2 )-720(y-l) (1) ( 

O 2/ 

4 

to find a: and y. 

Multiply {2) by 6a;(y 2 +4y+4), it becomes 

i =16xy 2 +60^+60a:-60y :, -240y-246 5 W 

Subtracting (1) from (3), we have 

0=l&Ey a -80*y+480y-960. (4) 

Dividing (4) by 15ay+480, it becomes 

0=y-2, (5) 

.-.y=2." (6) 

This value of y substituted in (2), gives 

»=4. (7) 

":cy+z=5 

H. Given <ayz+s 2 ==15 

xy 2 +x 2 y—2x+2**=8 

Dividing (2) by (1)> we find 

*=3. (4) 
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» 

Substituting this value of z in (1) and (3), and they become 

*y=2. (5) 

xy{x+y)'=z2+2z. (6) 

Dividing. (6) by (5), we find 

x+y=l+z, (7) 

.-. y=l. (8) 

Dividing (5) by (8), we get 

*=2. ' ' (9) 

'x{y+z)=a (1)' 
12. Given <j/{x+z)=b i (2)> , to find x 9 y and s. 
z(*+y)=c . (3) 

If we take the sum of (1), (2) and (3), after expanding them; 
we shall have 

2xy+2xz+2yz=a+b+c. (4) 

If we subtract Jwiee (3) from (4), we get 

2zy=a+6— c* (6) 

In a similar manner, by subtracting twice (2) from (4), we 
find 

2zz=a— b+c. (6) 

Subtracting twice (1) froip (4), we find 

2y*=— a+b+c. (7) 

Dividing equations (5), (6) and (7), by 2 9 we find 

^="-±§=i. (8) 

»-£=*±£. (9) 

y z ~: — 5 — • ( 10 ) 
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Taking the continued product of (8), (9) and (10), we bare 



x 



v*'=(^)(^)(z^ c ) (U ) 



Dividing (11), successively by the squares of (10), (9) and 
(8), .we have 

„ a ^(*+b-c){a-b+$ j lg i 



(13) 



2{-a+b+c) 

a _ (a+b-c)(-a+b+c) 
V = 2(a-b+c) 

2 _ {a-b+c)(-a+b+c) ( 

2(a+b-c) ' X ' 



Extracting the square roots of (12), (13) and (14), we have 

(a+6-c)(a-fr+c) \ * 



I=:±< 



2(-a+b+c) 



(15) 



J (*+h-c)(-«+b+c )}* 
V \ 2(o-6+c) } Kir>) 



— ■ 5 (a-b+c)(-a 
\ 2{a+b- 



- a+6+c) \ * 



(17) 



This question illustrates beautifully the method of deriving 
one quantity from another, of a similar nature, by simply 
permutating. (Art* 98.) 

If in equations (1) and (2), we write x for y, a for b, and 
conversely, they will not be altered. If we make these 
changes in (15), it then will agree with (16). 

Changing x into z 9 a into c, and c into a, equation (15) 
will thtis become (17). Or (17) may be deduced from (16), 
by changing y into z, b into e, and c into 6. 
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a. 1 ^ ^ * 

x-\ — =aj 

\ y f 
13, Given ^ S. , to find x and y. 

x J 



Ads. 






In this example, we also see that the value of y can be 
deduced from that of #, by changing a into b 9 and b into a. 

'# 2 +y 2 =df 
14. Given <jcz*=b )> , to find ar, y and *• 






Ans. 



m 



7 



•. 



v^ 






(153.) Questions which require for their solution 
a knowledge of quadratic equations. 

1. A widow possessed 13,000 dollars, which she divided 
into two parts, and placed them at interest, in such a manner, 
that the incomes from them were equal. If she had put out 
the r first portion at the same rate as the second, she would 
have drawn for this part 360 dollars interest ; and if she had 
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placed the second out at die same rate as the first, she would 

have drawn for it 490 dollars interest. What were the two 

rates of interest ? 

Ans. 7 and 6 per cent. 

Let ar=the rate per cent, of the first part. 
Let y=the rate per cent, of the second part 

9 

Now, since the incomes from the two parts were equal, 
they must have been to each other reciprocally as x to y. 
Hence, if my denote the first part, then will mx denote the 
second part. 

We shall then have 

m(a?+y)=13000. 

13000 



Consequently, m- 



Therefore, 



x+y ' 

13000y , . 

• ' . =the first part. 

13000a: 
x+y 



=the second part 



The interest on these parts, at y and x per cent, respec- 
tively, is . 

130y 2 , 130# 2 

— ~- and — ; — . 
x+y x+y 

Hence, by the conditions of- the question, \? a have 

130y 2 



x+y 
130a; 2 



=360. 



x +y 

Dividing (2) by (1), we get 



=490. 



(i) 



(2) 



X' 



y 



2 



49 
36* 



(3) , 



_ i 
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Extracting the square root of (3), we have 

x _7 

y b - 

Subtracting (1) from (2), we have 



(*) 



130(*'-j,») 
-^+—-130. (5) 

Dividing both numerator and denominator 1 , of the left-hand 
member of (5), by x+y, and also dividing both members by 
130, we get 

*-y=I. (6) 

Dividing (6) by y, we find 



X , 1 


<7) 


Subtracting (7) from (4), we have 




_7 1 

6 y 


(8) 


Clearing (8) of fractions, we obtain - 




6y=7y-6. 


(9) 


.'. y=6. 


(10). 


Adding (10) and (6), we get 


» 


ar=7. 


(11) 


Therefore the per cent, of the first part was 7, 


and of the 


second part was 6. 


• 



2. A certain capital is out at 4 per eent* ; if we multiply 
the number of dollars in the capital, by the number of dol- 
lars in the interest for 5 months, we obtain $117041$. What 
is the capital ? Ans. 2650. 

3. There are two numbers, one of which is greater than 
the other by 8, and whose product is 240. What numbers 
are they ? Ans. 12 and 20. 
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4. The sum of two numbers is =a, their product =b. 
What numbers are they T 

o+V(o 3 -46) a-V{a*-4A) 
Ans , - ; 

s 

5. It is required to find a number such, that if we multi- 
ply its third part by its fourth, and to the product add 5 times 
the number required, the sum exceeds the number 300 by 
as much as the number sought is less than 280 ? 

Ans. 48. 

6. A person being asked his age, answered, " my mother 
was 20 years old when I was bora, and her age multiplied 
by mine, exceeds our united ages by 2500." What was his 
age ? Ans. 42. 

7. Determine the fortunes of three persons, A, B, C, 
from the following data : For every $5 which A possesses, 
B has $9, and C $10. Farther, if we multiply A's money 
(expressed in dollars, and considered merely as a number) 
by B's, and B's money by C's, and add both products to 
the united fortunes of all three, we shall get 8832. How 
much had each ? Ans. A $40, B $72, C $80. 

8. A person buys some pieces of cloth, at equal prices, 
for $60. Had he got three more pieces for the same sum, 
each piece would have cost him $1 less. How many pieces 
did he buy ? Ans. 12. 

9. Two travellers, A and B, set out art the same time, 
from two different places, C and D ; A, from C to D ; and 
B, from D to C- On the way they met, and h'then appears 
that A had already gone 30 miles more than B, and, accord- 
ing to the rate at which they travel, A calculates that he can 
reach the place D in 4 days, and that B can arrive at the 
place C in 9 days. What is the distance between C and D f 

Ans. 150 miles* 
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10. The sum of two numbers is 10, and the sum of their 
fifth powers 17050. What are the numbers ? 

Ans. 3 and 7. 

11. The sum of two numbers is 47, and their product 
546. Required the sum of their squares. 

Acs. 1117. 

12. The sum of two. numbers is 20, and their product 

99. x Required the sum of their cubes. 

Ans. 2060^ 



Properties of the roots of quadratic equations* 

(154). We have seen that all quadratic equations can be 
reduced to this general form. 

x 2 +ax=b. (1) 

This, when solved by rule under Art. 151, gives 



a • A* 2 , 
Therefore the two values of af are 



-l-v/?^ ' » 



a 2 la\ 2 
(155.) Now, since -t — Ih) * always positive for all 

real values of a, it follows that the sign of the expression 

a 2 

- — \-b, depends upon the value of J. 

4 

(156.) When b is positive, or when b is negative and less th*a 

23 
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a 2 .a 2 la 2 

— , then will -- +b be positive, and consequently </ -j- +b 

will be real. 

(157.) When b is negative and numerically greater than 



-7-, then —- +b will be negative, and consequently \/ — +6 
4 4 V 4 

will be imaginary. 

CASE I. 



•JFftett V T~"^ ** rcfl ^' 



1. If a is positive, and - is numerically greater than 



w— +6, then will both values of re be real and negative. 

2. When a is either positive or negative, and 5 is nume- 
rically less than \/-t*+&> t * ien w ^ k Qtn ya * ues °^ x De 
reaZ, the one positive and the other negative. 

a 

3. When a is negative and 5 is numerically greater than 



la 2 
W (-6, then both values of x will be rea/ and jponftttt. 



CASE U. 



A 2 

FPAen. \/~T~t m b is imaginary. * 



In this case both values of re are imaginary for all values 
of a. 
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(158.) When b is negative and numerically equal to 

a a 

-r, then both values of x become =—7:. 
4 2 

(159.) If we multiply together the two values of x, we 
have 



• .. By£*)*(-s-vs«)-r* 

If we add them, we find 

HV?H+(-!-7!^=- 

From which we see, 

That the sum of the roots of the quadratic equation x 2 +az 
=J is equal to —a. 

And the product of the roots is equal to — b. 

Hence the roots of the equation 

x 2 — (r 1 +r 2 )x~—r 1 r 2 , 
are r 1 and r 2 . 

(160.) We can also deduce these properties as follows : 

If, in4he equation x 2 +dx=b, we suppose the two roots 
of x to be ri and r 2 . we shall have 

r\+arx=b. (1) 

rl+ar a =b. (2) 

Subtracting (1) from (2), we find 

rl-r?+a(r 3 -r 1 )=0- " (3) 

Dividing (3) by r 2 —r 19 it becomes 

r a +ri+a=0; (4) 

• .'• r 2 +r 1 = — a. (5) 

Multiplying (4) by r l9 we get 

^2*"i+r?+a7V=0. (6) 
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Subtracting (1) from (6), we get 

r 2 ri = -b. * (7) 

Equations (5) and (7) correspond with the properties just 
found, Art. 159. .. 

(161.) We have seen that every quadratic equation, when 
solved, gives two values for the unknown quantity. These 
values will both satisfy the algebraic conditions, and some- 
times they will both satisfy the particular conditions of the 
problem, but in most cases but one value of the unknown is 
applicable to the problem ; and the value to- be used must be 
determined from the nature of the question. 

We will illustrate this principle by the solution of some 
particular questions. 

1. Find a number such that its square being subtracted 
from five times the number, shall give 6 for remainder. 

Let a;=the number sought. 

Then by the conditions of the questions, we have 

5x— x 2 =6. (1) 

Changing all the signs of (1), it becomes 

x 2 -5x=-6, (2) 

which, when solved by the rule for quadratics, gives 

#=— ^— =3, or 2. 

Taking the first value of #=3, we find its square to be 9. 

Five times this value of x, is 5x3=15. 

And 15—9=6, therefore the number 3 satisfies the ques- 
tion. 

The number 2 will satisfy it equally well, since its square. 
=4, which subtracted from five times 2=10, gives for re- 
mainder 6. 
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2. Find a number such that when added to 6, and the 
sum multiplied by the number, the product will equal the 
number diminished by 6. 

Let x=the number sought, then by the conditions of the 
question, we have 

(x+6)x=xS. (1) 

Expanding and collecting terms, we find 

x 2 +5x=-6. (2) 

This solved gives 

#= — ^_=— 3 ? or —2. 

Here, as in the last question, we find that both values of 
x will satisfy our question. 

If we take the first value, #=— 3, we find that the num- 
ber —3 added to 6 gives 3, which multiplied by —3 gives 
—9 ; and this is the same as —3 diminished by 6. 

If we take the second value, x=— 2, we find that the num- 
ber —2 added to 6 gives 4, which multiplied by —2 gives 
--8 ;, and this is the same as —2 diminished by 6. 

t 3. Find a number which subtracted from its square shall 
give 6 for remainder. 

Let #=the number, then we have , 

x 2 -x=6. (1) 

This gives 

#=— — =3, or —2. 

2 . ■ 9 

If we take 3 for the number, its square is 9, from which 
subtracting 3, we have 6. 

Again, taking -*-2 for the number, its square is 4, from 
which subtracting —2, we have 6. 
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So that both values of x satisfy the conditions of the ques- 
tion. 

(162.) By tfie law of universal attraction, tec know, that 
the attraction of different bodies at different distances, varies 
directly as their masses and inversely as the squares of their 
distances from the attracted point* 

The above law being admitted, it is required to find a point 
in the right line which joins the centres of the two spherical 
bodies, whose masses are m^ and wi 2 , such that this point 
will be attracted with equal force by each of the bodies. 

i i i i i r~ 

Let m x and m 2 be the position of the bodies. 

Let m 1 OT 2 =ii=the distance between the centres of the 
bodies. 

Also, \etp denote the point sought 

Put x=m 1 p^=the distance from the body m x to the point 
sought, measured from m x towards the right 

Then d— ar=m 2 p=the distance from the body m 2 to the 
point, measured from m 2 towards, the left 

Now, having reference to the above law, we can represent 

by — = and -n — r^, the ratio of the attraction of the two bo- 
' x* (d—xy 

dies upon the point p. 

But, by the questions, these forces of attraction are equal, 
therefore we have this condition 

wi\ m 2 



x 2 {d-xf 



(1) 
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Extracting the square root of both members of (1). we have 

(2) 



Vm 1 ± Vm 2 



x d—x 

This reduced, by rules for simple equations, gives 

m 1 v=x=^— t r—-. — Xd. (3) 

.vm 1 ±vm 2 

Hence, 

- m >P= d - X= V mi ±Vm a Xd ' (4) 

If we use the upper signs, we get - 





iiUjj 


Vm 1 +Vm 2 




m 2 ])- 


Vm 2 




VTTIX+ Vm 2 * 


By taking 


the lower, i 


signs, we have 




m } p 


__ Vm x 




Vm 1 — Vm 2 


« 


m.^n=z 


4 "»- 

Vm 2 



Xd, 



Xd. 



(A) 



Xd. 



(B) 



, , Xd. 

vm 1 — vm 2 



We will now interpret these expressions for different nu- 
merical values of d, m lf m 2 . 

CASE I. 

When d=a finite qvantity. 
Andmi>m 2 . 

In this case, we evidently have 



Vm 1 + Vm 2 <V 
Vm 2 



<*. 
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Consequently, the first set of values, denoted by (A), give 

d 
»tip=a positive quantity which is <d, but >— . 

d 
m a p=a positive quantity which is <~. 

These values give for the point sought, a position between 
nil and m 2 > but nearer m 2 than wii- 

Again, 

_J^L_>i. 
Vm 1 — Vm 2 

— 7 7 — =a negative quantity. 

Vm 1 — vm 2 o i ^ 

Therefore, the second set of values, denoted by (B), give 
toip=a positive quantity which is >rf. 
m 2 jp=a negative quantity. 

. Now, since the distances from ro 2 , measured towards the 
left are considered as positive, the distances in an opposite 
direction must be regarded as negative. 

Hence, these second values give for the point a position 
on the right of m 2 . 

CASE II. 

4 

When d=a finite quantity. 
And w&i ^>m 2 . 

In this case 

y/nii <x 



Vm l +Vm 2 
Vm 2 



>*. 



Vm 1 +Vm 2 
Consequently, the first set of values, denoted by (A), give 






I 



QUADRATIC EQUATIONS. 185 

m iP z= ^ positive quantity <*-. 

And the point lies between Wi and m 2 , nearer m 1 than m 2 . 
Again, 

—. — : — -. — =a negative quantity. 

Vm 1 — vm 2 r i / 

Therefore, these second values give for the point a position 
on the left of m 1 . v ■ - 

CASE III. 
When d=a finite quantity. , 

In this case 

Vntx _, 

Vm 1 +Vm 2 

Vm 2 " _ x 
Vm 1 +Vm 2 
Consequently,' the* first set of values, denoted by (A), givfe 

* * 

d 
' ■ . d 

And the point 13 equi-distant from m? and m 2 * 
Again, 

~7 — — -. — ==± — — ===fc an infinite quantity. (Art. 186.) 

VTtoi — V M 2 " 

vfli 2 Vnt 2 . . . /A -j. ' 

, — ^ — _ — imp — _ =zpan infinite quantity. (Art. 136.) 

24 
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Therefore, the second set of values, denoted by (B), give 
for the point a position at an infinite distance either to the 
right or left. 

CASE IV. 
When <2=0. And m x< ,m 2 . 

In this case, we have 

7n 2 p=0, 

for both sets of values, consequently there is but one point 
which is equally attracted by both bodies, and that point is 
the common centre of the two bodies. 

CASE V. 

Whend=0. And m 1 =m 2 . 

The first set of values, evidendy become 

t mip=0, 

m 2 p=0. 

Which shows that the point is in the common centre of the 
two bodies. 

The second set of values give 

. / 

m 1 p=-=an indeterminate quantity. (Art. 135.) 



m 2 p=7:=an indeterminate quantity. (Art. 135.) 

So that the point may be any where on the line which joins 
the centres of the bodies. Since the two centres are united, 
every line which passes through this common point may be 
regarded as joining those centres, consequently every point 
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in space is, in this particular case, equally attracted by each 
body. 

From the above, discussion, we see that the analytical ex- 
pressions are faithful to give all the particular cases which are 
possible to arise from giving particular values to the constant 
quantities which enter into the conditions of the question. 

(163.) We will now add a Tew examples for the purpose 
of illustrating the case in which the roots are imaginary. 

1. Find two numbers, whose sum is 8, and whose pro- 
duct is 17. • 

Let a;=the less number, then will 8*— x~the greater num- 
ber. , 

The product is (8— x)x=8x— x 2 , which, by the^conditions 
of the question, is 17. 

Therefore, we have this equation of condition, 

x 2 -8x=-17. (1) 

This, solved by the usual rules for quadratics, gives 
4:=4±.V— lj for the less .number, 



and 8— (4± V— l)=(4=p V— 1, for the greater number. 



Therefore, the numbers are \ . ' 

/4W-1> 

both of which are imaginary; we are therefore authorized 
to conclude that it is impossible to find ttvo, numbers whose 
sum is 8, and product 17. 

We may also satisfy ourselves of this as follows : Since 
the sum of the two numbers is 8, they must average just 4, 
hence the greater must exceed 4 just as much as the less 



». 
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falls short of 4. Therefore, any two number whose sum is 
8, may be represented by 

4+z, 
4— x* 

Taking their product, we have 

' (4+z)(4-aj)=16-:r*. 

Now, since x 2 is positive for all real values of x, it follows 
that the product 18— a: 2 is always less than 16, that is, no two 
real numbers whose sum is 8, can be found such that their pro- 
duct can equal 17* * 

If we put the expression for die product, which we have 
just found equal to 17, we shall have, 

16-:r 2 =17, 

( consequently, x=i:V— 1. , 

And, 4+s=4± V^ I . " . c , , L 

/ — r > the same values as found by the 
4— x=4^y— 1) . , . 

the first method. ^ 

These values, although they are imaginary, will satisfy th* 
algebraic conditions of the question, that is, their sum is, 

(4±V^)+(4^aA=1) 1 =8, 
and their product is 

(4± V^1)X(4 T V^I)*=17. 

2. Find two numbers whose sum is 2, and sum of their 
reciprocals 1. 

Denoting the numbers by x and y, we have the following 
relations 

x+y—2 

x>y 

These, solved by the ordinary rules, give 



I 



QUADRATIC EQUATIONS. 



189 



3=1±V-1 



(2) 



y=lzp-/-l. 

Both these values are imaginary, consequently the conditions 
of the question are absurd. 

We may also show the impossibility of this question as 
follows : The sum being 2 the numbers may be denoted by 



1+x I 



taking the sum of their reciprocals, we have 

• J-+X, - 

1+x 1—x 

* 

which, when reduced to a common denominator, becomes 



1-x 2 ' 



The denominator of this expression being always less than 
li for all real values of x, the expression must exceed 2. 
Therefore, it is impossible to find two numbers whose sum shall 
equal 2, and sum of their reciprocals equal 1. 

(164.) From what has been said, we conclude that, when 
in the course of the solution of an algebraic problem, we fall 
upon imaginary quantities, there must be conditions in the 
problem which are incompatible. 

Under Art. 129, we remarked that imaginary quantities 
had been advantageously employed as aids in the solution of 
many refined and delicate problems of the higher parts of 
analysis, here we notice their .utility in pointing out the im- 
possibility of questions, which otherwise, with only a Super- 
ficial investigation, might be supposed possible. 
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CHAPTER VI. 



RATIO AND PROGRESSION. 

(165.) By Ratio of two quantities we niean their relation. 
When we compare quantities by seeing how much greater 
one is than another we obtain arithmetical ratio. Thus t the 
arithmetical ratio of 6 to 4 is 2, since 6 exceeds 4 by 2 ; in 
the same way the arithmetical ratio of 11 to 7 is 4. 

In the relation . a—c=r, (1) 

v is the arithmetical ratiQ of a to c. 

The first of the two terms which are compared is called 
the antecedent; the second is called the consequent. Thus, 
referring to (1), we have 

a=antecedent. 

c=consequent. 

r=ratio. 

From (1), we get by transposition 

a=c+r, (2) 

c—a^r. (3) 

Equation (2).shows, that in an arithmetical ratio the antece- 
dent is equal to the consequent increased by the ratio. 

Equation (3) in like manner shows, that the consequent is 
equal to the antecedent diminished by the ratio. 
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(166.) When the arithmetical ratio of anjrtwo terms is 
the same as the ratio of any other two terms, the four terms 
together form an arithmetical proportion.. 

Thus,. if a—c^r; and a'—c'—r, then will 

a—c^a'—c', (4) 

which relation is an arithmetical proportion, and is read thus: 
a is as much greater thane, as a! is greater than e 1 . y 

Of the four quantities constituting an arithmetical propor- 
tion, the first and fourth are called the extremes, the second 
and third are called the means, 

The first and second, together, constitute the first couplet } 
the third and fourth constitute the second couplet. 

From equation (4), we get by transposing 

, a+c'=a'+c, (5) 

which Shows, that the sum of the extremes, of an arithmetical 
proportion, is equal to the sum of the meatis. 

If c=a f , then (4) becomes 

a—a'=a'—c',> (6) 

which changes (5) into , 

a+c'=2a'. (7) 

So that, if three terms constitute an arithmetical proportion, 
the sum of the extremes will equal twice the mean. 

(167.) A series of quantities which increase or decrease 
by a constant difference" form an arithmetical progression* 
When thfe series is increasing, it is called an ascending pro- 
gression; when decreasing it is called a descending progres- 
sion* 

Thus, of the two series • . 

1, 3, 6, 7, 9, llj &c.. (8) 

27, 23, 19, 16, 11, 7, &c. (9) 
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The first is an ascending progression, whose ratio or common 
difference is 2 ; ihe second is a descending progression, whose 
common difference is 4. 

(168.) If ^7= the first term of an ascending arithmetical 
progression, whose common difference =*d, the successive 
terms will be 

a=first term, 
a+d=second term, 
- , «+2d=third term, 

a.+3d=fourth term, }> ( 10 ) 



a+(»— l)d=znth term. 

If we denote the last or nth term by Z, we shall have 

l=a+{n-l)d. (11) 

From (11) we readily deduce 

a=l-(n+l)d, (12) 

d=Z=%, (13) 

When the progression is descending, we must write — d 
fer d in the above formulae. . 

Suppose, in an • arithmetical progression, x to be a term 
which is preceded by' q terms ; and y to be a term which is 
followed by q terms ; then by using (11) we have 

x=a+<fd, (15) 

y=*l—qd. (16) 

Taking the sum of (15) and (16), we get < 

z+y=a+l. (17) 
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That Is, the sum ef any two terms eqtii-distant from the 
the extremes is equal to the sum of the extremes, so that the 
terms will average half the 3umof the extremes, consequent- 
ly, the sum of all the terms equals half the sum of the extremes 
multiplied by the number of terms. / 

Representing the sum of n terms by S 9 we have 



c^ _ Xn. 



(18) 



From (18), wte easily obtain 



23 \ 
n 

7 25 
n 



2S 



n 



(19) 

» 

(SO) 
(21) 



Any three of the quantities 

a=first term, 
<Z=cpmmon difference, 
w=tti^mber of terms, 
Z=last term, 
iS=sum of all the terms, 

being given the remaining two can be found, which must 
, give rise to 20 different formulae, as, given in the following 
table for Arithmetical Progression. 

(169.) We have not deemed it necessary to exhibit the 
particular process of finding each distinct formula of thq fol- 
lowing table, since they are all derived from the two funda- 
mental ones (11) and (18), by the usual operations of equa- 
tions not exceeding the second degree. 



25 



No. I Giren. 



1 

2 
3 

4 1 

IT 

6 

7 
8 



a 9 d 9 n 
a 9 d 9 s 

a 9 ft, s 
d 9 ft, s 



a 9 d 9 n 
a, d 9 I 

a, ft, Z 
d 9 ft, Z 



Requi- 
red. 



Formulae. 



Z=a+(ft-l)d 



Z 



10 
11 
12 



a, ft, Z 
a, ft, 5 
a, Z, 5 
ft, Z, ^ 



13 



14 



15 



16 



17 



19 
20 



a, d 9 I 



a 9 d 9 s 
a, Z, 5 



lZ, Z, 8 



d 9 ft, Z 



18 d, n y s 



d 9 Z, 5 

ft, ly-S 



l=-id± J2ds+{a-$d) 

Z= a 

ft 

5 (ft-l)<Z ' 

ii 2 



ft 



a 



s=%n[2a+(n— l)d\ 

l+a (l+a)(l-a) 

2 2<Z 

■\n(a+l) 
4ft{2Z-(ft-l)<Z] 






eZ= 



Z— a 






ft — 1 

2s—2an 

ft(ft— 1) 
(l+a){l-a) 

1 — - 1 - - - ■*- 

2s— Z— a 
2rd—2s -. 

ft(ft— 1) 



Z-a 

d— 2a , 



ft- 



2<Z 

25 



/2* , I2ar-d\ 



f < 



ft= 



Z+a 
2Z+(Z 



ft= 



2<Z 



± 



V \ 2d f d 



a 
a 
a 
a 



:?-(ft-l)<Z 
8 (ft— l)rf 



ft 



=idztV(Z+i(Z) 2 -2& 



ft 
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EXAMPLES. 

1. The first term of an arithmetical progression is 7, the 
common difference is' x, and the number of terms is 16. 
What is the last term ? 

To solve this we take formula 1 from our table, which is 

Z=ia+(?&— 1)<L 
Substituting the above given values for a> d, and », we find 

, Z=7+i(16-l)=10f. 

2. The first term of an arithmetical progression is f, the 
common difference is y, and the last term is 3£. What is 
the number of terms ? 

In this example we take formula 13. 

I — a 

n= -j- +1; 

which in this present case becomes 

n= -4-^+1=^26. 

8 

3. One hundred stones being placed on the ground in a 
straight line, at the distance of 2 yards from each other, how 
far will a person travel who shall bring them one by one to a 

4 ' 

baskfet, placed at 2 yai;ds from the first stone ? 4 

In v this example #=4 ; d==4 ; %=100, which values bet- 
ing substituted in formula 5, give 

£=50 {8+ 99X4] =20200 yards,. 

which, divided by 1760, the number of yards in one mile, 

we get 

3=11 miles, 840 yards. 

4. What is the sum of n terms of the progression ^ 

1,8,5,7,9, ? 

Ans. /S==n 2 . 
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5. What is the sum of n team* of the progression 

1, 2, 3, 4, 5, ? 

Ans . s-f&sa 



GEOMETRICAL RATIO. 

(170.) When we compare quantities by seeing how many 
times greater one is than another, we obtain geometrical ratio. 
Thus, the geometrical ratio of 8 to 4 is 2, since 8 is 2 times 
as great as 4. Again, the geometrical ratio of 15 to 3 is 5. 

la the relation, -s=r, (1) 

c 

x 

r is the geometrical ratio of a to c. 

As in arithmetical ratio 

a=antecedent. 
c=consequent. 
r~ratio. 

From (1), we get by reduction 

* a=cr, (2) 

a Inx 

c=~. (3) 

r ' 

Equation (2) shows, that in a geometrical ratio the antece- 
dent is equal to the consequent multiplied by the ratio. 

Equation (3) shows, that the consequent is equal to the an- 
tecedent divided by the ratio. 

(171.) When the geometrical ratio of any two terms is the 
same as the ratio of any other two terms, the four terms to- 
gether form a geometrical proportion. 

Thus, if -=w ; and — =r, then will 
c c 

a a 1 



*" 



W 
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which relation is a geometrical proportion, and is generally 
written thus : 

a : c : : a' : </, (5) 

which is read as follows : a is to c, as a' is to c'< 

Of the four quantities which constitute a geometrical pro- 
portion, as in arithmetical proportion, the first and fourth are 
called the extremes, the second and third are called the means. 

The first and second constitute the first couplet ; the third 
and fourth constitute the second couplet* 

From equation (5), or its equivalent (4), we fitid 

ac'=a l c, (6) 

which shows, that the product of the extremes, of a geometric 
col proportion, is equal to the product of the means. 

If c=a', then (5) becomes 



a : a 1 : : a* : d, 



(7) 



which changes (6) into 

ac J =a ,2 \ (8) 

so that, if three terms constitute a geometrical proportion, the 
product of the extremes will equal the square of the mean. 

(172.) Quantities are said to be in proportion by inversion, 
or inversely, when the consequents are taken as antecedents, 
and the antecedents as consequents. 

From (5), or its equivalent (4), which is 

7=7' < 9 > 

we have by inverting both terms 

c d 
a a 

Therefore, by Art. 170, 

c : a : : d : d. (10) 
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Which show*, that if four quantities are in proportion they 
will be in proportion by i?wersion. 

(173.) Quantities are in proportion by alternation, or al- 
ternately, when the antecedents form one of the couplets, 
and the consequents form the other. 

Resuming (4), 

n. n! 

(11) 






Multiplying both terms of (11) by— -„ it will become 

a 



a 
a' 



J' 



Therefore, by Art. 171, 

Vb • (Jb m • -C • Cm 



(12) 



Which shows, that if four quantities are in proportion they 
will be so by alternation* 

(174.) Quantities are in proportion by composition, when 
the sum of the antecedent and consequent is compared either 
with antecedent or consequent. . 

Resuming (4), 

, -A- w 

c c 1 
If to (1$), we add the terms of the following equation -=-7, 

c c 

each of whose members is equal to unity, we have 

« • 

a+c__a'+d 

Therefore, by Art. 171, 

a+c : c : : a'+cf : d. (14) 

Which shows, that if four quantities are in proportion they 
will be so by composition. 
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(175.) Quantities are said to be in proportion by division, 
when the difference of antecedent and consequent is compa- 
red with either antecedent or consequent. 

c d 
If we subtract the equation -=-> each member of which 

is equal to 1, from equation (4), we find 

• * * * 

a—c d—d 

"7"* -7-' ' 

Therefore, by Art. 171, ye have 

a—c : c : : d—d : d. (15) 

Which shows, that if four quantities are in proportion they 
will be so by division. 

Equation (4) is 

ad 



c d 



Raising each member to the ^th power we have , 



a n a ,n 



c n c /n ' 



Therefore, by Art. 171, we have 

a n :c*: id n id\ (16) 

Which shows j that if four quantities are in proportion, like 
powers or roots of these quantities will also be in proportion. 



(17) 



If we have 


aid 


• a • c , 1 




• 


alci 


: a 1 ' : c", 






ale: 


: d" : d'\ 




t 


&c., 


&c. 


These 


give by 


alternation, 


Art. 173, 






a : a' : 


: c : c', 




• 


a : a 1 ' : 


• c . c , 






a : a'" 


. . . r . Jll 






&c, 


&c. 
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Therefore, by inversion. Art. 171, we have 







a ' _/ \ 








a c* I 








a" _c" I 


i 






a c \ 




1 




a'"_d"' / 

t I 

a c V 
&c., &c. 1 




We also have 




a c I 


* 


Taking the sura 


of 


equations (18), 


we have 


a+a'+a"+ 


•a'"+&c. c+c'+ 


c"+c"'+&c. 



(18) 



c - < 19 > 

Therefore, by Art. 170, we have 
a+a'+a"+a'"+&c. la: : c+c f +c"+c'"+&c. : c. (20) 

Which shows y that if any number of quantities are proportional^ 
the sum of all the antecedents mill be to any one antecedent, as 
the sum of all the consequents is to its corresponding consequent. 

(176.) If we have 

a • c • • a • c, 
a" id': : a"' : c"', 



then we find 



a_a' 

c~7' 

a" a'" 



(21) 
(22) 



Multiplying together the equations (21) and (22), we have 

aXa" _ a'Xa'" 

Tx^'Tx?*' (23) 

Therefore, by Art. 170> we have 

aXa" '. cXcf' : : a' x a'" : tf X J". (24) 
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Which shorn, thai if there be two sets of proportional quanti- 
ties, the products of the corresponding terms will be proper- 
tionaL 

(177.) A series of quantities which increase or decrease 
by a constant multiplier forms a geometrical progression. 
When the series is increasing, that is, when the constant mul- 
tiplier exceeds a unit, it is called an ascending progression ; 
when decreasing, or when the constant multiplier is less than 
a unit, then it is -called a descending progression. 
Thus, of the two series, 

1, 3, 9, 27, 81, 243, &c, (25) 

256, 128, 64, 32, 16, 8, &c. ' (26) 

the first is an. ascending progression, whose constant multi- 
plier or ratio is 3 ; the second, is a descending progression, 
whose ratio is -fc ^ 

(178.) If a is the first term of a geometrical progression, 
whose ratio =r, the successive terms will be 

a=first term, 

ar=second term, 

ar 2 =third term, 

ar z =fourth term, / (27) 



l ar n ~ 1 =nth term. 
If we denote the last or nth term by Z, we shall have 

t=ar n - 1 . (28) 

If we represent the sum of n terms of a geometrical prd* 
gression by S, we shall have ' 

S=a+ar+ar 2 +ar*± - - - +ar n ~ 2 +ar»- 1 . (29) 

Multiplying all the terms of (29) by the ratio r, we have 

rS=ar+ar 2 +ar*+ar A + +ar*- 1 +ar % . (30) 

26 
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Subtracting (39) from (30), we get 

(r-l)S=a(r»-l). (31) 

Therefore, 

5=a . ) £l* { (32) 

Any three of the quantities 

a=first term, 
r=ratio, 

ft=number of terms, 
Z==last term, 
*S=sum of all the terms, 

being given, the remaining two can be found, which as in 
arithmetical progression, must give rise to 20 different for- 
mulas, as given in the following table for Geometrical 
Progression. 



TT 



■ ■ ■' 



No. 

T 

2 

3 
4 



**■ |R ?oT 



a, r, n 
a, r, s 
a, ft, 8 
r 9 ft, s 



8 



a, r, n 



a, r, I 



a, ft, I 



r } ft, I 



I 



Formulas. 



^ o+(r-l)* 
r 

I /(*-0^ 1 -a(*--a) ,, ~ 1 =o 



r n -l . 



a(r"-l) 

r— 1 
rZ— a 

n » 



(r-l)/- 11 "- 1 



s= 
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No. 



Given. 



10 
11 

12 



13 



14 



15 



16 



17 



18 



19 






20 



r, ft, Z 



r, ft, s 

r, Z, * 
ft, Z, 8 

a, #, Z 



a, 7i, * 
a, Z, s 



Requi- 
red. 



a 



n, i, 8 



a, r, I 



a, r, * 



a, Z, 5 



r, Z, * 



ft 



Formulae. 



z 



a= 



a 



a=rZ— (r— l)s 
a(s— a)* 1 "" 1 — Z(s 



-0 



n-l 







=(r 



^ — r -{ =o 

a a 



r=s 



s— a 



r*- 



s-Z 

8 



8 



-r 1 



.4 



* 



s-l 



=0 



log Z— log a . _ 
logr 
_ log [a+(r— 1)j]— logft 
log r 
n _ logZ-log* +1 
log (s-a)-log (s-Z) 

_ log Z— log [rZ r (r~l)g] 
log r 



ft 



+1 



J 



(179.) All the formulas of the above table are easily drawn 
from the conditions of (28) and (32), which conditions cor- 
respond with formulas (1) and (5), except the last four which 
involve logarithms; we will hereafter, under Logarithms, 
show how these formulas are obtained. 
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EXAMPLES. 



1. The first term of a geometrical progression is 5, the 
ratio 4, the number of terms is 9. What is the last term ? 

Formula (l) f which is Z=ar*~ 1 , gives 

Z=5X4 8 =327680. 

?. The first term of a geometrical progression is 4, the 
ratio is 3, the number of terms is 10. What is the sum of 
all the terms ? 



Formula (5), which is £= ' f gives 



S==i!^ ^==118096. 

2 

3. The last term of a geometrical progression is 106fyf , 
the ratio id $> the number of terms 8. What is the first 
term ? 

Formula (9), which is #=-^n, gives 

(180.) When the progression is descending the ratio is 
less than one, and if we suppose the series extended to an 
infinite number of terms, the last number may be taken Z=0, 
which causes formula 6 to become 

Which show, that the sum of an infinite number of> terms of 
a descending geometrical progression is equal to its first term, 
divided by one diminished by the ratio. 
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EXAMPLES. 

• ■ > 

1. What is the sum of the infinite progression 

l+frH+HA+.*c ? 
In this example a=l, r=\, and (33) becomes ' 

1 2 

■ 

2. What is the value of 0.33333&c.,or which is the same 
thing, of the infinite series A+Tfo+T&Vo+&c* ? 

Here a=A, r=iV, and (33) gives 

0== x —9 — 3* 

3. What is the value of 0.12121212ftc, or which is the 
same, of tifo+ 1 oVo 6 + 1 o ftVa 6 & + &c. ? 

In this example a=t l ^r, r=To3*, and (33) gives 

JL3L 



*^ — -i 1 -"9 9 — 33» 

4. What is the sum of the infinite series 

l+i+i+iV+8T+&c.?. 



5. What is the sum of the infinite series 

i*+'2 J y+T2T+& c - ? 



Ans. f. 



Ans. •}• 



HARMONICAL PROPORTION. 



(181.) Three quantities are in harmonical proportion, when 
the first has the same ratio to the third, as the difference be- 
tween the first and second has to the difference between the 
second and third. 

Four quantities are in harmonical proportion, when the 
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first has the same ratio to the fourth, as the difference be- 
tween the first and second has to the difference between the 
third and fourth. 

Thus, if 

a : c : : a— b : &— c, (1) 

then will the three quantities a, ft, c be in harmonical pro- 
portion. If 

aid: : a—b : C— d 9 (2) 

then also will the four quantities a, 6, c, and d be in harmo- 
nical proportion. •» 

Multiplying means and extremes of (1), we have 

ab—ac—ac—bc, (3) 

which by transposition becomes 

ab+bc=2ac. (4) 

In a similar way equation (2). gives 

ac+bd=2ad. (5) 

Suppose a, ft, c % d, e, &c, to be in harmonical progression ; 
then from (4) we have 

bc+ab=2ac 

cd+bc~2bd r /gv 

de+cd==2ce 

&C« 

Dividing the first of (6) by abc 9 the second by bed, and the 
third by cde, &c, we find 

1 1_2 

a c o 

- + -=? 

b d~c y (7) 

1 1^2 

c e d 

&c. 
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From which we see that — , r , — , -3, -, &c, are is arhh- 

a c a e 

metical progression. (Art. 166.) 

Hence, the reciprocals of any number of terms in harmonic 
cal progression are in arithmetical progression ; and converse- 
ly the reciprocals of the terms of any arithmetical progression 
must he in harmonical progression. 

The reciprocals of the arithmetical series 1, 2, 3, 4, 5, 6, 
are t» t> h "4 * h e"> whose numerators, when reduced to a 
common denominator, are 60, 30, 20, 15, 12, 10, which by 
the above property must be in harmonical progression. 

If six musical strings of equal tension and thickness, have 
their lengths in proportion to the above numbers, they will, 
when sounded together, produce more perfeet harmony than 
could be produced by strings of different lengths ; and hence 
we see the propriety of calling this kind of relation, harmo- 
nical or musical proportion. 
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METHOD OF INDETERMINATE COEFFICIENTS. 

(182.) Suppose we have the following condition : 

A+A 1 x+A 2 x 2 +A 3 x 3 +Scc. ) - 

=B+B 1 x+B 2 x 2 +B 3 x 9 +Scc. \ W 

If the above condition is true for all values of x, we must 

have 

A=B 

A^B, 

A 2 =B 2V ^ 



A n =B % 



Fdr, since the condition (1) is true for all values of x, it 
becomes, when x=0, A=B. 

Now, rejecting A from the left-hand member of (1) and 
its equal B from its right-hand member, it will become 

A l x+A 2 x 2 +A 3 x 9 +&c.=B 1 x+B 2 x 2 +B z x 9 +8cc. (3) 

Dividing through by x, we find 

A 1 +A 2 x+A 3 x 2 +&c.=B 1 +B 2 z+B*x 2 +&c. (4) 

When 3=0, equation (4) becomes A 1 ^=B 1 » 
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i 

By a similar process we can. show, that A t ^B% ; As ~B^ 
and in general A^—B % . . 

If we transpose all the terms of the right-hand member of 
(1), it will become 

'. A-B+(A 1 -B 1 )x+(A 7 -B 2 )x 2 > ' ' 

+(A3-B<>)x 3 +&c.=0.S K) 

(183.) Hence, wben we have an equation of the form of 
(5), true for all values of x f it follows that the coefficients of 
the different powers qfx, are respectively equal to 0. 

We will now apply the above principle in the. development 
of some particular . , 

EXAMPLE^. 

< 

l+2x 

1. Required to expand — —^ into an infinite series. 

. j.* mm x mmm x 

Assume, 

^ 2 **A+AiX+A 2 x 2 +A3Z*+&c. 
Clearing this of fractions and then transposing, it becomes 

t-=1— A.>x— A x Kx 2 — A 2 ]>x*+&c.=0. 
-2 ) -4) -^ 

Now, since the right-hand member is e^qual to r it follows 
by the above principle of indeterminate Coefficients, that the 
coefficients of the left-hand member must each equal ; 
hence we have the following conditions : 

4-1=0 (1) 

4 1-^-2-0 (2) 

. A 2 -A x -*A=*0 (8) 

A t -A\-A x =0 (4) > (A) 



A n -A,_ 1 ^-A n _ aS xO (n+1) 

27 
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From the above we readily find 



s 



A=l 


(1) 


4 1 =3 


(2) 


A, =4 


(3) 


A a =7 


(4) 



(B) 



The value of the general coefficient A^ as given in group 
(B), shows that) any coefficient is equal to the sum of the two 
preceding ones. 

Substituting these values, as given by (B), iq the assumed 

r 

• ' l+2ar " 

value of 5, we find. 

1— a?— or 

14-2:r 

^l+3a:+4a: a +7ar , +lla; 4 +l&c 5 +&c. 



1— a;— a; -1 

x 
2. Required the development of ■ . a by this method. 

* l"T*a;-ra? 

Assume 

/ 

a? 
^—r— 2 —A+A i x+A 2 x 2 +A B x s +A A x 4 +&c. 9 

X*i X*\X 

proceeding as in last example, \ye find . . 

+4 \x+A x lx 2 +A 2 <iz*+A 3 ^x 4 +kc.=sO. 
^1 ) +4 ) +A 1 ) +A 2 

Equating the coefficients to zero, we have 
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A =0 

A t +A -i=e 

A i +A 1 -\-A=0 

Ai+Ai+AifO 



(B) 



4>+*»-i +4^>=o 



(n+1) 



Commencing with the fiy3t condition, we find ji=0, which 
substituted in (2) gives JLi^l, these values of A and A^ 
substituted in (3) give jl 2 =— 1, now substituting A x and 
A 2 in (4) we find -A 3=0, continuing in this way we find 
A 4 ~l; As~—1> and so on, from the general condition 
(»+l) we find A, — — -^Cl*— -An-2> tn ^t is, awy coefficient is 
equal to the sum of the two 'preceding coefficients taken with a 
contrary sign. J 

x 
Hence, 



1+x+x 



■x—x 2 +x A —x 5 +X 1 — &c. 



3. Required the development of Vl—x by this method. 

Assume VI — x=^A+A l x+A 2 x 2 +A z x z +&c. 
Squaring both members, we find 



l-x*?A> +2AA t ] 



x 




+&AA 3 I a +2AA 



+A*y +2A 

Equating like coefficients, we have . 

A>=1 (1) 
2AA!=-1 

• 2AA 2 +A{=0 . 
2AA a +2A x A a =0 




x'+&c. 




(C) 
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The first condition gives 

this value of A substituted (2), we find 

A— - 1 
- 1 " 2' 

these values, of A and A 19 when introduced into (3), cause 
it to become 

A 1 A S A S ' 5 J. ' 

-£- = — — ; -£• = ; A A ^ — — Ice." 

2 2.4' * 2.4.6' 4 2.4.6.8 

these values substituted in our assumed value, give 

2 Q«.3 • Q C«.4 



a: x* 3ar 3.5a: 



Vl— a:=*l &e. 

2 2.4 2.4.6 2.4.6.8 

The general term of thi& series is 

. _ 3.5.-.(2»-l)s» 

2.4.6.8..~..2n " 

4. Required the development of -tj — 2 by this me- 

UkmL 

Ans. l+3a:+5a: 2 +7a: , +0a: 4 +llx 5 +&c. 

1+a? 

5. Required the development of — j. 

Ans. l+2x+3#*+5ar*+&c 4 +132 5 +&c. 



(184.) Before closing this subject we will develop ^-, 

x—y 

which will be of use hereafter. 
• Assume 

*^^^jl+A 1 y+A f y*+-~ -.- - +A w # m +'8fc. (1) 

Multiplying through by z—y, we obtain 



/ 
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ar-y-*A*iAtX > y +A& > *. . . . +A m x ) m+&c ^ 



Equating like coefficients of y, we get 



ila:==a^ (1) 
^3— A=0 (2) 

A^x-A^Q (3)? 

>) 



2 



(A) 



A 9 z— A a =0 (4), 

and in general, 

Equating the coefficients of y m , we have 4 

From (1) we, find 

A^at*- 1 , 
which substituted in (2) we find 

A -^f /*&&— + 

this in turn substituted in (3) gives 

and in general we have 

A^aT— 1 , 
In this general value of A n write m—1 for ft, and we get 

this value substituted in (m) gives 

-A w x— l=s— 1, or A m ~0, 

and consequently all the succeeding values of A n will be re- 
duced to zero.. 

These values of A ; Atf A 2 ; -A, $ &c., substituted in 
(1), give 

^Zyr ==x ^i4.a^- a y+a? m -' 3 2 :i --- +ay*- 7 +y m - 1 . (B) 
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BINOMIAL THEOREM. 

We have already found by actual multiplication (Art 96), 
that 

(a+ar) 1 =a+a: 

(a+x) 2 =a 2 +2ax+x* . ( 

(a+x)*=a*+3a 2 x+8dx 2 +x* > K ' 

(a+x) A =a 4 +*a*x+6a 2 x 2 +4az*+x A 

Now, the Binomial Theorem teaches us the law by 
which -we may write the development of (a+x) m for any 
values of a, x 9 and m. 

To determine this law, assume 

(a+x)^=A+A 1 x+A 2 x 2 +A 9 z z +Scc. (1) 

We have taken the exponent of this binomial fractional 
in order to make the development more general. 

We know by the principle of (Art. 182), that this assu- 
med value (1) must be true for all values of x ; when x=0 

it becomes a» =A, introducing this value of A in (1), it be- 
comes 

m m 

(a+zy^a'+Aj^z+A^+A^+Scc. (2) 

In (2), writing x x for z, and it becomes 



*» m 



(a+z 1 ) n ^a n +A 1 z l +A 2 xl+Azzl+&c (3) 
Subtracting (8) fr6m (2), we find 

(a+z)*-(a+*i)» = ; ( (4 * 

A 1 {z-z 1 )fA 2 (x 2 -xl)+A 9 (x 3 -x 9 1 )+kc. ) x ' 

If we suppose 

•*- x 

u=(a+x) n ; «!=(a+Xi) w , (5) 
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t- 



we readily find 

m m 

tf m — w 1 m =(a+a:) ir — (a+#i) n , (6) . 

and 

w w —tt !*=*#— ■ a? 1 . (7) 

Dividing the left-hand member of (4) by w*— tti w , and the 
right-hand member by its equal x— x l9 observing to sub- 



m m 



stitute vr—u-i* for (a+xy — (a+#i) n f as given by (6), and 
it will become 



u m — u x m 



•• i 






«"-«i • l ■ (8) 



^1 



\x*— Xx/ \x^-x 1 J \x — #1 / 



Dividing both numerator and denominator of the left-hand 
membe of (8) by w— # x , and performing the divisions indi- 
cated in the right-hand member, and we obtain by the dpi. of 
equation (B), Art. 184, the following : 

u^ 1 +u 1 u m " 2 H •- - u^" 1 > 

u n - 1 +u x ^' 2 + - - - - V~ X V ; (9) -, 

A 1 +A 2 (x+x 1 )+A 3 (p 2 -t : xx 1 +zi)+&c. ) 

Now, in (9), suppose x=x lf and consequently ft*=su l9 and 
it becomes 

» 

!^^=^ == =^ 1 +2il a > c +34,x 2 +4il 4 x 8 +&c. (10) 

jl # 

Resubstituting (a+#) w for uin (10), and it will become 

* « 

m ip+x)*_ A +2 A 2 x+3A a x 3 '+4:A A \c 9 +Scc. (11) 
» a+x . 

Multiplying through by a+z, ?nd we obtain 
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» 



a )+ZA 9 a ) 



. +A l \ +2A 



+3A 9 > x *+ &c - 



(12) 



m 



Multiplying both members of (2) by — and it becomes 



-{a+x)» =-a* +-A 1 x+-A 3 x*+&c. (13) 

n n n n v ' 

Equating the right-hand members of (13) and (12), we have 



—a* H — A\.x-\ — A 2 x -H — A 3 x*+&c. 
n n - n n 

*=A 1 a+2A 2 a) +3^ 3 a ) a +44 4 a 



+A 



r ftsr r ;£" r +&J 



(14) 



Now, by the principle of (Art 182), we must equate the 
coefficients of like powers of x, by which means we have 



' m = 

AM 

7ft 

3-4 3 a+2^ 2 =— • ^2 



m 



mA m a+{m~ L l)4 m( _ 1 z=— . .4^ 



From these values we readily deduce the following : 
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™-2 



A 1 =—.a n 

mini \ 

A n\n~ l - 
Ai — — ^ ' . a* 

2 

2.3 

The general value being 

m lm \ lm \ (m \ (m \ 

yi-)HH-H ,^, (ls) 

^ 2.3.4 - - - (p-l)'P . 

These values of A x \ A 2 ; A 3 ; &c*, substituted in (2), 
we have 

mlm \ 

5 ~ flfc ——1 ft W / — 2 * > 

(a+a)* =«* + —•&» a:+ — - *a»~ x*+&x. (A) 

If n=l, this value of (A) becomes 

(a+a;) m =fl m +ma w - 1 a;+ v \ a m - 2 s 2 +&c. (B) 
If m=l, then (A) becomes 

(a+«) -=«"+-<#" 'x+'^r—' . a" V+&c> (CV 

The coefficient of the (p+I)th term as given by (16), be- 
comes when n=l, 

m(irt— l)(rtt— 2)(m— 3) .;.-. (m— jH-2)(m— p+1) 

2,3.4-.-- (p-l)-;P # • ' 

. 28 
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(X85.) The numerator of this coefficient being formed of 
factors decreasing regularly by one, it follows that when 
p=m+l it will'vanish, and then the series must terminate; 
so that the number of terms of the expansion (B) will be 



m 



ro+1. But when - is fractional, or a negative integer, the 



71 



number of terms of the expansion must be infinite. 

When a of x becomes negative, then those terms of the ex- 
pansion will change signs, which contain odd powers of this 
negative quantity. 

(186.). If in (B), we write a for x and x for a, we shall have 



{x+a) m =a? n +mx M ~ 1 a+ : 



m(m — IV « « 
\ '~ m - 2 a 2 +&c. 



2 



X' 



(17) 



Now, since the left-hand members of (B) and (17). are 
evidently equal, their right-hand members must be; and since, 
when m is a positive integer the number of terms of (B) as 
well as (17) is equal to m+1, it follows that the terms of the 
expansion (B) must be homogeneous and symmetrical, and 
therefore of this form 

{a+x) m = } 

a m +ma n - 1 x+^^a^ 2 x 2 + - - - +max n - 1 +x m \ ^ 

If in (A) we suppose a=£=l, we shall find 



m 



(l+l£=2?=l+-+ 

n 



»lm \ mlm\fa \ 
n \n I n \n J \n / 
2 + 2S 



+ (E) 



Therefore, in any expansion of a binomial, whose terms are 
both positive, the sum of the coefficients", is equal to the some 
power, or root, of 2. 
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(187.) If in (A), we suppose «=1 ; #= — 1, we shall have 

<i-i)5.o=i-g+» v*"" /_» l^" 1 / \* "a. (F) 

• y », 2 ,2.8 ^ * ' 

i 

That is, in any expansion of a binomial, oneof whose terms 
is negative, the sum of the coefficients is =0 5 . and therefore the 
sum of the positive coefficients must be equal to the sum of the 
negatwe ones. - 

APPLICATION OP THE BINOMIAL THEOREM. 

(188.) We will now make an application of this theorem, 
and first, suppose in the expression (B), of Page 217, we 
make successively m=l, 2, 3, and 4, and the results will be 
precisely the same as those first given on Page 214. If 
we make in succession m=5, 6, and 7, we shall obtain 
the following results : 

{a+x) 5 =d 5 +5a*x+10a 3 x 2 + 10a 2 x 3 +5ax*+x 6 , 

(a+x)«= . * 
a*+6a*x+15a 4 x 2 +20a 3 x 3 +A5a 2 x*+6ax 5 +x G 

(a+x) 7 = - 1 

C a 7 +7a 9 x+21a*x 2 +35a*x 3 +35a 3 x A > 
( - , +21a 2 x A +7ax«+£ 1 , ) 

EXAMPLES. 

J, 

1. Required the expansion of (a+x) 2 . 
In formula (C), make n=2, and it becomes 

(a+x) 2 =a 2 + --a 2 x— — .a 2 x 2 + .a 3 ^ 3 t-&c. 

7 2 2.4 2.4.6 

=a^ \ l+-a- 1 x-~.a- i x a +-^— .a-'x 3 -Scc] 
t 2 2.4 2.4.6 5 
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Writing the different powers of a, which have negative 
exponents, in the denominator, by which means their expo- 
nents change signs and become positive (Art. 51), and we 
find ^ 

v ' I 2a 2.4a 2 2.4.6a 8 2.4.6.8a 4 T ( 

x 

2. Required to expand (a+x) 3 . 

Changing n into 3, in (C), and we have 

1 1 1 .1 O _£ O R '8 ' 

/l\8 3 i L 9 * * 2 \ ^'° T 3 o 

{a+x)*=a+-a x-^a x >+—, aX *-&c. 

Removing the factor a\ y md causing the different powers 
of a to pass into the denominators, as in the last example, 
we obtain 

(a+x) =a ^1+--^^+^^-^^-^^ 

3. Expand (a+x) 4 . 

i 

Making n=4 in (C), and it becomes 

* * . • 

x x 1 -*- 3 - x 3 7 - 1 - 1 

(a+z) 4 =a 4 +--a 4 #— —a 4 # 2 + — - — a 4 # 3 — &c. 

v ' 4 4.8 4.8.12 

or 

(a+a:) 4 =a 4 < 1+—-— — r-^+ — -— &c. > 

v / ( 4a . 4.8a 2 4.8.12a 3 y 

-4. Required the expansion of (1+x) -. < 

This example will agree with example 1, if we write 1 for 
«, making this change in example 1, we get 
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-e-l-i. -J- _ +&C. 



(l+,)*-l+5- 3 -+- - 



.4 2.4.6 2.4.6.8 



5. Required the expansion of (1+1) 2 or -/2. 

7 

In the last example make x—1, and it beoomes 

3.5 



(1+1)^^2=1+^-^-4 3 



2 2.4 2.4.6 2.4.6.8- 



+&c. 



6. Required the expansion of Vl—x or (1— #) 2 . 
In example ,4, change x into — -x 9 and we get 



x x 



2 



(1-^) 2 =1-^-^- 



Sx 



s 



3.5z 4 



-&c. 



2 - 2.4 2.4.6 2.4.6.8 

This expansion agrees with the one found by indetermin- 
ate coefficients. (See Ex. 3, Page 211.) 

7. Expand (a+x)" 4 . 

In (B), make m=— 4» and it becomea i 

(«+x)- 4 

=a- 4 -4a" 5 a;+10a" 6 a; 2 -20a- 7 a; 3 +35a- 8 ^-&c. 

^1( A* , lte 1 _ 20a;* ' 35a; 4 > . 

a*( a a 2 a* a* ' S 



8. Required to expand — — or {a+x)~ x . 

Making w— —1 in (B), we find 

(a+a?)- 1 

=<jT * — or 2 x+aT *x 2 -*-ar A x 3 +a~ s x 4 — a - *x $ + &c. 



1 $ # a; 8 a: 3 a; 4 a? 6 
a ( a a 2 a or or 
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9. Required the expansion of . 

A. JC 

In the last example, write 1 for a, and —x for x, and it 
becomes ' 

1 =l+x+x 2 +x*+x A +x s +x*+&e. 



1-x 



10. What is the expansion of (a— b)* ? 

« b 36» 3.76 3 3.7.116 4 ) 

. Ans. a ^ 1 - j-^5 4 8 12a , 4<8 . 12<16a 4 &c - J 

11. What is the expansion of (l+x\ 5 ? 

1 ( x , 6a; 2 6.11x 3 t 6.11.16s 4 

a ^ 5a 5.10a 2 5.10.15a 3 5.10.15.20a 4 

x 

12. What is the expansion of (a 3 — re) 2 ? 

,-. x x 2 3x 3 _ 3.5s 4 • 

Ans. a <1 , — d 2-4#6a 9 2 .4.6.8^ &C ' 



^ 



; 



13. What is the expansion of (p+qV— l) 3 ? 



H in example 2, we change a into p, and x into j V— 1, 
we shall find, by recollecting that by Art. 127, we have 



( ? ^-l) 2 =- ? 2 ; (51/-I) 1 — $»V-1; 
fa^l) 4 ^ 4 ; (jV^J'^j'V^r&ci 



i 
3 



(p+qV-l) 

T . 1 -| .—r , 2 -f „ 2.5 _4 
3? ? V - 1+ 3^6 P « -8A9 



=i' 8 +^" T ?^-i+^P" 8 2"-Ti-oJP" T 9 8 ^-l-&c- 



' \ 



14. What is the expansion of (p—qV— l) 3 ? 
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Changing, in example 2, a into p, and x into — q V— 1, 
we easily find 

i 

3 



(189.) This theorem may be applied to quantities of more 
than two terms. 

Suppose we wish the expansion of (a+i+c) 3 . 
Assume 

and 

{a+b+c) 3 =(a+d) 3 . 

Now, in (B), make x=i, and m=3, and it will become 
(a+d) 3 =a 3 +Za 2 d+3ad :t +d 3 ., (1) 

Nowj by assumption d=b+c, therefore, we. have 

d'=b a +2bc+c 3 , 

and 

d 3 =b*+3b 3 c+3bc a +c 3 , 

these values of d, d a , and <J*, being substituted in (1), we get 

(a+6+c) 3 = 

a 3 +3a a (b+c)+3a(b a +2bc+c a )+b*+3b a c+3bc a +c' 

_ Ca 8 +3a a 6+3a 2 c+3o6 a +6a6c+3w* ) 
~i +b 3 +3b 3 c+3bc 3 +c*. > 

We might proceed in this way to obtain the expansion of 
algebraic polynomials of any number of terms, but a better 
method will be to deduce a multinomial theorem, which may 
be done as follows : 
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MULTINOMIAL THEOREM. 



(190.) This theorem, as we have just hinted, gives the 
law of the expansion of 



m 



(a+a 1 x+a 2 x 2 +a z x 9 +kc.)*, 

or of any other polynomial, having for an exponent any value 
whatever. To determine this law, assump 



m 



{a+a 1 x+a 2 x 2 +&c.)n=^A+A 1 x+A 2 x 2 +&oc. (1) 

m 

. When :c=0, we have an =A, therefore we have 



m m 



(a±a 1 x+a 2 x 2 +&c.)»=a*+A 1 x+A 2 x 2 +&c. (2) 
Writing x x for x, we have 



m m 



{a+a 1 x 1 +a 2 xl+8cc.)»=a»+A 1 x 1 +A l #l+Scc. (9) 
Subtracting (3) from (2), we find ' 



m 



JL 

n 



(a+aix+a 2 x 2 +&c.)*— (a+a 1 x 1 +a 2 x 2 + &c.)» 

^Atix— x x )+A 2 (x 2 — x\)+kc. 

If we suppose 

U=(a+d 1 x+a 2 x 2 +&c.)* 

Z7 2 ~(a+a l x 1 +a 2 x 2 +&c.) 
we readily find 

^(a+a\x+a 2 x 2 +Scc.)^^(a+a 1 x 1 +a 2 xl+Scc.)^ 
V-US^aiix-xJ+a^-xD+Scc. 

Hence (4) becomes 
A t (x-x l )+A,(x 3 -xl)+A 3 (x*-xl)+Scc.$ < 5 ) 



<±) 
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Dividing the left-hand member 6f (5) by &*—Ui* 9 and 
its right-hand member by its equal . 

ai(x— Xi)+a 2 (x 2 —j: 2 )+&t. t 
w«get 

d^x-* Xx)+a 2 (x 2 —xl)+a$(x 3 — xl)+8cc. 

If we divide both numerator and denominator of the left-- 
hand member of (6) by E7— E/i , it will become (see formula 
(B)' Art. 184), 



ur x +u x u«- 2 + - - - ur 1 ' 



(T) 



If We divide both numerator and denominator of the right* 
b&nd member of (6) by x— x l9 it will become 



A 1 +A 2 (x+x 1 )+A 3 (x 2 -i:xx 1 +x 2 )+Scc. 
a%+a 2 {x+x 1 )'\-a z (x 2j \-af: 1 +xi)+Scc. 



(«) 



The expressions (7) and (8) are equal. Now, when 
#«=#!, the expression (7) becomes 



m 



U**- 1 m U» ' 



. " ' nTJ*- 1 n'W 

4 

which, by resubstituting the. value of E7, becomes 

m 

m (a+aiX+a^x 2 + &c.)» 
n' a+a 1 x^ta 2 x 2 + Scc, 

When x=x l9 the expression (8) becomes 

A 1 +2A 2 x+3A3X 2 +&c. ■ 

mm n i 

29 



(9). 



(10) 
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Equaling the expressions (9) and (10), and clearing effrac- 
tions, we have 



m 



m 



—(&+a 1 x+a 2 x 2 +8sc) «•.(«! +2a 2 x+Sd 9 x 2 +Scc)= 
* , >(11) 

{a+a 1 x+a 2 x 2 +&x).(A 1 +2A 2 x+3A 9 x 2 +Scc) 



m 



Multiplying (1) by — , we have 

n 



m 



- m 



-(a+a l x+a 2 x 2 +&c.) n =-{A+A 1 x+A 2 x 2 +Scc.) (12) 
Hence (11) becomes 



m 



-(A+A^+A^+Scc) . (a 2 +2o 2 a:+3a^r a +&c)= 



n 



(a-\-a Y x+a 2 x 2 +&c) . (A l +2A 2 x+3A 9 x 2 +&c.) 
By actual multiplication (13) becomes 



(13) 



991 

— Aa 1 +A 1 a 1 
2Aa 2 



—x+A 2 a 1 

2A x a 2 
SAd 3 



~A 1 a+2A 2 a 



^x+A 3 a x 

£A. 2 Q/ 2 

SAxa 3 
4:Aa A 



x+SAyd 

2A 2 a 1 

A^a 2 



— #+&c. 
n 



x 2 +^A 4 a 
SA^a x 
2A 2 a 2 
A x a 3 



x*+&c. 



(14) 



Equating coefficients of like powers of x in (14), we have 



93ft 

Axa=z— Aa Y 
n 



2A 2 a+A 1 a 1 ^—A 1 a 1 +2— Aa 2 
.91 n 
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3Asa+2j4 2 ai+iliaa = 

n n n 

* * 

>., -A**i +2-A 2 a 2 +3-A 1 ,a 3 +4-Aa A 

A ft 71 ' » - 



If for ,4, we use its equal a», we shall find from the above 
system of equations 



A m ""I 

n 



->• 



n \» / _-: 

I 5 . t Sim. 



— 1 1 



-<*a = — ^r — 0* *H — °? 02> 
2 w 



i»V /W /Jr- 
4s=< 2^ " 



8 3 



m[m' \ 

7l \/l / 



a» a 



IT' 2 t m i" 1 

n 



These values of -4, A\ 9 A 29 A 9J &c., substituted in (1), 
we have 
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■5 m tfi !?— i 

(a+a 1 x+a2£ a +03# s +&c«)* ==a;r 4- a* 0i£+ 






? 2 + 



n 






2.3 



3 3 

— -a» a\ 






3 



(A) 



x*+Scc. 



EXAMPLES. 

1. What is the cube of l+x+z 2 +x*+x A +&c. ? 

If, in our general expression (A) of the multinomial theo- 
rem, we make a=^ai^a 2 =a 3 =&c.=l ; and m=3, n=*l, 
we shBll have 

(l+x+x 2 +x 3 +z A +te<) 3 =l+3x+6z 2 +10x z +8cc. 

2. What is the square root of l+£+^ 2 +x 3 +&c. ? 

In our general expression (A), we must have m=l, »=2, 
and l=a=a 1 =a 3 =a 3 =&c. 

(l+x+x 2 +x z +^.Y^l+lx+lx 2 +^x 9 +^. , 

y ' 2 8 16 

3. What is the cube root of l+x+x 2 +x*+&c. ?, 

In (A), make m=l, ra=3 and L=a=ai—a 2 =a 3 =z&c., 
and we get 

{l+x^x 2 +x 9 +Scc.y=l+\x+^x 2 +^x 9 +Soc. 



S{2I&Il$£i< 
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111 
4. What is the cube root of l+-x-\ — x 2 +-x*+&c. 

1 1 35 

Ans. i+^aH-^'+^TQ^+fo 5 * 
6 12 648 



REVERSION OP SERIES. , 

(191.) Suppose We have 

aiX+a 2 x 2 +a 9 x 3 +a A x A +Scc.=y. (1) 

The process by which we find x in terms of y, is called 
reverting the series (1), which may be effected by the follow- 
ing method : . 

. Assume r 

x^y+Atyt+A^+Aty'+Sfc. (2) ' 

Now, we find by actual multiplication, or by means of the ' 
multinomial theorem, / * _ . 

x*=Aly*+2A 1 A 2 y»+2A l A3 ) 4 

x*=Aly*+3AlA 3 y*+&)C. 
x*=Aiy*+Scc. .' . 

These values of x y x 2 , x* 9 x A , &c., substituted in (1), we 
have 



Alad+ZAtA*^ 

+A\a z 



y*+ A^a x 
+2AiAaa# 

+8AlA 2 &3 
+A\d 4t 



y 4 +&p. 



>y- m 



JflftQee, we have, by the method of indeterminate poefli- 
cients, (Art, XQg,) 
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I 

A 2 a 1 +Ala 2 =0, 

r A z a 1 +2A 1 A 2 a 2 +Ala 3 —0 9 

A 4 ,a 1 +2A 1 A 9 a 2 +A 2 a^+SAlA 2 a z +A^a Jl ^0. 

From the above conditions we deduce 
A 1 ^—, 

** ~5 »' 



A=- 



6a* — 5a x a 2 a z +ala^ 



a\ 



These values of A l9 A 29 A 3y A AJ &c., substituted in (2), 

we have 

. .- 

1 a 2 . 2a2 — ffli«s •» 

So that if (1) is true for all values of x and y, then also 
will (A) be true for all values of x and y ; and such is the 
general relation between two series when one is the rever- 
sion of the other. 

, EXAMPLES. 

it 

1. Given the series a;4-a: 3 +a; 8 +a? 4 +&c.=y, to 6nd its 
reversion, that is, to find the value pf x in terms of y.' 



SJsRXEjS^ 
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Comparing this series with the Series (1) of this article, 
we see that . 

1 p=a x -==.a 2 =<z a =a 4 ^= &c., 

these values substituted in (A),- give 

z=y-y 2 +y 3 -y A +Stc. 

2. Given x*~ %x 2 +\x 3 — ^r 4 +&c.=t/ to find ar. 
Iu this example we have 

which values substituted in (A), give 

x=y+ty a +V +h* +&C- 



-/ 



*".■*■ 



a?' 



3. Given 1+^^+— 4 

2 2.3^2.3.4 



+&c.=*y/ to find a; in 
terms of y. 

In this example we first transpose the l, t by which means 
we have 

^ go 3 x A 

X+ 2" + 2r3 + 2^4 +&C - = ^ 1= ^ 

This, compared with (1), we find ' 



1 

a 



ai= * ; * 3= * ;a * = ^'?^2^4> &c - 



these values cause (A) to become 

v' 2 y' 3 v' 4 ' 



3 



or restoring the value of y' 9 



+ 



+&C. 



vr 2 . x 3 x* x s 



4. Given x+-% + g"+-j + y+&e.=*jf*t9 find *. 

y* »" y 4 

Ans. ,^^i- +fa . 



23S 
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DIFFERENTIAL METHOD. 



(192.) This method shows how to find any particular 
term of a regular increasing series, or the sum of a certain 
number of terms. 

If we take th? regular increasing series t 

■ 

and subtract each term from the next succeeding one, We 
shall obtain the following series, which we shall call the first 
order of differences : . ' ' 

a 2 — a,\ ; a 3 — a 2 ; & 4 — a% ; a«— a 4 ; &c. (2) 

Again, subtracting each term of this series from the next 
succeeding term, and we find for. the second order of dif- 
ferences * 

a>z— 2a 3 +a x ; p, A —2a 3 +a 2 ; a s — 2a 4 +'a 3 ; &c. (3) 

Subtracting again each term of series (3), of second order 
of differences, from its next succeeding term, and we get a 
series of third order of differences, as follows : 

a 4 — 3as+3a a ^ai ; fl 5 --3a 4 +3a 3 — «2 ; &c- (4) 

Subtracting once more we find, for the fourth ordef of dif* 
ferences, 

a 6 — 4a 4 +6a 3 — 4a 2 +a x ; &c. (5) 

If we take only the first terms of the series (2), (3), (4), 
(5), and represent them respectively by D Y ; D 2 ; D* \ D* ; 
&c., we shall have 

2) 1 =a 2 — Ui 
JP 2 — a 3 — 2a 2 +a! 

D 9 ^a A —Sa z +3a^—a l V. \ (6) 

D 4 =a 6 — 4a 4 +6a 3 — 4a 2 +a x 

&c- - - - - - - - 
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The coefficients of the different tefrms tfhich constitute the 
right-hand members of equations (6) are the same asf the co- 
efficient of the different terms of the expansion of the bino- 
mial (1— 'l)*, whose expanded form is 

2 3.3 2-3.4 

Hence, the general equation of (6) is 

^ ^-l)(»-2)(^3) M>. 

2.3.4 »-* J 

If the terms of the right-hand members of (6) are taken 
in a reverse order, we shall have 

When n is an even number* 

. n{n— 1) nin— l)(n— 2) 

,ai— na a i — *— — a-—— — -a a 

„_ J a . 2 .' 2.3 4 

"•-"> »Q,-l)(»-2)(»-3V - f **> 

FFitett n is art odd number, 

n(n— 1A , n(rc— 1)(7&— 2) 
-a 1 +na 2 2~~^ a *+- ^ ' a 4 

Pn=< ^- > rc(;i-l)(7*-2)(a-8) • . ^ (B > 

2.3.4' fi 



EXAMPLES. 

1. Required the first term of the fourth order of differ- 
ences of the series l r 8, 27, 64, 125, &c. 

In this example we have 

«i=l; a^8; a%=&t ;« 4 =4H; a* =195 and ft***. 

30 , 
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These values substituted in the formula (A), since n is even, 
give 

n „ .o,4-3^ 4-3.2 .. , 4.3.2.1 n 

2? 4 =l-4.8+_.27-_.64+-^ ;r . 126-0. 

2. Required the first term of the third order of differences 

of the series 1, 2 4 , 3 4 , 4 4 , &c. 

Ans. 60. 

3. Required the first term of the fourth order of differ- 
ences of the series 1, 6, 20, 50, 105, &c. 

Ans. 2, 

(193.) To find the nth term of the series 

a-i\ a 2 y a 3 ; a A ; a s ; &c, - 
we proceed as follows : 

From the first of the equations (6), of last article, we ob- 
tain a 2 =a 1 +D 19 

this value of a 2 substituted in the second of equations (6), 
gives 

a 3 =a 1 +22) 1 rhZ?2, 

proceeding in this way we have the following : 



a 4 =a 1 +32> 1 +32> 2 +2? 3 

a s ==«! +4D 2 +6D 2 +4J9, + J0 4 



(8) 



Where the coefficients of the terms of the value of a n are 
equal to the coefficients of the terms of the expansion of thd 
binomial (l+l)*" 1 , whose expanded form is 
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(9) 



(C) 



1+f* 1V , (»-l)(«-2) , (»-l)(»- 2)(»-3) 
l+(«-l)+ -- + — - 

, (w-l)(fl-2)(tt-3)(«-4) , ._ 
+ 2.3.4 + * C * 

Therefore, we have 

^j + (.- 1 )(,- 8)( ,- i)j>i+&6 

EXAMPLES. 

1. Required the tenth term of the series 

1,4, 8, 13, 19, &c. j 

#!=!, 4, 8, 13, 19 

2> 1= 3, 4, 5, 6 

I? 2 =l, 1, 1 

I? 3 =0, 0. 

Hence, in this example, 

01=1; A=3; X>2=1; ^3=0; and »=10, 
which values being substituted in (C), we find 

9.8 ' ' 

a 10 =1+9.3+ -Q- =64, for the tenth term required. 

i 

2. Required the nth term of the series 2, 6, 12, 20, 30, &c. 

a x =2, 6, 12, 20 
.D 1= :4, 6, 8 . 
. -D a =2, 2 
D 8 =0. 

These values substituted in (C), give • . 

(n-l)(n-2) " ., ' , 
a„=2+(n-l):4+- §— ^.2=** +»»=•(»+ 1), 

which id the nth terria sought. 
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8. What is the nth term of the series 

1, 3, 6, 10, 15, 21, &c. ? 

A n(n+l) 
Ans. — ^ — . 

(194.) To find the sum of n terms of the series 
a x ; a 2 ; a 8 ; a A ; a s ; &c M 
we operate as follows : 
Take the new series 
; a x ; a x +a 2 ; ai+^a+tfs ; a t +a 2 +a 9 +a 4 ; &c. (10) 
Subtracting each term from its next succeeding term, we 
have 

a 1 ; a 2 ; a 3 ; a 4 ; a 5 ; &c, 

which is the same as the original series ; hence, the n+1 
difference of the series (10)| is the same'as the n difference 
of the proposed series, therefore, if in the formula (C), we 
change «i into 0, n into n+l 9 I>\ into a l9 D 2 into D lf D 3 
into D 2 , &c., we shall have 

( t n{n-l) ^ , n{n-l)(n<-2) ^ 
Wii § — 1+ 2^3 2 

^ 1= ) W g -i) M )M) , " f (U > 

which expresses the n+lth terni of the series* (10), but the 
ft+lth term of the series (10) is the same as the sum of n 
terms of the series 

a x ; a 2 ; a % ; a 4 ; a 5 ; &c, 

putting this sum. equal to S n1 we Shall have for the sum of n 
terms of the aboVe series, the following expression t 

flO^-l) n{n-l)(n-2) 
Jia! + — ^ — D x + — : D. 

S »~< >-l)^(.-.8). ■ > (D > 

+ 2-3.4 P * +&C \ 
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EXAMPLES. 



1. Required the sum of n terms of the series 

1, 5, 5, 7, 9, &c, 

a x ^=l 9 3, 5 
1^=2, 2 
D 2 =0. • 

These values substituted in (D), give ' 

S n =n+n(n,— l)=n 2 , for the sum of n terms sought 

> ■ 

2. Required the sum of n terms of the series 

1, 3, 6, 10, 15, &c 

^=1, 3, 6, 10 

X> 1= =2, 3, 4, 

2> 2 =1, 1 

r , i>3=0. 

These values substituted in (D), give 

* —W. , u ^- 1 )(n -2)_ n(n+l)(n +2) 

» 

3. What is the sum of n terms of the series 

1, 2* 9 3 4 , 4 4 , &c? 

A n s n A n* n 
Ans. -r+7r+-^- 



5 2 ' 3 ao 

4. What is the sum of n terms of the series 

1, 2, 3,4,5, &c? 

n^+1) 

* ' . 

5. What is the sum of n terras of the series 

1, 2*, 3 s , 4*, &c. f 



i \, 
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The answer of the fifth example, being the square of the 
tnswer to the fourth example, it follows, that 

{1+2+3+4+5+ . . .w}*=l'+2 8 +3 , +4»+5*+. . .n*. 

SUMMATION OF INFINITE SERIES. 

(195.) An Infinite Series is a progression of quantities 
continued to an infinite number of terms, usually according 
to some regular law. 

(196.) If each term of an infinite series is greater than its 
preceding term, the series is diverging. 

(197.) In general, when each term is less than its prece- 
ding, the series is converging^ but this is not always the case ; 

111 
for instance, the series 1+-+-+-+&C, which is called a 

harmonic series, is not a converging series notwithstanding 
each. term is legs than its preceding one, its sum to infinity 

is itself infinite. 

i 

(198.) A neutral series is one whose terms are all equal 
and their signs alternately + and — , thus, 

a a 

-=;--— =a—a+a—a+a—a+ &c. 

2 1+1 

L 

(199.) An ascending series is one in which the powers of 
the unknown quantities ascend, as 

a+bx+cx 2 +*£r 8 +&c. 

(200.) A descending series is one in which the powers of 
the unknown quantity descend, as 

a+bx-L+cx-t+dx-'+Scc., 

bed 

or <H — I — H — 5+&c. 

x x* x 9 
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(201.) If we take the difference between the two fractions 



q q we shall find £- ? 



JP7 



n n+p 



n n+p n(n+p) 

g _ i S g sl 



, hence 



so that any fraction of the form 



is equal to — th the 



n(n+p) 



difference between the two fractions — and -~— ; hence, it 

n n+p 

follows that if there be any series of fractions of the form 

-7-^ — r,.the sum of the series will equal -th the difference 
n(n+p) P 

of a series of the form -and another of the form — ~- ; so 

n „ n+p 

that whenever this difference can be found the sum of the 
proposed series can be obtained. 



examples. 



1. Required the sum of n terms, of the seriest 

1 1 11 



1.2 ' 2.3 ' 3.4 4.6 

* / 

In this example q=X ; jp=l, and n takes successively the, 
values 1, 2, 3, 4, &c. 

i 

Hence, we have ' , 



111 1 

1+ 2 + 3 + i + ;----» . 

/I £ 1 ■ 1 1 \ 

\2 + 3 + 4 + fc + n+T/ 



=1 



n 



n+1 n+1* 



n 



If »=oo , then the sum —j-? becomes =1. 
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2. Find the sum of n terms of the aeries 
. 1.4 + 2.5 + 3.6 + 4.7 +&C ' 

J 

In this example q=l ; p=3, and »=1, 2, 3, 4, &c. 




Ill 1 

2 3 4 u 



x IV 1 
"4 + 5 



+ ---.-H 



+ 



1/11 



• n m+1 »+2 
1 



f-2 *i+3/ 



:— 



3\6 w+1 »+2 n+3 



■fs)' 



11 



which becomes, when n is infinite jg. 



1 1 1 _ 
3, Find the sum of n terms of ^tt+^^+f^+&c. 



1.3 ' 3,5 ' 5.7 



Here we find g=l ; ^=2. 
11 _J_ 

1 +q+«+ 27i-l 



(^3+5 + 2n-1^2n+l)j 

% Therefore, 

^=g|l-^+i) and ^oo =g where S n represents 

the sum of n terms, and S^ represents the sum of an infinite 
number of terms. 

4. Required the sum of the series 



1 1 ! . 

1+ 3 + 6 + 10 +&C - 



This series divided by 2, becomes 
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t 

' 1.111. 

and the sum of this has already been found. (See example 1, 
of this Art.) Therefore, the sum of the proposed series is 



*=»(i-;£); «•-»• ' 



5. Kind the sum of the series of 



;+^-^rr+&c- 



3.5 5.7 ' 7,9 9.11 
2 JL 4_5 n+1 



3 5 ' 7 9 ' x 2ti+1 

_/2_3 4_ n n+l \ 

\5"~7 + 9 "'" * 2n+1^2n+3) 



this becomes - - 

?±J+± --(1-1+1 ±1.) 

3 2»+3 v ' . 

If we use the upper sign, the quantity within the paren- 
thesis will =1, if we use the lower sign, then this quantity 
wiH =0. Hence, 

and since p=2, we find 

1 1 1 

Sn ^i2 T l(2n+S) ; Soo= 12' 

The upper sign has place when n is even, and the lower 
sign when n is odd* 

4 4 4 4 

6. Required the sum of r~tt+;r^+7rr£+;^Trv+&^ 
* 1.5 5.9 9.13 13.17 

Ans. S;=l-4^; Ao =*• 

31 
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J 

11 1 

7. Required the sum of 1^+07+01+^ 



3 J. / 1 1 \ 



3 

i 



* *' »(?i+p)" r (7i+p)(w+2p)""w(n+p)(^+%?) 5 



it follows that 
9 ' 



»(fl+p)(rc+2p) 



2p\w(w+p) (*+j>)(*+Sp)/ ^ 



EXAMPLES. 

d. ii fi 

8. Required the surt of ^ + _ + -j- +fa.. 

Comparing these terms with the fraction of the left-hand 
member of (A), we discover that £>=1, and ^=4, 5, 6, &c, 
and »=1, 2, 3, &c. 

4 , 5 , 6 , . »+3 



1.2 2.3 3.4 n{n+l) 

\9.8 M " »(n+l) (n+l)(n+2)] 

Jl + /± + ± + J_+. i_\ !^*_ 

1.2^ \2.3 3.4^4.5 fl(M-l)/ fa+l)(tt+2)* 

Now, by example 1, Art. 201, we know that 

1.2-8.3^8.4 »(»+l) »+l* 

therefore, the series within the parenthesis 

ft 1 



', 
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Therefore, we have 



V 



n+3 



-3 , M a +ra-3 



1.2 lS^n+l <»+l)(»+2) 2~ r (»+l)(n+2)' 

which, divided by 2p=2, gives 

3 n *+nr-3 _5 

. , ° n ~4 T 2(»+l)(»+2) ' Oo ° ~4' 

9. Find the sum of ^+^+^+^+^0. 
Ans. S ^4^2^+i""(2»+l)(2w+3)) 5 5 °° ^ 



10. Fiad the sum of 



2n+l 
5 






1.2.3 2.3.4 3.4.5 4.5.6 
ft(3fl+7) 



Ans. 5..== 



2(tt+l)(tt+2) 



> "go g # 



(203.) It is obvious that this method must be applicable 
to series, the denominators of whose terms consist of more * 
than three factors ; but our limits will not allow us to pursue 
this subject any further. x 



RECURRING SERIES. 

i 

(204.) A recurring series is one, each of whose terms, at 
ter a certain number, bears a uniform relation tq the same 
number of those which immediately precede it. 

Thus, the series 

l+2x+Sx 2 +2&r 3 + 100# 4 +356x 5 + &c, 

4 

1 - . 

is a recurring one, each of whose terms, after the first two, , 
can be found by multiplying the next preceding one "by 3x 9 
and the second preceding one by 2x\ and taking the sum of 
ihe products ; thus : 
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. 8x* 
28a: 8 

loo* 4 

356a: 6 



2xXQz+lX2x 2 , 
:8x 2 X3x+2xX2x 2 , 
:2%x* xZx+Sx* X2x* > 
:100a: 4 X 3x+28x* x2a: a , 



f, 



(205.) The constant multipliers 3a;, 2a: 2 , taken together, 
constitute the scale of relation. 

Suppose in general 

to be a recurring series depending upon the scale of relation 
p, y, then we shall have 

A X =A X (1) 

A,=A a . . (2), 

. A z =pAt+qA l (3) 

A t -pA 9 +qA a (4) \> (A) 

A t **pA 4 +qA* (5) 



If the scale of relation consist of three parts, p, q, r, we 
shall have 



A\— A\ 


(1) 


Jx^^A% 


< (2) 


^£3— -»s 


(3) 


A t =*pA a +qA}+rA x 


(4) 


As =pAt+qA 3 +rA a 


(5) 


A t =pA i +qAt+rA 3 


(6) 





^jpA-i+tfA-a+^s (») 



(B) 
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And in a similar way, the successive terms of a recur- 
ring series, whose scale of relation consists of more than three, 
parts, can be found. 

If we take the sum of the grbup of equations (A), putting 
S n for the sum of n terms of the series, we shall have 

S n =A 1 +A 2 +p(S n -A 1 -A n )+q{S n -A^ 1 ^A n ) (1) 
This solved for S n , gives 

p+q—1 . } 

By adding the group (B), and reducing as above, we find 

„Ji, +A,+A, + p (S n *-A 1 -A 2 -A) 

I +q{S n -A 1 -A n _ 1 -A n )+r{S ll -A^ 3 -A- 1 .-A u ) 

which solved for S n , gives 

Vhy-1)^ +(p-lM 2 ~A 9 
, p+q+r—.l 

p+q-i-r—1 

(206.) Proceeding in this way, we might find similar ex- 
pressions for S n when the scale of relation consists of more 
than three parts. 

(207.) If the .successive terms of a recurring series are 
decreasing, and the series is carried to an infinite number of 
terms, die last terms may be neglected in formulas (C) and 
(D), as of no appreciable value, therefore, supposing n=oo 
in (C) arid (D), they become 

(p+q-l)A 1 +{p-l)A a -A a • 
00 p+q+r-1 ' y ' 
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examples. 

1. What is the som of the infinite recurring series 

l+2x+3x J +4r , +&c 4 +&e. ; 

the scale of relation being 

p=2z} q=—z* ? 

In this example Aj=l ; A 2 =2x. * These values 
toted in (E), we find 

J£x-l)-2x _ 1 
00 2z-z 2 -\ ~{l-x) 2 ' 

2. What is the sum of the infinite recurring series 

l+2z+8z 2 +28z*+106z A +&c ; 

the scale of relation being 

jp=&r; }=2x 2 ? 

We also have in this example ^ x =l; jf*=22r, which 
values cause (E) to become 

00 l-2z-2z 2 ' 

3. What is the sum of the infinite recurring series 

l+z+5x 2 +13x*+4:lz*+8cc. ; 
the scale of relation being 

p=*2z; q**3x* ? 

Ans. 5/« =: 



00 L-2*-32r 2# 

4. What is the sum of the infinite recurring peries 

, l+a:+2a: 2 +2a: 3 +3^ 4 +3a: 5 +4a: 6 +4ar 7 +&c.; 

in which the scale of relation is 

f—x ; q=z 2 ; r=-~2* ? 

_ 1 

Ans. Sn-YZ£Z x 2+ x *' 
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5. What is the sum of the infinite recurring series 

in which the scale of relation is 

An8 ' S(X >-(l-x) 2 -3x* m 

(208.) When the scale of relation is not gfrren, it may be 
found by means of a few of the first terms of the series, thus : 

Resuming our general equation (n) of group (A) Art. 206 f 
where the, scale of relation consists of two parts p and q, we 
hare 

A^^At-i+g^-a^ (1)' ' 

Writing n+1 for », it becomes 

Prom these two equations we readily deduce 



_ A»-f 1 ^n- 2 ~" 4A- 1 

>= : — >. , . .. 

A.A. *-A 2 



(3) 



n*""n— 2 n— 1 * 

r ^r^, ' (4) 

If in (3) and (4) we put #=3,' they will become 

A4A1 ^3-4 2 /-v 

P= A A -A* ' &) 

A ± A 2 -A\ " ' 

Frpm (5) and (6), we shall be able to find the scale of re- 
lation, whea it consist* of bat two parts, by the aid of the 
first four terms of the series. . Equations (3) and (4) show 
that the scale may be found by using any four consecutive 
terms. 
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By a similar process we might, by the aid of the first six 
terms of the series, find the scale of relation when it con- 
sists of three parts. 

* 

(209.) When the sum of n terms of a recurring series is 
required, it will be seen by referring to equations (C) and 
(D), Art. 205, that the nth or general term A* must be known ; 
when the scale of -relation consists of only two parts, the 
general term A* can be found as follows : 

* Again, resuming the general equation (n) of, group (A), 
Art. 205, we haye 

^-M^i-?4.-2=0: (1) 

Assume 

A n =ca n • . (2) 

Then will % '. ^ 

— Jp4m-3L=— pea*" 1 , (3) 

-?X^2 = -?ca w ^ 3 . (4) 

These assumed values being substituted in (1), give 

ca % — pea*" 1 — grca*~ 2 =0, 

dividing by ca n ~ 2 , it becomes 

•a 2 — pa^q=0. (5) 

Solving this by the usual rule for quadratics, we find 

a=l+l yff+iq or f ~ VpT4^ (6) 

Representing these values of a, by a' and a", and suppo- 
sing the corresponding values of c to become c'.and c", we 

find 

A % ?=(/a!* or d'a"\ P) 

where c 1 and c" are any constant values whatever, and must 
depend upon the first two terms of the series* . Taking the 
sum of these yalues for the general value of ^ n , and we have 

A n =t'a' n +c"a"\ (8) 
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Making in (8), first n—l and then ^=2, \y^ find 

A, =cfa'+J'a", (9) 

i 2 =c / a /2 +c / V /2 . (1Q) 

From (9) and (10) we readily find 

A 2 —A 1 a" „ A 2 —Aia! 






.//\ ~u 4 



{a'-a")a! ' (a'-a/y 

These values substituted in (8), give 

A =±P^ a '--^^P^a»~i. (A) 
a— a" a'— a" 

In this expression for the nth term of a recurring series/ 
whose scale of relation is p and q 9 A 1 and A** are the first 
two terms of the series, a' and a" are the two roots of the 
quadratic 

x 2 *~px=q, 



or a'=| + - Vp 2 +4y 
and a /7 =^— --/p a +4y. 



(11) 



EXAMPLES. 

1. Suppose the scale of relation of the series 

l+x+Qx 2 +5x B +llx A +21x 5 +Scc. 9 

to be p—x ; q=2x 2 , what will be the nth term, and tvhat 
will be the sum of % terms ? 

Substituting x and 2x 2 for p and q, in the equations (11), 
we find 

a'=2x and a"=—x. 
32 
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From the series we see that 

Now, substituting these values in (A), we obtain 

^„=|(2 a; )»- 1 +|(-x)- 1 , 

i 

for the general term sought. Writing n— 1 for n, we find 

^i=|(2x)"- 3 +|(-x)- a , 

these values of A n and A m _ lt together with the above values 
of p, q, ■A 1 and -A a , being substituted in (C), Art 205, give 

_2{x+l){2x)'+(l-2x)(-x) n -3 
"~ 3(:r+l)(2x-l) 

Which; when reduced to its simplest form, becomes 

_ 2 n + 1 {l+x)a»+(l-2x)(-x) li ~3 
*~ 3{2x 2 +x-l) 

2. Find the nth term, and the sum of n terms of the re- 
curring series 

l+x+5x 2 +lZx*+±lx'+l2lx*+&cc., 

whose scale of relation is_p=2x; q=3x 2 . 

Ans* <J 

s _ (l+x)(3x)"+(l-te)(-x) H +2(xtl) 

2{3x 2 +2x~l) 

3. Find the nth term of the recurring series 
l+2a:+5a; 3 +13a; s +34a;*+89a; 5 +&c., 
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whose scale of relation is p=3x ; j?=— x 2 . 



Ans. A n = 



(1+ V5)(3+ Vsr 1 y-x 



(l-VS^-VS)"" 1 



• Us 



2 n V5 . 

Referring to question 22, page 240, Higher Arithmetic, we 
see that if we call #=1, the above expression for A n will give 
the number of branches of the oak tree at the end of n years, 
thus the number of branches at the end of 20 years is 

(1+V5)(3+V5) 19 (l-V5)(3-</5) 10 
2 20 V5 2 ao V5 
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LOGARITHMS. 

(210.) Logarithms are numbers, by the aid of which ma- 
ny arithmetical operations are greatly simplified* 

In the following relations : 

a 9 =d 
&a, 
x t y, and z 9 are respectively the logarithms of b 9 c, and d. 

{211.) The assumed root a is called the base of the sys- 
tem of logarithms. 

(212.) If in (1), of equations (A), we make z=0, we shall 
have a =6=1, (Art. 41,) for all values of a, therefore the 
logarithm of 1 is always 0. 

(213.) If in (1), we suppose the base to be negative, we , 
shall have (— a)*=6. 

If b is positive, then x must be even, if b is negative, then 
x must be odd ; hence we can not represent all values of 6 
by the expression (— a) x . Therefore the base of every system 
of logarithms must be positive. 
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(214.) If in (1), we suppose b to be negative, we shall 
have a x =— b. Now, since a is always positive, the expres- 
sion <f is positive for all values of x either positive or nega- 
tive. 

Therefore^ the logarithmof a negdtive quantity is impossible. 

(215.) Each different base must produce a different sys- 
tem of logarithms ; the logarithms in common use have 10 . 
for their base. 

So that we have 

10°=1 ; lO^lO ; 10 8 =rl00 ; 10 3 =1000; &c. 

1 

Hence, we have 

log. 1=0 ,1 

log. 10=1 , ' kg-Io^"" 1 

log. 100=2 1 

log. 1000=3 ^S'lOO* 3 "" 2 

log. 10000=4 1 

&c. ^ ioog 8 "" 8 ' 

log - loooo^ 4 

&c. 

(216.) If we take the product of equations (1) and (2) of 
group (A), we shall have 

oT+'sfc, (4) 

from which we discover that, the logarithm of the product of 
two quantities is equal to the sum of the logarithms. 

And in general, the logarithm of a number consisting of 
any number of factors is equal to the sum of the logarithms of 
all its factors. 

(217.) It also follows from the above, that n times the 
logarithm of any number is equal to the logarithm of its nth 
power. 
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(218.) If we divide equation (1) by (2), of group (A), we 
shall find 

a-'J-, (5) 

from which we see that, the difference of the logarithms of any 
two quantities is equal to the logarithm of their quotient. 

(219.) From which it also follows, that, the ftth part of the 
logarithm of any number is equal to the logarithm of its nth 
root. 

(220.) We will now show how the numerical values of 
logarithms may be found. 

If x is the logarithm of N for the base a we shall have this 
condition 

a*=N. (6) 

If we assume 



a=l+m ) 

!\T=l+n, s K) 



N-- 
we shall have 

(l+m)'=l+rt. (8) 

Involving both members of this to the yth power, we shall 
have 

(l+m)*»=(l+»)». (9) 

> 

By the Binomial Theorem, we find 
(l+m)*»= 

X./o l«e.<> 

(i+«).=i+ y »+ *&=*>. »- +fc^±). „ 3 +&c . 

Equating these expanded values, rejecting the units of 
hoth expressions, we have, after dividing through by y, 
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I 2 2.3 ) 

2 2.3 

This must be true for all values of y. 
When y=0, it becomes 

Hence, 

*=io g . ^=io g . a+n)=— ^ +hn ^ w& -^: m 

Resubstituting a— 1 for m> and we have 
log.<l+n)= ^ 

(a-l)-i(a-l) 2 +i(a-l) 3 -i(a-l) 4 +&c. ) 
If we assume 

Af= (a-l)-i(a-l) 2 + J(a~l) s, -i(a-l)*+&c. , 
we shall have 

log. (l+w)=M^-^ 2 +i% , -V+i7i 5 -&c.}, (B) 

If the base be so chosen as to render M==l, then formula 
(B) will become 

log. (l+n)=n-W+W~W+W--&c. (C) 

(221.) The logarithms obtained by formula (C) are called 
hyperbolic, or Napierian, whilst the common logarithms given 
by formula (B) are called Briggean. 

(222.) We shall hereafter denote the Napierian logarithms 
by the abbreviation Nlog., whilst the common or Briggean 
logarithms will be represented simply by log. Hence for- 
mula (C) will become 

Nlog. (l+n)=n- W+W-W+W-&C. (C) 
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(223.) By comparing formulas (B) and (C) we discover 
this relation 

MX N log. (l+7j)=log. {l+n). (12) 

Therefore 

log. (l+») (D 

M ~Niog. (i+»)' ; ' 

d«fe« of the system of logarithms whose base is a. 

From (12) we see that, the logarithms of any particular 
system is equal to the Napierian logarithm multiplied by the 
modulus of that particular system 

(224.) A new demonstration of the Logarithmic Theorem, 
and of the Binomial Theorem, for negative and frac- 
tional exponents. 

BY PROF. MARCUS CATLIN, A. M., A. S. S., HAMILTON COLLEGE, N. T. 

Let l+i/=any number. Assume 

(i+ y )=pa>+by+cy 2 +dy*+&c. (l) 

where 

a+fy+cy 2 +dy 3 +&c.=the log. (L+y);a 9 J, c, &c, 

being independent of n in the following binomial 

(l+y) w =A+By+cy 3 +Dy*+&c. (2) 

Equations (1) and (2) give 

(l+yY==pna+nby+ncy 2 +ndy 3 +Scc. (3) 

or, 

A +By+cy 2 +Dy 8 +&c.=p^+ w *y+« c y 2 +^y 3 + &c - (*) 

or, l+(A-l+By+cy 3 +Dj/ 3 +&c.)> , g * 

= pna+nby+ncy 2 +ndy 3 +&c. ) 
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But, by equation (1), the last expression majr be written 
in this form *'•.-, 

l+(A-l+By+cy 3 +Dy 8 +&c.)= 
?a+b(A-l+By+cy 2 +)+S(A-l+By+cy*+) 2 +kc. (6) 

By equating the secojnd members of (5) arid (6), we shall 
have 

aa+ nby +ncy 2 + ndy 3 + &e. = 

a+i(A— l+By4-cv 2 +Dw 3 +&c.) ) / 7 v 

+c(A-l+By+cy 3 +Dy^+&c) 2 +&c* J t \ ' 

Since a is independent of y, if we suppose y=0, (equa- 
tion (1) gives a=0 ; ia a similar manner from (2) we find 
A=l ; hence, equation (7) becomes 

nfy+ncy 2 +ildy B +&e.=* 

b{By+oy 2 +dj/ 3 +&e.)+c(By+cy 2 +Dy 3 +&c.) 3 ) . / R v 

+i(By+ci/ 2 +Dy S +&c.) 3 +&c. ) K ' 

Equating the coefficients of the several powers of y with 
zero, we find 

b6— nb=0, .- 4 b=w, (9) 

b 2 c— nc+ci=0, .« # — c= — - — , (10) 

iti— 6dt-2bc<:— B 3 d=?0, . • . d= — f (11) 

&c, &c. 

Now, since a, £, c, &c., are independent of », by assuming 
n successively equal to 1, 2, 3, &c, and substituting the cor- 
responding values of c, d, &c., derived from (2), the equa- 
tions (10), (11), &c. will give, after the necessary reductions, 

J«s 1, c=*— i, <?*=-$:, &c. 

Hence, by (1), 

\og.(l+y)=(y-$y 2 +iy*-ly 4 +&c.) (12) 

33 
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P, being the base of the system. If we put P*aF m , equa- 
tion (12) will become 

log. (l+y)=m(t/-^ 2 +iy s -^*+&c.), (13) 

where P* is the base, and m the modulus. Hence, the loga- 
rithmic theorem is proved. > 

Again, substituting the values of b> c, &, &c, in equations 
(10), (11), &c, they become 

» 

n(n— 1) 
«(tt-l)(«~2) ... 

&C, &C. 

Substituting the values of a, b, c, d, &c, in (2), it be- 
comes 

»(«— 1) „ . n(n—l)(n—2) . 

(l+y) , »i+«y+4^ J .y a + v ^ — '.y'+Scc. (16) 

Hence, the binomial theorem is proved for fractional and 
negative exponents. The theorem for positive integral ex- 
ponents is, of course, assumed in this demonstration.* 

(225.) We will now proceed to calculate some Napierian 

* This is taken from the second number of " The Mathematical 
Miscellany" a work which was devoted to pure mathematics, pub- 
lished at College Point, N. Y., and edited by Prof. C. Gill : after 
reaching its eighth number it was, in 1839, discontinued. "We are 
happy to say that it has again made its appearance under the name 
of " The Cambridge Miscellatiy" edited by Prof. B. Pierce, the 
first number of which was published in April, 3.842 : its columns are 
now open to questions in physico-mathematics, as well as, to those of 
pure mathematics. 
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logarithms. , If we take n negative in the formula (C), we 
shall have 

> 

anog.(i-»)=»f-»H»*-i» , -4» 4 — *»• (i) 

Subtracting (1) from (C), we have 

N\<ig.(l-Vn)-N\og.{l-n)±N\og. — { (2) 

If we assume n== - , ;. , we shall find r — = , and 

2p+l 1—n p 



+&c.| (3) 



(2) will become 

p+1 { 1 1__ , 1 

m ° g ' p ~ 2 l2p+l + 3(2p+l)* + 5(2p+l) 

or, which is the same thing, 

iVlog. (p+l)= 

JVl °S^ +2 i ^i + 3pl)- ,+ %+l) ,+&C 
If we take p=l, formula (E) becomes 

i\riog.2=2^+^+^+^ f +&c. [ 



. | (E) 



3 a .=9 
9 
9 
9 
9 
9 
9 



0.66666666-r 1=0.66666666 
0.07407407-4- 3=0.02460136 
0.00823045-4- . 5=0.00164609 
0.00091449-r 7=0.00013064 
0.00010}.61-r 9=0.00001129 
0.00001129-11=0.00000103 
0.00000125-rl3*0.00000010 
0.00000014-4-15=0.00000001 
0.00000001 



0,69314718=JiVlog. 2. 
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Take p=4 in formula (E), and we get 

Nlog. 5=2\nog. 4+2$ *+*+* + *+*: 



9 ' 3.9 3 ' 5.9 5 



7.9 



■\ 



But 2Vlog. 5=Nlog.lO-N\og. 2 ; 

also, N log. 4=2 N log. 2. 

Hence, substitutibg these values of N log. 5 and iVlog.4, 
in the above expression and we get, after transposing, 



Nlog. 10=3 iVlog.2+2 \ 1+^ 



-\ 



±Z-ZT+*K 



•I 



9 8T 5.9 5T 7.9 

Executing the calculation, for the sum of the series, as in 
the above example, omitting the cyphers on the left, we ob- 
tain the following : 



9 
9 
9 
9 
9 
9 
9 
9 




0.22222222-r 1 =0.22222222 
2469136 
. 2743484-3= 91449 

30483 
3387-r5= 677 

376 
42-r7= 6, 

5 — . 



0.22314354=sum of series. 
3 Nlog. 2=2.07944154 

2.302S8508=Mog. 10. 

We are now prepared to find the modulus of the Briggean 
system. Since the base of the Briggean system is 10, 
and .the logarithm of the base of any system is 1, we have 
log. 10=1 ; formula (D) shows, that the common logarithm 
of any number divided by the Napierian logarithm is equal to 
the modulus of the common system. 

Hence, 



■v 
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' %jr lag. 10 1 ' 

M=t xn -, ^n on^o^o =0-4:3429448. 
. Nlog. 10 2.30258508 

* This value, when carried to S|5 decimal places, is 
Af=0.43429448190325182765112891891660508. 

We will now proceed to calculate common logarithms. 

Since all numbers are composed of a certain number of 
prime factors, and since the logarithm of any number is equal 
to the sum of the logarithms of -all its factors, it follows that 
it will be necessary only to calculate the logarithms of prime 
numbers. 

1 v * 

By equation (12), Art. 223, we see that the Napierian loga-. 
rithm multiplied by M, gives the common logarithm* 

Hence, 

log. 2==iVlog.2X J M= 

0.6931471 8 X 0.43429448=0.30103000. 

The logarithm of 10 we know to be 1, therefore the 

10 , 

log. 5=log. y ==l-log.;2=q.69897000. 

Formula (E)» when adapted to. common logarithms, be- 
comes 

log. (p+l)== 

or ^ 

log..(p-H)=log.p+ 

0.86858896 j ^ +§ ^^+ _^ +&c ; \ 

Takep=2 in (F), and we get , 

log. 3=log. 2+0.86858896 J ^+^+^+^+ &c. 



i 
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5 2 =25 

25 
25 
25 
25 



0.86858386 

0.l7371779-r-l=0.i7371779 

694871-5-3= 231623 

27795-7-5= 5559 

1112-7-7*= . 159 

44-i-9= 5 

2 

0.17609125=sum of series, 
log. 2=0.30103000 



0.47712125=log. 3, 
If, in (P), we make jp=49, we get 

log. 50= 



log. 49+0.86858895 



\ 99 T 3.(9< 



+ 



+&c 



•I 



.(99) 2 ^5.(99)* 

and since log. 50=log. 10+log. 5, and log. 49=2 log. 7, 
we have by substitution and transposition, 
2 log. 7= 

log.l0+log.5-0.86858896| l+^,+^+ &c . J 
Calculating the series we find 



99 
(99) 2 =9801 



0.86868896 

877362-=-l=0.00877362 
89-7-3= 29 



0.00877391 =sum of series. 



log. 5=0.69897000 
log. 10=1. 

1.698970,00 
0.00877391 



1.69019609=2 log. 7 
0.84509804=log. 7- } 
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We might have calculated the log. 7 by substituting 6 for 
p in (F), but the operation wouid have been, more letogthy 
than the above. 

« * . * 

,The next prime in order is 11* to find its log.* we make, 
in equation (F), p=99> observing that log. 100=2, also, that 

log. 99=log. 9+log. 11=2 log. 3+log. 11, 

we thus obtain 

2=2 log. 3+log. 11+0.86858896| ^+3^99^+^^ 
or by transposing, it becomes 
log. 11=2-2 log, 3-0.86858896 [199 +3(19^+^. I 



199 
39601 



0.86858896 

436477 -r 1 =0.00436477 
114-3= 4 



0.00436481 =smn of series. 
2 log. 3=0.95424250 



0.95860731 
2.00000000 

0.95860731 



1.04139269 =lpg. 11. ~ 

To find the log. of the next prime 13, we assume jp=100O 
in equation (F), and obtain 

log. 1001= 

WlOM+0.868^ 

Now, singe 

1001=7 x 11 X 13, log. 1001=l O g. 7+log. H+log. 13. 
Hence, v 



* 
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log. 13=* 
3-log. 7-log. 11+<>.S6858896^+ s ^+&c. \ 

2001j0.86$58896 

43407 =sum of series. 

log. 7=0.84509804 
log. 11=1,04139269 



3,00043407 1.88649073 

1.88649073 



1.11394334=log, 13. 

We might proceed in this way until we should have cal- 
culated the logarithms of all the prime members within the 
limits of the tables. 

(226.) We have already (Art. 220) said, that the base a 
of the Napierian system of logarithms satisfies the following 
equation : 

(a-l)-i(a-l) 2 +i(a-J) 3 -i(a^l)^+&c.=l. (1) 
From example 3, page 231, we see that if we have , 

(y-l)- 2~ + — gT" + — 7— +&c.=a;, (2) 



then will 

y-l+^+j—^+fa. (3) 



x 2 x z x 4. 



Equation (2) will agree with (1), when y=a; and x=l. 
Making these changes in (3), we find 

This sene* may be summed as follows: 
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' 


1 


2 


1 


3 


0.5 


4 0.16666666 


5 


4166666 


6 


833333 


7 


138888 


8 


19841 


9 


2480 


10 


276 


11 


28 




2 
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2.71828180= base of Napierian logarithms*. 
This value when extended to 35 decimals is found to be 
*-2.7182818284590452353602874713526624&. 



EXPONENTIAL THEOREM. 

(327.) The above theorem makes known the law of the 
development of <f according to the ascending powers of x. . 

To determine this law, we will assume 

a*=l+Ax+Bx*+Cx*+Dx'+&c., (1) 

both members of which become 1 when x=0. 

Changing x into y, in (1), and we have 

a***l+Jy+By 2 -bCy'+Dy*+&c< (8) 

Subtracting (2) from (1), and actually dividing the right* 
hand member by x—y, we obtain 



a?— a 



-3- =.4+.B(aH-u)+C(a: a +3y+y , ) 
x y +J>(z»+x 5 y+sy 3 +y , )+$c 

Writing x—y for x in (1), and it becomes 

ffl~*«l+4(s-y)+ J &(x-y) a +C(s-y) , +&c. 

34 



w 



<*> 
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Transposing the 1, and multiplying by a*, we get 

ay-»-l)=a'ji(a;-j/)+5(a:-y) 2 + C(2;-y) 3 + &c.] (5) 

Divided (5) by x— y, after replacing its left-hand member * 
by its equivalent value a x —a v , we find 

a -^-=a*{A+B(x-y)+C(x-yy+D(x-yy+&c,] (6) 
* y . < 

Equating the right-hand members of (3) and (6), we have 

A+B{x+y)+C(z 3 +xy+y>) ) ) 

+D(x*+x i y+xy 2 +y 3 )+&c. $ f , ? . 

=a'\A+B(x-y)+C(x-y) a +D(x7-y) 3 +.&x.\ ) 

This is true for all values of x and y. 

When y—x, it becomes . 

4+2£z+3Gr 3 +42?a:»+&c.=a*..4. (8) 

For a*, substituting its value equation (1)-, we find 

A+2Bx'+SCx a +4 : Dx*+8cc. ) , Q v 

=A+A 2 x+ABx a +ACx'+&c. J - W 

Equating the coefficients of the like powers of x, Art. 183, 

we find 

A^A, 

2B=A 2 , 

SC=AB, 

4D=AC, 

&c., &c. 

From which we find 

A=A, ■> x ' 

- ' 4 2 



-t> = 


'2 ' 


c= 


^ 8 
"3 ' 


2>= 


A* 

"4 ' • 


&c., 


&c. 
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Hence, (1) becomes • * 

. A 2 <c 2 A 3 x* A*x* , . 
a.=l + ^ + — +— +— +&C. (10) 

It now remains to find the value of A. 

V 

For this purpose put l+b=a, and we have cf=(l+b) x , 
which by the Binomial Theorem becomes 

. „ xb x(x-l)b*' x(x-l)(x-2)b* • .„, 

Performing the multiplications indicated, we find the co- 
efficient of the first power of x to be 



b b 



.3 



(12) 



,12 ■*• 8- 4 +&C -' . . - 

or resubstituting a— 1 for 6, it becomes 

(a-1) g— +—3 j— +&c. 

Therefore 

(a-1) 3 (a-1) 8 (a-1) 4 „ 

If in formula (C), we put a— 1 for.n, we shall find 

v (a-1) 2 (a-1) 3 (a-l) 4 
Mog«a=(a-l) — -g— + —3 £-• +&c. - 

Hence, 

-4=JVlog.a. (13) 

This value of A substituted in (10), gives 

. . (tflog.a) 2 .* 2 (JVlog.a) 3 .^ /A 
a^l+Mog.a.s-H % ; + V |^ + (A) 

When a=e*=2.7182818&c, 

then ^/"log. a=iV r log.e=l, 

and (A) becomes 

e . =1+x+ ^ + g+^_ +&c . (B) 



968 



APPLICATION OF LOGARITHMS. 



(228.) By the aid of a table of logarithm*, we can easily 
perform the following; operations : 

3.75 X 1.06 

1. Find the value of ~rz by logarithms. 

Recollecting (Art 216) that the logarithm of the product 
of several factors is equal to the sum of their respective loga- 
rithms ; and (Art. 218) the logarithm of the quotient of one 
quantity divided by another is equal to the logarithm of the 
dividend diminished by the logarithm of the divisor, we find 
for the logarithm of our expression 

■ 3.75X1.06 , , ^ m 

log. £65 =1 °g- 3.75+log. 1.06— log. 865. 

By the tables we have 

- log. 3.75=0.5740313 
log. 1.06=0.0253059 

0.5993372 
log. 366=2.5622929 

log. 0.01089=2.0370443 
Therefore, the above expression is nearly equal to 0.01089. 

2. Find the 11th root of 11, that is, the value of *J 11* 

Taking the logarithm of this expression, we find 

log. l V H^A of log. ll=iV of 1.0413927=0.0946791 

=log, 1.24357&C. 
Therefore, ^11=1.24357. 

3. What is the value of — g— ^ — ? 

6Xlog. 8+ilog. 7-ilog. 6=4.51545+0.2816993 
-0.1556802=4.6415191 =log. 43794.53. 

Therefore, our expression is equivalent to 43804.53. 
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> 

(229.) The above examples will shpw the great advantage 
of logarithms in abridging arithmetical labor. In the higher 
parts of analysis, the use of logarithms is indispensable. It 
would not be difficult to propose questions, which by loga- 
rithms, might be wrought in a few moments, but if wrought 
by arithmetical rules, would require years. The following 
example will illustrate the above remark. 

How many figures will be required to express 9^ 9 ? 

The exponent of the above expression is 

9 9 =*387420489 ... 99 9 =±=9 a8742048 *. 
Putting it into logarithms, we have 

Jog. 9* * T 4 a ° 4 8 9 =387420489 X log. 9= 

387420489 X 0,954242509439=369693099.634&e. 

Hence* the number answering to this logarithm must con- 
sist of 869693100 figures. This number, if printed, would 
fill upwards of 256 volumes of 400 pages each, allowing 60 
lines to a page, and 60 figures to a line. 

/ 

EXPONENTIAL EQUATIONS. 

(230.) An exponential equation is one where the unknown 
quantity enters as an exponent 

Thus, ' a*=b; a?~c; &c, 

are exponential equations. 

(231.) When the equation is of the form a*=5, we find, 
by taking tbe logarithm of both members, x • log'<z=log. b. 

Therefore, x=: . 

log.a ' ■ t 

(232.) When the exponential is of this* form of =c, we 
must find the value of x by the following double position*. 
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RULE. 



■ Find by trial two numbers as near tlte value of x as possi- 
ble, and substitute them successively for x, then, as the difference 
of the results is to the difference of the two assumed numbers, so 
is the difference of the true result, and either of the former, to 
the difference of the true number and the supposed one belong- 
ing to the result last used ; this difference, therefore, being ad- 
ded to the supposed number, or subtracted from it, according as 
it is too little or too great, will give the true value nearly. 

And if this near value be substituted Jbr x, as also the near- 
est of the first assumed numbers, unless u number still nearer be 
found, and the above operations be repeated, we shall obtain a 
still nearer value of x; and in this way we may continually 
approximate to the true value of x. 

examples. 

1. Given of =100, to find an approximate value of x. 

The above equation when put into logarithms, becomes 

xX log. z=log. 100=2. (1) 

By a few trials we find the value of x to fall between 3 
and 4. If we substitute, in succession, 3 and 4 in (1), we 
shall find 

3xlog. 3=1.4313639 

4 X log. 4=2.4082400 

0.9768761 =diff. of results. 

0.9768761 : 1 y : 0.4082400 : 0.418. 
Hence, 4— 0.418=3.582=x nearly. 

Upon trial* this value is found to be rather too small, whilst 
3.0 is rather too great ; therefore, substituting each of these 
in succession in (1), we find 
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3.582 X log. 3.582=1.9848779 

3.6 X log. 3.6=2.0026890 

■ < 

0.0178tll=diff. of result. 

0.0178111 : 0.018 : : 0.0026890 : 0.002717. 

Hence, 

3.6-0.002717=3.597283=2; nearly. 

2. Given af=b, to find an approximate value of x. 

v Ans. a;=2.1289, 

3. Given ar*=2000, to find an approximate value of x* 

Ans. ar=4.8278.' 

• » ■ 

COMPOUND INTEREST AND ANNUITIES BY LOGARITHMS. 

(233.) Interest is money paid by the borrower for the use 1 
of the money borrowed. 

It is estimated at a certain rate 'per cent, per annum, that is,- 
a certain number of dollars for the use of $100 for one year. 

The sum upon which the interest is computed, is called- 
the principal. 

The principal when increased by the interest, is called the 
amount. 

When the interest of a given principal is paid at the end 
of each year, it is called simple interest ; but when the inte- 
rest due, at the end of each year, goes to increase the prin- 
cipal, it is called compound interest 

The present worth, at compound interest, of a given debt 
due at some future time, is such a sunl as being put out 
at compound interest, will in the given time amount to the 
<debt. 

# 

An annuity is a fixed sum which is paid periodically, for 
a certain length of time. 
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(234.) In our calculations We shall use the following no- 
tation : 

p=the principal. 

r=the interest of $1 for one year. 
J2=$l+r=the amount of $1 for one year. 

a=the amount of the given principal. 
-4=an annuity. 

a'=the amount of a given annuity. 
P=the present worth of a given annuity. 

»=the time in years. 

"Since $l+r=jR is the amount of $1 for one year, it fol- 
lows, that the amount of a given principal, p will in the same 
time be pR, and this being considered as a new principal, 
will in the next year amount to pRxR=*pR 2 , which in turn 
will the next year amount to pR* xR*=pR*, and so on. 

Hence, 

pR =4mount for 1 year. 
|?i2 2 =amount for 2 years. 
pR 3 =amount for 3 years. 
pR* = amount for 4 years. 



pit*= amount for n years. 
Therefore, we have this relation 

which, in logarithms, becomes 

log. a=k>g. p+» log. R. (1) 

(235.) When an annuity is left unpaid, for n years, it is 
obvious that the annuity due at the end of the first year, must 
be on interest n—1 years, and must therefore amount to 
^JR*" 1 , the annuity due at the end of the second year will 



r 

r 
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be an interest n—2 years and will therefore amount to AK*~ 2 > 
and so on, hence, the amount of the annuity at the end of ft 
years^will be 

A{Rr 1 +Br-*+ R+ J). 

The geometrical progression within the parenthesis being 
summetfr we have, after substituting r for R—l, 



H^)- <a > 



We have s^id that the present worth of a debt is such a 
sum as being put out at interest, will in the given time-amount 
to the debt, hence we have 

I R n — 1\ 
from which we find 






When the annuity is continued forever, the value of ft be- 
comes infinite, making this substitution in (3), we find 



1. How much will $875 amount to in 12 years, at 6 per 
cent., cpmpound interest ? 

In this example, we have 

jf=875; n=0L2; jR=1.06; 
and we are required to find a. 

Substituting these values in equation (1), we have '. 

log. a=log. 875+12 log. 1.06. 
By actually consulting a table of logarithms, we find 

35 
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log. 876=2.9420081 
12 log. 1.06=0.3036708 



log.a=3.3456789. 
Therefore, a=$1760.672. 

2. What principal will, in 10 years at 5 per cent., amount 
to $1000 ? 

By transposition, equation (1) becomes 

log.jj=log. a— n log. iJ. 

Substituting for a, n and R their given values, we have 

log._p=log. 1000—10 log. 1.05, 

.-. log. p=3-0.2118930=2.7881070. 

And, p=$613.913. 

3. At what rate per cent will $100 in 16 years amount to 
$160? 

Equation (1) gives 

log.W^te, 

which, in this example, becomes 

„ 2.2041200-2 nM '»„ 

log. JR= — =0.0127575, 

16 

.-. ik=1.02981. 

Therefore, the per cent, is 2.981,. or nearly 3 per cent* 

4. In how many years will $460 at 7 per etent amount to 
$1000 ? 

Again, equation (1) gives 

_log. a— \og.p 
* log.il ' ' 

which, in this example, becomes 

3-2.6627578 
* = 0.0293838 " 1J ^ 77 y9m He,rf y' " 
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5.* What is the amount of an annuity of $200, which has 
remained Unpaid 14 years, at 6 per cent., compound interest ? 

Equation (2), when put into logarithms, becomes 
log. a'=tog. A+]og t (Ji w -l)-log. r. 

In the present example 

r=0.O6;\R=1.06; A-200 ; »=14. , 

log. R n =n log. iJ=0.3542826, 
.-. J^=2.2609and-R H -1-1^609. 

Hence, 

Iog.a'=2.3pio3oo+o.ioo6806-2.778i5i3, 

and log. a'=3.6235593. . 

Therefore, of ~$4203 nearly^ 

6. What is the present woitfi of the aboVe annuity ? 
Equation (3) gives 

log. P=log. a'— yi log. JR. ' 
In this particular case, we hare , 

log. P=5=3.6235593-0.3542826=;3,2692767. 
And jp=$1858.988. ' 

7. What is the present worth of an annuity of $100, to 
continue forever, at 7 per cent. ? 

'•■'•• A 

By equation (4), which is P==— , we find 

„ $100 
P= - y=$1428.571. 

r 

8. A debt, due at the present timfe, amounting to $1200, 
is to be discharged in seven yearly and equal payments. 
What is the amount of one of these payments, if the inter- 
est is calculated at 4 per c6nt. ? . , 

In this example, we have given the present worth of an 
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annuity, the time of its continuance and the rate of interest, 
to find the annuity. 

Equation (2^), by a slight reduction, becomes 

> ' PrR* 

which, in logarithms, is 

log. -4=log. P+log. r+n log. R— log. (if 1 — 1). 
If we take 

P=$1200 ; r=0.04 ; #=1.04 ; n=7, 
we shall find 

r 

* t 

9. In What time will a given principal, at compound inte- 
rest, amount to m times the principal ? 

Under example 4, we have die formula . 

_jk)g.a— log.jp 

To make this agree with the .present case, we must, ford, 
write mp) by which means it becomes 

log. m 



ft- 



log. Jft" 



(236.) When the interest, instead of being added to the 
principal at the end of each year, is added at any other regu- 
lar period, as half yearly, quarterly, &c., n roust be consider- 
ed as standing for the number of those periods, and r will be 
the interest for one of those periods. 

10. /What is the amount of $100, for 3 years, at 6 per 
cent, per annum, when the interest is added at the end of 
. wery 6 mpnths ? s „ . 

Equation (1), when adapted to tbe present example, be- 
xomes 



LOGARITHMS. 277 

4 

log. a=log. 100+6 log. 1.03, 
from which we find 

( o=$119.405i 

11. If the interest of $1, for the arth part of a year, is 

-, what will be the amount of $1 for n years, when ?=*<» ? 
x 

The formula for the amount will, in this case, be 

Expanding the right-hand member by the Binomial Theo- 
rem, we find 

„„!«., t_j nx(nx-+l) > a ^ 7tx(nx~l){nx~ 2) r 8 
3: 1.2 a: 2 1*2.3 x* 

When «=»oo , this becomes 

ntr 2 n 3 r* n 4 r A 

a=,1+ * r+ T2 + r2T3 + r2^i +&c - 

■ » 

Comparing this with formula (B), Art 227, we have . 



a=e nr . 



, Using the common logarithms, we have 

log. a**nr X 0.4342944819. 

(237.) Before closing this chapter, we will show how for- 
mulas 17, 18, 19, and 20 of Geometrical Progression were 
found. 

By taking die logarithm of both members of No. 1, as 
given in the taMe under Art. 178, wfe have 

log. Z=*log. a+(n— l)log. r. 
This gives 

^ log./— log. a 

ft — 1 "T" • — 

log.r 9 



V I 
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or 



log, /-log, a 

n= jj + 1, 

log.r 



which agrees with No. 17. 

No. 5 is readily put in the following form : 

a+(r— l)$=ar\ 
Talcing the logarithm, we have 

log. [a+(r— l)*]=log.a+»log. r, , . 
from which we readily get 

log. [a+(r— 1)*]— log. a 

n== — 

log.r • 

which agrees with No. 18. 

No. 12 may take the following form t 

a(s-a) n - 1 =Z(#-Z)— 1 , 
which in logarithms is 

log, a+(fl— 1) log. (*— a)=log. Z+(n— 1) log. (s—l) f 
which gives 

nm - ■ lo g' f - lQ g' a +1, 

log. (*-a)-log. (a-/) 

which agrees with No. 19. 

Again, No 16 may be written as follows : 

r(s~l)7»- * -st*- 1 +Z==0, 
which is readily reduced to 

[rf-(r-l)i>— X «J. 
Taking the logarithms, we have 

log. \rl-~ (r— l)s]+(»— 1) log* r==log* Z. 
From this we find 

log. Z-log. [rl~(r-l)s] 



n' 



log. r 
which is the same as No. 20. 



+1, 
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GENERAL PROPERTIES OF EQUA- 
TIONS. 

4 * • 

7 

(238.) Any- number or quantity which, when substituted 
for the unknown quantity in an equation, satisfies that equa- 
tion, is called a root of that equation. 

If the general algebraic equation 

a»+A 1 ar- 1 +A2ar- 2 - - - - +A n ^ 1 x+A n ^0 (1) 
is satisfied by making x==a x , then a 2 is a root of equation (1). 
Substituting a 2 for a: in (1), we get 

af+Axa^+AtaT' 2 +A n . 1 a 1 +A n =0. (2) 

Subtracting (2) from (1), we have 



aT l )+A2{^ 2 -ar 2 )) 



(3) 



We know that each of the expressions 



x— a l3 
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is divisible by x— a 19 consequently the left-land member &f 
(3), is divisible by x—tij. 

Equation (3) does not differ from (1), since (3) was deri- 
ved from (1) by subtracting from it equation (2), which is 
equal to 0. Therefore, equation (1) is also divisible fiy x—a Vf 
hence the following property : , 

• * 

(239.) If di is a root of the general algebraic equation 
ar+A^-i+Aia*- 2 - - - - -fA-iar+A-O, 
then its left-hand member voill be divistbleby xr-ai - 
, As an example, suppose 3 is a root of the equation 

jr 8 -7a> 2 +36=0. 

Now by the above property this equation must be divisible 
be x— 3. 

Actually performing the division* we have 



s*-7s ? +36 
x i -3x 2 



%—Z divisor. 



. uc 2 — 4a:— 12 quotiest,' 

.— 4# 2 +12a; 

-12aH-9& 
• -12aH-36 


■ (240.) If we divide our general equation 

by z— a l9 we shall obtain for a quotient, a new equation of 
one degree less than equation (1), which may be represented 
as follows: V 

tf-i+B^-'+Bta*-* - - - - +B^ 2 x+B % ^ 1 ^0. (2> 

This equation must also have a root, which we will repre- 
sent by a a . Again, 4* vi dh*g (2) by x— a*, we shall obtain 
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a new equation one degree less than (2), and consequently 
two degrees less than (1). Let this new equation he repre- 
sented by 

If a 8 is a root of equation (3), We can divide it by x*~a* t 

r 

we shall thus find a new equation of three degrees less than 
equation (1). If we continue in this way, we shall, after n 
divisions, obtain an equation whose degree =0 ; therefore, 
equation (1) is composed of n factors 

#•—#11 x—a 2 ; x — #3 ; Sec. 
Hence, we have the following property : 

(241.) If a ly a 29 a 39 a n , denote the n roots of out 

general equation of the nth degree, then^ this equation will take 
the following form: 

(x—a 1 )(x*-*a 2 )(x'*- a z ) - * - - (^—aw-iK^—fl*)^- 
This equation is verified by making either of the n fac- 
tors=0 ; that is, by making x=a l9 _ or x*=a 2f or ar—a** &c., 
from which we infer, that every equation of the nth degree has 
n roots. 

(242.) It does not however follow, that all the roots a lf 
a 2 , a 3 , a A , &c., are different, since two or more of them 
may be equal, but still their number must be n since there 
are n factors. 

(246.) If all the roots a 19 a 2 , a 3 , - - - - a* are negative, 
then each factor of the. equation 

(x+a x )(x+a 2 )(x+a 9 ) (#+d n _i)(z+a w )=0, 

will be positive, Consequently each term of its equivalent 
value 

x n +A 1 x n - 1 +A 2 x n ' 2 - - - -' +A m - 1 x+A u =0 

will be positive. 

36 ' . 
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If the roots are all positive, then will the terms of 

(z— a x ){x— a 2 )(x—a 3 ) (x— a n _i)(z— a n )=0, 

when expanded, be alternately positive and negative. * 

(244.) Hence, if the terms of any equation are neither all 
positive, nor alternately positive anql negative, that equation' 
must contain both positive and negative roots* 

.. (245.) Reasoning after this manner, Des Cartes has shown. 

That every equation whose roots are possible, has as many 
changes of signs from + to — , or from -*■ to +,as there are 
positive roots ; and as many continuations of the same signs 
from + to +, or from — to — , as there are negative roots. 

■ 

(246.) If, as we have already supposed, the n roots of an 
equation of the nth degree be denoted by a l9 a 2 , a 39 - - - - a %f 
we can put the equation under the following form: 

(#— «i)(#^ a 3 ){x— a 9 )(x—ai) (a?—o n )=0. (1) 

Let us suppose a Y >a 2 ; a 2 >a 3 ; a 3 >a 4 ; and so of the 
rest. 

If a. quantity b greater than ax be substituted for x in (1), 
the result will be positive, since all the factors will then be 
positive. 

If a quantity c less than a X9 but greater than a 29 be sub- 
stituted for x, the factors will be all positive except one, and 
consequently the result will be negative. 

If a quantity 'd less than a 2 , but greater than a a , be sub- 
stituted for x, all the factors except two will be positive ; and 
since two negative factors produce a positive product, the re- 
sult must be positive. 

V 

By following out this plan of reasoning, we deduce the 
following property : 
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(247.) If two quantities be successively substituted for x in 
any equation, and give results affected with different signs, 
there' must be an odd number of roots between these quantities. 

But if the two quantities when substituted for x give results 
affected with the same signs, there must be either no root 9 or 
else an even number of roots between these quantities* 

EXAMPLES. 

1. Find the first figure of one of the roots of the equation 

x* + 1.5x*+0.3x-46=:0. 

, If we substitute 3 for x, the result will be —4.6, a negative 
quantity. If we substitute 4 for x> the result will be 43.2, a 
positive quantity. Therefore, the first figure of the root 
sought must be 3. ~ 

2. Find the first figure of one of the roots of the equation 

x 4 +3x z +2x 2 +6x-U8=0. 

Putting 2 for x, the result is —88, and putting 3 for x, we 
get 50, . • . the first figure of the root sought is 2. 

3. Find the first figurfe of one of the r6ots of the equation 

a: 3 -17^ 2 +54r-350=0. 

In this example, the two consecutive numbers between 
which there is a root, are 10 and 20, therefore, the first figure 
of the root sought is 1 in the tens' place. 

(248.) By actual multiplication, we find 
(x— a 1 )(x—a 2 )= z x 2 1 >x+a 1 a> t 

(x— #!)(#— Pa)(z— a 3 )=rr 3 — a 2 ># +a 1 a 3 >x— a 1 a z a 99 



'39 



— a 3 i +a 2 a 3 
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—a 



(*— a x )(x— a 2 )(x— a 9 )(x^a A )=x* 2 




— a< 
-t-a 2 a 3 f — 'a 1 « 3 a 4 

&C M &C. 

By carefully examining the above results, we discover the 
following properties : 

(249.) The coefficient of x in the first term is always 1. 

The coefficient of the second term is the sum of all the roots 
with their signs changed. ' } 

The coefficient of the third term is the sum of all the. pro- 
ducts of the roots taken two and two. 

The coefficient of the fourth term is the sum of all the pro- 
ducts of the roots with their signs changed, taken three and 
three. 

And so on for the succeeding terms, until we reach the last 
term which is independent of x, and is equal to the continued 
product of ail the roots, with their signs changed. 

(250.) The general form of an imaginary or impossible 
root of an equation is a+ V—b. 

The only factor which will render a+ 1/ — b rational is 

We have just seen, that the last term of our general equa- 
tion 



I » 
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of+Axx^+AzX^ 2 - - - - - A n _ 1 x+A n =X) y 
is composed of the continued product of all its roots. 

Hence, if a+ V—b is a root of this equation, then also 

will a— V— b be a root. 

— . — • , 

In the same way, if a'+ V —b' is a root, then will a'— V —b' 

be a root, and so for other imaginary roots. From this we 

infer the following properties : 

(251.) Every equation has an even number of impossible 
roots, or else none at all. 

An equation of an even degree may have all its roots impos- 
sible; but if they~are not all impossible, two of them at least 
are possible* 

If all the roots of an equation are impossible, then whatever 
values are substituted for x in that equation, the results mH 
always Se affected with, the same signs. 

An equation of an odd degree has at least one real root. 

(252.) If we divide both members of the identical equa- 
tion 

(z—a 1 ){x—a 2 )(x—a 3 ) - .- - - (#— a n ) S 

by $", we shall obtain 



A . 4 



1+— + 



x 



x' 



^ n_1 x n 



Taking the logarithms of both members, we find 
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log.) l+± 






3*' 



+i»a-s) 



■ 

log.(l-f) 



? XA) 



If we actually take tbe logarithm of the left-hand mem- 
ber of (A), by formula (C) % Art. 220, where 

A 



— H — r - - - - +TS^i+3 



a*: 



is put for n, we shall obtain 



x 






+A, 
1 
2 




By taking the logarithms of the terms of the right-hand 
member of (A), we get 

1 
— (a 1 +a 2 +a s o»)- 



1 1 

-l(af+a!+o! - - - - aj)^ 
—j(a\+a%+a% - - - - a^)^r 



(C) 



T x 



&c., 



&c. 



I 
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. By equating the coefficients of. the like powers of x, in 
(B) and (C), (Art. 183,) we find the following interesting pro- 
perties : . 

ai+<*2+#8 " *• - - a- n — — A\ 
af+al+al - - - - al=A\-2A, 
al+al+a 3 3 - - - - a^-Al+dAiAtSA, 

aJ+«2+a| <= ' K ' 

Ai-iAlA 3 +iA 1 A»+2Al-4:Ai 

&c, &c. 

(253.) These relations make known the sum of the roth 
powers of all the roots of an equation in terms of its coeffi- 
cients. 

(254.) If we suppose the general equation is deprived of 
its second term, or which amounts to the same thing, if we 
suppose ^1 1 =0, the above results of (D) will become 

a x +a 2 +a 3 a n =0 

al+al+a* al = -2A 2 

al+al+al /- - - u^-SA B j y (E) 

<*!+«2+<*3 -: <=sUi-444 

&c., . &c. 



TRANSFORMATIONS OF EQUATIONS. 

(255.) We will resume oar general equation 
3r+A 1 ar- 1 +A 7 af- 2 +A^ l x+A n ^0. (1) 

If in this equation we suppose x=-u+xf, u being a new 

unknown quantity, and x' an Indeterminate quantity, we shall 

have 

(u+rfy+A^u+xf^+Aiiu+o?)*-* ) 

s , A n ^ 1 (u+xf)+A n ^0 f f W 



2SS GENERAL PROPERTIES OF EQUATIONS. 

which, when expanded by the Binomial Theorem, becomes 
a"+»j^ ) «— 1 

+(»-l)ilia/, * 
+ A a 

Now, since xf is wholly arbitrary, we are able to give it 
such a value as to satisfy this condition nx'+<4 i =0 ; which 

is done by making r / =— — • 

This value of a/ substituted in (3) will give an equation of 
the following form : ' 

u*+B 2 u*- 2 +B 3 u*~* - - - - B^ x u+B m =0, (4) 

which is deprived of its second term. 

(256.) Hence, to cause the second term of an equation to 
disappear, toe must replace the unknown by a Hew unknown 
augmented by the coefficient of the second term with its sign 
changed, and divided by the number denoting the degree of the 
equation. 

- EXAMPLES. 

1. Transform the quadratic equation 

x 2 +A x x+A 2 tB0, 
into a new equation wanting its second terra. 

Assume x=*u — g- ? and it will become 
this, when reduced, becomes 
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U 2 



or, by transposing, 

•"1 fA\ 



« a 



vr ij - 



and a:— a — — =* — g-± 

' . - 

The same result as was obtained by the direct soluttoa of 
the. above equation under Art. 151* 

2. Transform the cubic equation 

into a new equation wanting its second term. 
Assuming x=^m — r-, we get 

which, when expanded and reduced, gives 

u 9 +B a u+B 9 =0, 

where 2» a = B — <j-+4a> 

We might proceed in this way for the transformation of 
equations of higher degrees, but its' easy to see that this me- 
thod would be very lengthy and complicated for such equa- 
tions, we shall therefore seek some law by which these trans- 
formations can be made with less labor. 

(257.) If in the general equation 

37 * 



-\ 



890 
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we substitute xf+u for x, and imitate the operations of Art. 
255, we shall have 



x" 



+A 2 tf*- 2 



+nx fn ~ 1 
+(n-l)A 1 x ,n ~ 2 



?/ 



+A n , 1 ^ 
+4. 



+4.-1 



»-l 



+n.-r-x'*-" 2 



tn-9 



n—2 
n— 3 



=0. 



u 2 + +u* 



If, in the above transformation, we put X' for the coeffi- 
cient of w , or which is the same thing for the terms inde- 
pendent of «. Also, put X" for the coefficient of u, and 

X" 1 > X! m 

~rr for the coefficient oft* 2 , -^rrr for the coefficient of u* y 



2.3, 



and so on, we shall have 



X=:af+A 1 af i - 1 +A 2 af" 3 A n ^ 1 x+A n9 

X'^a^+A^^+Azx"*- 2 - - -- A^aS+A,* 

X'"'=n(n-l)x fn - 2 + (n-l){n-2)A 1 x'*-*+ 

X>"'=ti(n-l)(n-2)x" t - a +(n-l)(n-2)(n-S)A 1 ^"'* - - - 

&c., &c. 
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If we examine the above expressions, we thall discover 
the following law : > 

X is derived from the general equation X, by simply chang- 
ing x into a/. 

X I is derived from X by multiplying each of the terms of 
X by the exponent of of in that term, and diminishing this ex- 
ponent by a unit. 

X!" is derived fronk X* in the sdme manner as X' was deri- 
ved from X*. 

And in general, a coefficient of any rank, in the above trans- 
formed equation, is formed by means of the preceding, by mul- 
tiplying each term of the preceding by its exponent, and divi- 
ding the product by the number of coefficients tahich precedes 
the term sought, and diminishing the exponent by a unit. 

i . • v 

(258.) The polynomial -X^is called the^rstf derived poly- 
nomial of X. 

The polynomial of X" is called the second derived polyno- 
mial of -X' and so on for the succeeding polynomials. 

(259.) We will add a few examples to illustrate the above 
law. 

1. Transform the equation 

s 4 -12a; s +17z 2 -9#+7=G, , 
into an Equation wanting is second term. . / 

By Art. 256, we must substitute u+-r=?u+'B or 3+u for 

4: • 

x, this transformed by Art. 257, will be of this form 

X 11 X ,u 

x'+x" u + _„»+_- : u »+u*=o. 

Now, by the above law, we find 
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. JP=(3) 4 -12(3)*+17(3) a -9(3) 1 +7=-110, 
X"=4(3) 3 -36(3) a +34(3) 1 -9 =-128, 

XI" > 

— -=6(3)»-36(3) I +17 =- 37, 

JC"" 

^3=4(3) 1 -i2 =0, 

* » 

Hetice, our transformed Equation is 

* 4 -87a 1 -lS3tt-*110**0. 

2. Transform 

X s - 10s 4 +7x* +4s-9=0, 

into a new equation wanting its second term. 

Proceeding as above, we find 

X'=(2)»-10(2) 4 +7(2) a +4(2) 1 -9*- 73, 

X"=6(2) 4 -40(2)1 +21(2) a +4 =-162, 

X!" 

-Z =10(2)»-60(2) a +21(2) 1 =-118, 

g I g-=10(2) a -40(2) 1 +7 / =- 33, 

^=6(2)^-10 , = 0. 

Hence, our transformed equation is 

u* -38z* 8 -118tt 2 -152tt~73=0. 

3. Transform 

3z 3 +15s 2 +2&r--3=(), 

into an equation wanting its second term. 

•- Dividing each term by 3, in order to make it agree with 

the general equation, vie get 

25 
x*+5x 2 +-£ a;-l=0. 



»v 
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Now, in order to make the second term disappear, we 

5 
must, by Art 256, substitute — „+« for x. 

Hence, 

« '. 6\ * , 5\ a 25 , 5\ 152 



*»=3(--) +io(--) 

= 3 <-3J 
Hence, the transformed sought is 



25 



JS7 /; 



3 ^ 9 n 

In this example, the third term vanished at the same time 
as die second. 

4. Transform 

4r'-5x !, +7a;-9=0, 

into a new equation of which the roots shall exceed by a unit 
ea,ch of the corresponding roots of the given equation. 

We must assume u=x+l orx=«— 1, which gives 

rss^-lJ'-S^-l) 2 ^-!) 1 -9=^25, 

x'^wi-iy-ioi-iy+i , =29, 

=12(-l) 1 -6 *=~17, 



2 



=4. 



2.3 

Hence, the transformed equation is 

4:U*-17u 2 +29^-25=0. 
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(260.) The derived polynomials possess some remarkable 
properties, which we will develop. 

Let Xj or 

a»+A 1 a*- 1 +A 2 a*- 2 + +A_ 1 x+A 9 =0 9 (1) 

have Oi, a 2 , a 3f tf«-u « n t f° r its n roots, we shall 

then have by Art. , the identical equation 

aM-Ax"- 1 * +A n _ lX +A n =) 

{x—a 1 )(x—a 2 ) (x—Q>*-\){x— a n ). ) * ' 

In (2) change x into #+%, and it will become 

(X+UY+A^X+U)*- 1 A n - 1 {x+u) + A n = > , 

\u+(x— a 1 )'][u+(x— a 2 )] - - - - [u+(x— a w )]. $ 
The left-hand member of (3)> by Art. 257, is 

X+X'u+^u* + ----«". (4) 

If we should actually perform the multiplication of the fac- 
tors of the right-hand member, we should find, by paying 
attention to the properties under Art. 249, that the part inde- 
pendent of u is equal to 

i 

* t t 

(x"a 1 )(x—a 2 )(x—a 3 ) (#— <Vi X^ - ^). (5) 

The coefficient of u 2 will equal the sum of the products 

of all the terms x— a^ x—a 29 x— a 3 , taken tt— 1 

by »— 1. / 

B 

The coefficient of u z will equal the sum of the products 
of the same terms taken w—2 by n— 2, and so on. 

Hence, by equating the coefficients of the like powers of 
u } in the two members of (3), we have 



• 



> 



/* 



r 



GENERAL PROPERTIES OF EQUATIONS- 295 



X=(z— a^ix— a 2 ){x-a z ) ----- - (x-+- tf n _i)(x— cr n ) 



x'=-^-+-4-^+ ~+ - - *'- x 



x—a*\ Xi-a,2 x~a 3 x~-a n 

X»^__ iL- | ^_ |- . . 

(x— a{) (x— d 2 ) (x— a\)(x— a 3 ) 

1 x 



(x—a^^x—a^ 
&c. . &c. 




EQUATIONS HAVING EQUAL ROOTS. 

(261.) Let X denote the first member of the equation 
af+A^-i+AiX*- 2 - - - -, +A % - 1 x+A n =0, (1) 
and suppose m factors equal to x—a, m! factors equal to 
x— b t m" factors equal to x~c 9 &c., also, that it contains the 
simple factors x— p, x— g, x-^r, Sec, then we shall have 

X=( x -a)4x-br(x~cr----- i 

(x-$(x-q){x-r) =0. S w 

Calling X the first derived of X, we shall by (A), Art* 260, 
have 

v mX mfX m"X XX X 

J'= + — r+—+ + + +---3) 

x— a x—o x—c x—p x—q x—r 

Hence, the greatest common divisor of X and X 1 Is 

D^ix-ay-^x-by-i'lx-c) 1 *"- 1 . (4) 

(262.) From this we conclude, that when the equation 
JT=0 has no equal roots, then the polynomials have no com** 
raon measure. 

(263.) it* the greatest common divisor D, equation (4), is 
of tjie first degree and equal to x— A=0, we conclude that 
equation X=*0 has two r6ots equal to h. And in general, if 
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it is of the form {x— A)*— 0, then the equation has n+1 roots 
equal to h. 

When it is of the form x 2 +A 1 x+A 2 ~0 9 we must find 
the two values of x by quadratics, which we will suppose to 
be k and £', so that the equation will have two roots =k and 
two more =*tf. 

examples. 

1. Has the equation 

2x 4 -l&c'+lfcr* -6s+9:=0 
any equal roots, and if so, what ape they ? 

X=2x 4 - 12x 3 + 19s 2 -6s+9, 

X'=8x 3 -36x 2 +39x -6. 

Now, by the method of Art. 52, we find the greatest 
common measure of X and R to be 

D=x-3. 

Therefore, the above equation has two roots equal to 3. 

Dividing its first member by 

(x—$) 2 =x-6x+9, 
we find 



2x A - 12s 8 + 19z a -6x+ 9 
2a; 4 -12s 3 +18x 2 



x 2 — Gx+9. 



2z*+X 



x 2 — 6x+9 
x*—6x+9 





The two robts of 2;r a + l=0 are #=± V— y. 
Hence, the four roots of the above equation are 

3, 3, +V^T, -V"^i. 

2. Find the equal roots of 

<c s -2x* + 3# 3 -7x 2 +8z-3=0, 
if it has any. 
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X=x* -2Sr 4 +3a: s -7x a +8x-3 t 

' ' X'=5x*^8x 3 +9x 2 ^liit;+8, 

Seeking the greatest common divisor of X and JF, we find 

V^x 2 -2x+l=(x-l)', 

hence, there are 3 roots equal to* 1. 

If we divide the value of Xby . 

{x-l)*=x*-3x 2 +3x-*l, 

we shall obtain the quotient x 2 +x+3. 

The two roots of # 2 +aH-3=0 are a=^j--J.±'-JV— 11, 
hence the five roots of • * 

* 8 -2x* +3a: s -7«? a +8a:-8«0, 

are 1, 1, 1, -i+ii/ :z il, -fr-i^ll. 

■ • 

3. Find the roots of • *" 

x 1 +5x*+Gx s -6x A -15x*-3x 2 +8x.+4:^0* 

Proceeding as in the last example, we find 

X=z 7 +§x 6 +6x 6 -6x 4 - 15s* -3£ 2 +&M-4, 

Jt =7z?-h8ar 5 +30a>* -24i 8 -45s a -6s+8, 

P=x 4 +3£ 8 +s 2 -3a;--2. 

Now, since the greatest common divisor 2>, surpasses the 
second degree, we can not immediately resolve it* 
, If we apply the same process to 2?, as we have done to -X,* 
we shall. find 

D= x * +$x* +x 2 -3s-&, 

D'=±x*+9x 2 +2x-S=6rat derived of 2), 

Z>"=aH- l=greatesi common divisor of D and IP. 

Hence, D has two roots equal- to —1. Dividing it by 

f - {x+l) 2 =x 2 +2x+l, 

we obtain the quotient x 2 +x—2, 

which equated to zero, gives x=l, or #=— 2. 

38 • 
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Therefore, D=*{x+l) 2 (x-l){x+2) 9 

and consequently, X— (#+l) 3 (a;— l) 2 {x+2) 2 9 

and the equation has three roots =— 1 ; two roots =1 ; and 
two roote = —2. 

RECURRING EQUATIONS, 

(264.) A recurring equation is one which remains the 

same when - is substituted for x. 
x 

All recurring equations are of this form : • 

^+A 1 ^- 1 +A 2 3f i ' 2 +A 2 x 2 +AiX+l*=0 f (1) 

where the coefficients *of the terms equidistant from the ex- 
tremes are equal, because, if for x we substitute -, the above 

' x 

equation Will become - 

5T+^+-ct ,+— + 1=0, (2) 

sr g* •* x n * xx x ' 

which, when cleared of fractions by multiplying by z*, be- 
comes • . ^ 

l+A x x+A 2 x 2 + - - — +A 2 ?- 2 +A 1 3»- 1 +Qf =0, (3) 

which is just the same as equation (1), only the terms are 
taken in a retrerse order. 

From the above definition of a recurring equation, we 

know, that if a x is one of the toots, then will — also be a 

root of this equation. , 

Hence, recurring equation* are sometimes called recipro- 
cal equations* , f 

(265.) A recurring equation of an odd degree can in gene- 
ral be represented by 
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* * • 

1 r ■ 

xi^^A^lzAiX 2 *- 1 ^ - — - ±A,x 2 :±AiX±l=>0. (4) 

Now, if the corresponding coefficients have the same sign, 
<c=—l w ill satisfy (4), but if the corresponding coefficients 
have contrary signs, then x~l will satisfy (4) f 

(266.) Hence, -*-l or +1 w always one root of a recurring 
, series of an odd degree, consequently, by Art. 239 we know ' 
that a recurring, equation of an odd degree is divisible by x+1 
or by x—1 ; and the quotient will be a retiming equation $f 

. one degree lower, and consequently of an even degree* 

-> 

(267.) The general form of a recurring equation of an 
even degree is 

x in +A 1 x 2n - 1 +A 2 x 7 r 2 + — "+ A 2^+^iX+1^0. (5) 

V 

I 

" This divided by* a?, becomes 

A A '1 

a*+A l3 *- 1 +A 2 x«- 2 + --- +^h+^x+ -=0, (6) 

which becomes, by bringing the terms of equal coefficients 
together, 

^+|+^(^- 1 +^)+^ 2 (^- 2 +^)+&c.^ (7) 

1\ , 1\ 
If we expand (&+-z\ x(aH — J, we shall obtain this idea- 

tical equation, ' > 

By transposing, we have 

^ 1 +^ I =(^+|,),-(^+^), ,(9) 

X 
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J£ in formula (9) we suppose successsively 

»=l f 2, 3,4, 5, ; 

we shall find 

* a +^*+i)*-(* 4)-'-2 



(A) 



These values of a:+- ; x 2 A — 5 ; # S H — 5 5 ^^ ™ terms 

a; x a? 

pf 0, being substituted in the general recurring equation of 

an even degree, after it is reduced to the form of (9), will 

give an equation in terms of z of but half that degree. 

(26,8.) From Art. 265, wekriow that a recurring equation of 
the degred 2ra+l, can be immediately reduced to a recurring 
equation of the degree 2n 9 by dividing by x+1 or a;— 1. 
Consequently a recurring equation of the degree 2»+l can 
be reduced to a recurring equation of the nth degree. 

Suppose, for example, we wish to fi&d the five roots of the 
recurring equation 

x*-llx A + l r 7.x*+l'7x 2 -Llx+l=rO^ (1) 

Since this is a recurring equation of an odd degree, and 
the corresponding CQefficients have the same sign, it follows 
fry Art. 265, that one of its roots is —1. Dividing this 
equation by a:+'l, we obtain for a quotient this new recurring 
equation of the fourth degree. 

x A -l2x*+29x 2 -12x+l=rO. (2) 
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Dividing this by x 2 , and reducing the result to the form 
of (9), Art. 267, we have 



1 1\ 

x x] 



-1+29=0. 



■ * 



(3) 



Substituting, in (3), for ar'^-^, x+-> their values in 

terms of z, as given by group (A), Art. 267, we obtain 

z 2 -2-12z+29=0, (4) 

or z i -12s+27=0. (5) 

Equation (5), solved by- the usual rule for quadratics, 
gives 



z=9 or 2=3. 
Taking the first value of z 9 we have 

; J 

?=#+ -=9 or x 2 — 9ar== — 1/ 
Solving (7) by quadratics, we find . 

Taking the second value of z 9 we have 

af=o;4—= = 3 or x 2 — 3#=— 1. 
a: 



(6) 



(7) 



(8) 



(*) 



EqpatioQ (9) gives 



3 1 



(10) 



Therefore the five roots of the proposed equation are 
, 9+ V77 9-V77 3+V5 3+^5 

lf 2 ' 2 ' — 2~~ ' 2 # ' 

If the numerator and denominator of the third root be each 
multiplied by 9+ V77, and the numerator and denominator 
of the fifth root be each multiplied by 3+ -t/5, the roots will 
assume the following form : 



r 



S02 
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-1, 



. 9+-Z77 



3+V5 



2. ' 9+V77' 2 * 3+V5' 

which shows' that the third root is the reciprocal of the second, 
and the fifth is the reciprocal of the. fourth. 



BINOMIAL EQUATIONS 

(269.) Binomial equations are of this form: 

y n ±a n =0 ; 

» 

in which, if we substitute -ux for y, and divide the result by 

a n , we shall obtain 

s»dbl=0, 

for the general form of binomial equations. 

(270.) If » is even, the equation V,+1==0, or a?=— 1, 

gives for x the impossible expression V ~""1> hence all the 
roots are imaginary. But the equation #*— 1=0, or #*=1, 
gives x= n y/ 1=+1 or —1, so that the equation has two real 
foots, and ti—2 imaginary roots. 

(271.) If n is odd, the equation a?+l=0 9 or #*=— 1, 

gives #= ^ — 1=2=— 1, so that there is one real root and n— 1 
imaginary root. But the equation #* — 1=0, or af =1,, gives 
£=V 1=1, so that, as before, we have one real root and w— 1 
imaginary roots. - \ 4 

(272.) If a is one of the imaginary roots of the binomistl 
equation 

s*=*l, (1) 

we must have a*=l, . - (2) 



/Consequently, ' 


a a " ; =l 2 =l, 


(3) 


V 


3n ==1 3_ 1 

v. 7 


(4) 


. 


a 4»- =1 4_ 1) 


(5) 
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Hence, if a is one of the imaginary roots of ifie equation 
of =1, then any power of a will also be an imaginary root. 

From this it follows, that the roots af==l, may be repre- 
sented under an infinite variety of forms, each term in the 
following series being a root. 

1, a, a 2 , a 3 , a*** 1 

a m , a"* 1 , a"* 2 ------ a 2 "" 1 

a 2n , a 2 ** 1 , a 2 ** 2 .--- a 3 *- 1 > (A). 

(273.) When n is a prime number, the roots of the equa- 
tion of — 1, are all contained in either of the expressions (A), 
for in «ach of these series of roots all the n terms will be 
different. But when n is a composite number, the /oots of 
the equation are not all contained in either of the series (A)> 
for some of them will be the same root under different forms, 
for suppose #==pXy, and let q>p, then the first series of (A)- 
is the same as 

1 , a, a 2 , a 3 - - - - aT , a*+ x , a*+ 2 , - - - - d* , a? * , a«"'. 

Now, since 

a^=l, d?=y 1=1; also o*=Vl=»l; 

therefore the terms 1, a v > and a*, are each equal to 1, and 
consequently, each must be the same root under, different 

forma. 

• 

(274.) Suppose we have 2^=1, where p=a prime* If 
we put a^=y ; then i/ p =l. 

Now, suppose 6 is a root of y*=l, it will follow from AjrL 
272, that the p roots of / =1 will be denoted by 

l 9 b % b\b\ •-:---.ir-i. 

Hence,: by substitution, we have \ .. 
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*»-y= 



x'- 1=0 
af-J=rO 

x*—b 3 =0 



af-^^O 



(1) 
(2) 
(3) 



(P) 



(B) 



. The p roots of the first equation of — 1==0, have already 
be found to be 

1, M 2 , &?,----- A*-* r 

If we make a;=z V ^> the second equation of (B) will lie- 
come . 

a?— &=(^-l)XJ==0; 

therefore the roots of a? — i=0, are equal t& the roots of 
^—l-=^0 multiplied by V*' 
Hence the p roots of (2) are 

V6, btyb,b 2 tyb, 6"- 1 yb. 

Again, if we make x=*zy J 2 , the third equation wiH be- 
come 

• * 

therefore the roots of a?— ft 2 =0 are equal to the roots of 
a?— 15=0 multiplied by yb 2 . 

Hence the p roots of (3) are 

V* 2 , J V&S * 2 V& 2 . - - - - i"-* V6 3 . 
Proceeding in this way may find the following for the pp 
roots of * W >=1. 

1, *, 6", ft*-* 

V&> btyh b* V*»- - - - &"" 1 V& 
V6 a i 6 V^ 2 > * 2 V*. 8 '.- ft" -1 . V* 2 



(C) 



V^ 1 . 6 V&T 1 .. b* V**" 1 , - - - &* -1 V4 ,, ~ ,l 
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(276.) Again, suppose we have z**— 1=0, where p and q 
are both primes* 

If we puta?=y, we shall have .y*— 1=0. 

Let the q roots of this equation be 

1, a, a 2 , a 3 , ------ a*" 1 , ' 

or which, by Art, 972, is the same, 

1, tf, a 2 ', a 3 * ... afr 1 *,- 

then by substitution, we find 

!a?-l=0 (1) 

a*-a*=0 (?) 

*7**7°. ( . 3> ^ ^> 

jf-afr-^ss.O : (?) 

We will denote the values of a; in a?— 1=0, by 

1, ft, i 2 , J 8 , if- 1 . 

If we make ar=a;z, equation (2), of (P), will become 

therefore the roots of of — #P=0, are equal io the roots of 
2*— 1=0 multiplied by a. And in a similar way we disco- 
ver that the foots of x p ~ a 2 *=0, are equal to the tools of 
of — 1=0 multiplied by a 2 , and 00 for the other equations' 
of (D). 

Hence, the pq roots of a**— 1=0, are 

1, K A 2 ,; b* IT* 

a, aby oft 2 , oi 3 , - - - - ^J*"" 1 
.a 2 , a 2 6, a 2 * 2 , a 2 * 3 , - - - - a 2 ^ 1 . _,. 

a*" 1 , a*- x 6, a*- 1 * 2 , a*" 1 * 3 ,. a*" 1 ^" 1 

As a particular case, suppose we wish the 15 roots of the 
equation x ls — 1=0, or a; 3 * 5 — 1=0. 

39 



i 



306 GENERAL PROPERTIES OF EQUATIONS. 

In this case p=3, and q=5 ; we mast therefore seek the 
roots of z 3 — 1=0, and a 5 — 1=0. 

We know, by Art. 271, that x=l will satisfy each of the 
above equations, hence they are by Art. 239, both divisible 
by x— 1. If we effect the division, we shall have 

x 2 +x+l=0, and x A +x* +fc 2 +a;+ 1=^0, 

for the results, the first of these, x 2 +ar+l=0, being solved 
by quadratics, gives 

x=— i+i V~S or s=— i— i V 11 ^. 

The other equation, x A +x* +x 2 +£+1=0, is a recurring 
equation. Dividing it by a? 2 , wte have 

s 2 +s+l+-+i=0, 
x x d 

or which is the same thing, 
- Substituting for x 2 +-y, and a?+- , their values in. terms 

3/ X 

of *, Art* 267, we find 

* 2 +z-l=0. 

This solved by quadratics, gives 

*=-£+3V5 or *=-i-i V5. 

Taking the first value of z 7 we have 

3=s+-=^i+-iV5 orx 2 -{$V5-l)x=-l. 
which, solved by quadratics, gives 



^=l[V5-l+V-10-2V5], 

or ^=i[v f 5-l~V~10-2V5]. 

Taking the second value of z, we have 

1 
*=*+-= -i-iV5 orz 3 + (iV5+i)*=-l, 
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which, solved by quadratics, gives . 

a:=-i[V5+l-V-10+2-/5], 
or x=-MV5+l+V-10+2V5]. 

In this case we have for the three roots of a: 8 — 1=0, the 

following: 

1=1, . 

We have for the five roots of z* —1=0, the following ; 

1=1, . ' . 

a=\[V5-l+V-W-2V5), 

a 3 =-i[V5+l-V-10+2-/5], 

a*=-i[-/6+l+ V-10+2 V5], 

a*= #V6~1-V-10-2V6}. 

Consequently the fifteen roots of x li — 1=0, «re 

1=1 ■ • '- ' 

a= i[VS-l+V-10-2V6], . . • 

a*=— }[V5+1-V— 10+2V6], 
<»»=-£[ V6+1+V-10+2V5], • 
a«=x J[v'6-1-V-10-2V'5] < 
6=-i[l-V^, _ •■ 

fta=-l[l- V-3] x [ V5-1+ V-IO-WB], 
fo a = i[l- V"^3]x[V5+l- v'-10+2V5], , 
&** = i[l-V r ^3]x[V5+l+v'-10+2"v 7 6if, 
8a 4 =-£[l- V :I S] X [ V5-1- V-10-2V5], 

*^=-£[l+/ = 3]x[/6-l+y-10-2-/5], 
ft 3 a»= i[l+V-3]x[V5+l-V-10+2V5], 
iV= i[l+y ::i 3]x[y'5+H-v'-10,+2V5], 
JV = -i[l+ /Sixty's-!- V-10-2V6], 
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For a complete and full discussion of the Binomial Equa- 
tion :r*— 1=0, when n is a prime, the reader is referred to 
the 5th part, Vol. II, of Legend™ 1 s Theorie des Nombres, 3d 
edition, where he will find collected and demonstrated the 
many beautiful theorems on this subject, which were first 
published by M. Gauss in his Disquisition** Arithmeticae. 

(276.) Before closing this subject, it may not be amiss to 
apprise the student that the solution of binomial equations are 
most readily found by the aid of Trigonometrical formula* 

GENERAL SOLUTION OF AN EQUATION OF THE THIRD 

DEGREE . 

(277.) We have seen, Art. 256, that an equation of the 
third degree may be put under this form : 

z*+A x x+A3=zO. (1) . 

If we assume x=y+z, (2) 

we shall find x*=(y+z)**=y*+**+3yzty+z) 

=*y*+z*+3yz.x, 

- ./. «■— 3yz.x— y § — ■ z*=0. (3) 

If we equate the coefficients of (3) with thee? of (1), We shall 

find -4i=— 3yz t (4) 

* .4,= -?'-*», (5) 

Which give yz= — , (6) 

* 

. y*+g* = -A a . . (7) 

Cubing (6), we obtain 

***'=- 27' < 8 ) 

Squaring (7), we get y*+2y'z 9 +z*—Al. (9) 

Subtracting four times (8) from (9), and we have 
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Extracting the square root of (10), we find 



(ip) 



y 



-z>±\/. 



AI+ 



AA\ 
27 



(11) 



By adding and subtracting half of (11) to and from the half 
of (7), we find 

A, 



3f- 



2 
A, 



v/ 



A\ A\ 
4 + 27' 



IAl.A\ 
VI + 27' 



(12) 



<13) 



Hence, 
4 



+ vr + 275 + i-~vt + w\ < A > 



If we assume. 






(M) 



^2 , -4? *' 



27 S 



The above yalue of x vill become . 

*=*»»+»• . {16) ■ 

Now, to obtain the other two roots, we will depress .the 
equation 

by dividing it by z— (m+n). See Art 239. ' f 



- \ 
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z*+AiX+A 2 
a; 3 — (m+n)x 2 



OPERATION. 
X— (m+n) 



x 2 +(m+n)x+(m+n) 2 +A l . 



(m+n)x 2 +A\X 
(m+n)x*—(m+n) 2 x 

[(m+n) 2 +A 1 ']x+A2 

[(m+n) 2 + A{\x— (m+n) 9 — (m+n)A x 

(m+n) 9 +(m+n)Ai+A 2 - 

As it regards this remainder, we see that since m+n is a 
root of equation (1), it will be satisfied by substituting m+n 
for x y making this substitution in (1), we find 

(m+n) 9 +(m+n)A 1 +A 2 ^0 9 
which proves ofir remainder to. vanish. 

Hence, the true value of the depressed equation is 

x 2 +(m+n)x+(m+n) 2 +A 1 =0. (16) 

This, solved b y quadratics, gives 



x- 



(m+n)± V -3(m+n)? -4^ 



(17) 



2 

So that equations (16) and (17) give the three roots of 
equation (1). 

The two roots contained in (17) may be found from (15) 
as follows : Comparing equation (14) with (12) and (13), 
we find y s =» 3 , z*=n* t therefore, by Art. 272, we have 

y=*» } 2— n 

y=*am £ and z=an 
y=a 2 m \ z=a 2 n 

When 1, a, a 3 , are the thrqe cube roots of 1, that is 
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See example under Art;. 275. 

The only way in wich we can combine the above six va- 
lues of y and z> so that at the same time their product shall 

A t ' 

equal — ^-, equation (6), is as follows : 

x=m+», giving the root of equation (15)," ^ 

3 2 i c giving the roots of equation (17), £ I 18 ) 

* The roots given by (17) may be simplified as follows : 

Since y=m and z=ra, we have y2=»w. Comparing this- 
with (6), we find A 1 =—3mn 9 this value of A l9 substituted in 
(17), gives 

7n,-\-n tn — n . 

Ln m\ > < 19 > 

tn-rn tfi — n 

*=— r-~T v - 3 > 

Collecting in .one point of view the roots of the equation 
x 3 +A 1 x+A 2 :=t 0> we have 

x—m+n 

tn^ti tn — u 



i 

w+tt tn — n 



x=-^ 2-V-3 




where tn and n ;are given by equations (14). 

We will now see what conditions must be fulfilled, in or- 
der that one or all of the roots are real. 
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CASE I. 



In this case the rallies of m and* are real, and each equal 




-V 



2 



-V4-- 



(i) 



(2) 



(3) 



(F) 



CASE II. 



* 



In this case the values of m and n are both real and une- 
qual. Hence, the first root as given by equation (B) » '"U * 
whilst the other two are imaginary. 

CASE III. 



Wk » (t)'+(t)'<* 



AM * . 

In this case, since I— J is positive lor all values of A 39 

its follows that A i <0. This is called the irredncibk cap, 
since m and n are both imaginary. 
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Nevertheless, we can prove, that in this irreducible case, 
all the rdots are real. For, 



f 

Then we shall btve 



(C) 



^(^—jv^Tr 



(C) 



See questions 13 and 14, Art* 188, which gft£ the ex- 
panded form of rh and n as follows : 

r 

1 



• 



(j>-?V-l)»= 

J»*-5P W-l+jjp V+£g^ W-l-k 
Therefore, we find 

HSenccr, the three values of x as given by (B) r become 

40 
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■+55P-V-*c 



x=2$p 3 



#= 



where the values of p and j are given by (C). 

And since p and q are real quantities, it follows that the 
three roots as given by (B") are real. 

GENERAL SOLUTION OF AN EQUATION OF THE FOURTH 

DEGREE. 

(278.) Let the equation of the fourth degree be put under 
this form: 

x A +A ia ;*+A 2 x+As=0. (1) 

If we assume x*=y+z+n, (2) • 

we shall find x 2 =y 2 +z 2 +u 2 +2{yz+yu+zv) 9 

or x 2 — {y 2 +z 2 +u 2 )~2(yz+yu+zu). •. (3) 

By squaring ^3), we find 

x*-2{y 2 +z 2 +u 2 )x 2 +{y 2 +z 2 +u 2 ) 2 = { (a\ 

4ty 2 z 2 +y 2 u 2 +z 2 u 2 )+8yzu{y+z+u). ) 

Replacing y+z+u by x, in (4), and transposing, we find 

x A -2(y 2 +z 2 +u 2 )x 2 -8yzu.x > 

,My 3 +z 2 +u*) 2 ~ty 2 z 2 +y 2 v 2 +z*u 2 ) p^ w 

Now, in order that (5) and (1) may become identical, we 
must have 



\ 
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4i=-2(y a +2 a +tt a ), 

A a =-8yzu, ' J- (A) 

4 8 =^»+ z a+ w a)»-4(yV , +y 3 « a +2 3 tt 8 ). 

From these conditions we. immediately deduce ' 

\ 

r 

A2 A A 

yV+yV+sV-^^, > (B) 

>* 2 

y z u =64- 

Now, by Art. 249, we know that die suqi of the three 
roots of a cubic equation with their signs changed is equal to 
the coefficient of the second term of that equation ; and the 
sum of their products taken two and two, is equal to the co- 
efficient of the third term ; also the continued product of the 
three roots is equal to the absolute term. 

Hence, the values of y*, z 2 and « 2 , will correspond with 
the three roots of this equation : - . , 

?+-£.?+ 16 ^-64=0. (<5) 

If we suppose ?J=t, equation (6) will become 

3*+2A 1 8 2 +(Al-4A3)s-Al=0. 

If we denote the three roots of this equation, as found un- 
der Art. 277, by *', *", *"', we shall have 

z=±*V*" \ (C) . 

Now, in order to find x, a root of (1), we must add the 
values of y> *> and «, observing that their signs are so taken 
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that d*eir continued product may be affected with a contrary 
sign with A 2 > sp as to satisfy the second condition of (A). 



CASE I. 

WhmA 2 <0. 
The fojyr values will be as follows : 



(D) 



P') 



Ml 



CASE II. 

Whm42>Q- 
Tine fouc rallies will be as follows : . 

The method of solving a cubic equation as given under 
Art. 27$> is generally supposed to hay? originated with Car- 
dan, an Italian analyst of the 16th centaury ; it is therefore 
frequently referred to as Cardan's Method. Montucla, in 
his Histoire des Mathematiques, seems to have proved that 
it was also c&scovered about the same time, independently of 
each other, by Scipio Ferreus and Nicolas Tartalea. 

The above method for equations of the fourth degree, 
which is a close imitation of the ipethod for cubic equations, 
was first given by Eider, a distinguished French analyst. 

As yet,, analysts have not been able to obtaia th* general 
9okaJ^.U>.eqiiatk>ns beyoad the fourth degree. 
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/ 



Sturm's theorem. 



* 



(279.) Let X=0 be an algebraic equation having real co~ 
efficiants, we will suppose also that it has no equal roots. 
Call X x itejirst derived polynomial, found by tbe method of 
Art. 257. t 

Apply to X and X 1 the method of finding the greatest 
common measure as explained under Art. 52, with this con- 
dition, always, to change the sign of the remainder at each 
operation, and to me this remainder, thus modified, for a dim- 
Mr in the next operation. -, 

Designate moreover by X 2 , X st . X A , - -.-_-> - X^ the 
successive remainders, taken with contrary signs. 

If we denote the Successive quotients by 

?ll ?2> ?3> " Jr-1, 

vte shall have the following relations : 

X=X l9l ^X 2 (1) 

'X l =X 3 q i -X a (2) 

' X a =X 9 q a — X t (3) v /a\ 

::::-.::; { (> 

We .shall necessarily have X r independent of x and differ-* 
eat from zer&, (Art. 262). 

After having obtained the functions -X, X l9 Z 2 , X r , 

suppose we substitute in them for x, two numbers p and y of 
any sigos whatever, p being <j. 

The substitution of p will give results either positive or 
negative ; if we only take account of the signs, and write them 
one after another in a line, they will give a certain number of 
variations and permanences. ■ ( ^ 



i 
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* 

The substitution of q will in like manner give a succession 
of signs, of a certain number of variations and permanences. 

Now, the Theorem of Sturm consists in this : 

The difference between the number of variations given 
by the first series of signs, and the number of variations given 
by the second series of signs, will express exactly the number 
of real roots of the proposed equation, which are comprised, be- 
tween p and q. 

(280.) We shall now proceed to demonstrate this beauti- 
ful theorem. 

I. Consider the function X in particular, and suppose a x 
is a real root X=0. If we substitute a L +u for x, in X, we 
shall obtain, Art. 257, a result of this form : 

A" ' A!" 
A+A'u+-2-u>+-gjn\----u*; (1) 

where A is what X becomes when a Y is put for x 9 and 
A\ A", A 11 , are the successive derived polyno- 
mials of A, found by the method of Art. 257. 

Now, by hypothesis, a 2 is a root of X=0 9 therefore -4=0, 
and the preceding expression become? 

AH AIU 

u(A'+- ¥ u+-^u'+ - - - - +<?->).. (2) 

Now, we can always take u sufficiently small td cause the 
quantity within the parenthesis of (2) to have the same sign 
as its first term -4'. " . ' 

II. If, in the functions X, X±, X a , - -'* - X^ we substi- 
tute any quantity a for x, it can not happen that two cansetur 
live functions shall vanish at the same time. 

For take any three consecutive functions as X n _ 1 , X*, X+ +1 . 
Now, by conditions (A), we have 

X n-1 =rX tt ^ n — X w+1 . (1) 
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Now* if we are able to have at the* aame time 

*»-i=<V (S) 



J„=0, 



(3) 



we must also, by condition (1), have X*+i —0. (4) 

Since the relation (i) is general, it must be true when we 
write n+1 for w, hence we have 

-JT n = X^ i q n + 1 — J5T W + 2 • (5) 

In (5)i substituting the values of X^ X n ^. 1 as given by (3) 
and (4), and we obtain 

By continuing this process, we should finally find 

X=0, (7) 

which is absurd, since we have already shown that X r can 

m 

not equal zero. , 

' JII. The relation .X^_ x = X* g w — ^ + 1 , sAows 2/wztf if a func- 
tion X n becomes 6y *Ae substitution^ ar=»<z, the two functions 
-X^i, -^«+i> between which it is placed, have necessarily con- 
trary signs for #=a. 

(281.) Designating by k a quantity positive or negative* 
but less' than each of the real roots of the equations 



X =0 

x,=ot: 



(B) 



X r =0, 

Conceive that the value of x is made to increase continu- 
ously from x=k $ and that its successive values are substitu- 
ted in the functions -2f, X lf X 2 > Xr. Now, so long 

as the increasing values of x are' less than each of the roots 
of equations (B), ilie signs, arising from their substitution it» 
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the functions X, X lf X 2 > - - - * X rf will occur in the same 
order ; for in order that the number of the variations and per- 
manences of signs should change, it is necessary that some 
one of the above functions, a3 X n , should hare passed through 
the stage in which -3C n =0, which can not have happened, since 
x is supposed le3S than the least value which can satisfy either 
of the equations (B). 

(282.) We will now suppose that x has reached a value 
x=a, which causes one of the intermediate functions X lf 
JT 2 , J 3 , ^ -X r -i> to Vanish, without causing X to van- 
ish. We will also suppose -X, to be the one which vanishes 
when x=a, then by II* under Art. 280, we know that X*-x> 
-X^i, can pot vanish, and by III, under the same Art, we 
also know that X n _ x and -X»+i must have contrary signs* 
Now, if we consider the sign of the vanishing terra X n to be 
either plus or minus, the three consecutive functions .X^i, 
X„, -^b+u can produce these two combinations of signs, 

+ ± - 
or 

Either of which gives one variation and one permanence. 

We know by Art 281, that the signs of X n _ lt J^,, will 
preserve the same signs from x=k to x=a, and since we are 
able to take u as small as we please,, it follows that they will 
pteserve the same signs from x=a to x=a+u. 

Herice, the hypothesis #=a, introduced in the series qffwic* 
turns Xi Xif Xq> - - - - $ cun produce neither a gain or loss, 
in the number of variations. 

(283.) We will now suppose that x=^a x causes X to van- 
ish. Let U and Ui represent the values of x and Xi> when 
x=a\+u. 

Represent, as in Art. 257, by -4, A', Af' - - - - , the va- 



-i + r . • ( 8 > 
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lues of X and its successive derived functions, when x**a t . 
In the same way, represent by A l9 A x \ A t " - - - - i the 
values of X t and it successive derived functions* 
' Now, by Art 207, we shall have 

t7 1 =JL 1 +^ 1 'tt+^« a + - - - ■ 

Now, since a 2 is a root of .Jf=0, we must have A^O* 
Again, the values A' and A 1 each represent the" value of X t 
when ax is put for #, and since the equation J5T=0 is suppo- 
sed not to have any equal roots, A' or its equal can not van- 
ish, therefore (C) becomes 

A' • 
U*=A'u+^u 2 -. 

A" ' ' ' ^ ^ 

JJ 1 ~A'+A 1 'u+-±-u>+ 

of which the right-hand members will have the same, signs as 
their first terms A'u, A? if we take u sufficiently sraalk 

Hence, when u is positive, U and U x mil have the same 
sign* 
JPPhen. u is negative, U and U\ will have contrary signs. 

From which it follows that the functions X and X t totll give 
a variation for x—a^—u, and a permanence for x^ai+u. 

Consequently, in the passage of the continuously increasing 
values of-x from x=a\ — u to x=a^+u, a variation will be' 
changed into a permanence. 

The same results would have place if the value x^a Xf 
which causes X to vanish, should at the same time cause 
some one or more of the functions X l9 X 2 , X z , — - - to 
vanish., (Art 282). , ' ' 

Now* commencing with x=a x +u, if we suppose the value 

.41 s 
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of a: to increase continuously, the number of variations in the 
series of signs will remain the same until we reach another 
vahie, x=a 2 , which causes X to vanish, and which is there- 
fore a root of X=0 ; , in which case a second variation must 
be changed into a permanence ; and so on. 

Hence, the number of variations lost when x increases from 
x—k to x=Jcf r must be equal to the number of real roots of 
X=0, comprised between Tc and i'. 

APPLICATION OP STURM-S THEOREM. 

(284.) Before passing to the application of this tbebrem, 
• we shall do well to pay attention to the following principles : 

I. In obtaining the functions X, Xi,X 29 • JT r , we are, 

by Art. 56, at liberty to introduce or suppress any numeri- 
cal factor, provided that it is positive ; but it is necessary to 
pay particular attention to the signs, and make only the 
changes mentioned under Art. 279, as the peculiarities of 
this theorem depend principally upon this change of the 
signs of X, -^i , X 2 , Xj.. . . < 

IJ. If we simply wish to know the total number of real 
roots, without fixing in any manner their limits, we need only 

substitute in the first terms of X 9 X lf X 2J X rf the 

values — cb and+oo. 






EXAMPLES. 

> ^ 



1. How many real roots has the equation 8£ s — 6#— 1=0 ? 

The first derived of 8x 3 — 6#— 1 is 24a: 2 —6, or suppress- 
ing the positive numerical factor 6, it becomes 4# 2 — 1. 

Now, applying to 8x 3 — 6#— 1 and 4=x 2 — 1 the method of 
finding the greatest common divisor, .we obtain — 4a:— X for 
the first remainder, changing its signs it becomes 4;r-^l, con- 
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tinuing thfc operation with 4ir 2 — 1 and 4#+l, we find —3 
for remainder, hence we have ..•■•., 

X x =4z 3 -1 r . <A) 

'Z 2 =4a:+1 . 
• X3 =3. 

Now, if for x in the above functions we substitute — oo , the 
signs of the results will be — H + giving 3 variations. 

If we substitute +00 , they will be. + + + + giving va- 
riations* 

Hence die number -of real roots is 3-^0=3.. . 

If in the same functions (A), w6 substitute the three «qa-. 
secutive values *£=—l, #=0, x=l 9 we shall find 

for £=*— 1 the signs are — + — + giving 3. variafiQQB* 
« #=0 " -* t-' + + "' 1 ■ '* 

« x=xl " + + +■ + ". " ■ 

Hence, two roots lie between —1 and ; and one root be- 
tween and 1. ' . ♦ . 

If We substitute £== — ■£, we shall find + ± 1- giving 

2 variations. 

Therefore, one of the negative roots lies between —1 and 
*-\i and the other between —^ and 0. 

" ' ' * . r 

2. How many real roots, has # 3 — 5a: 2 +8#— 1=0? 

* l » 
In this example, we find 

'X=x*-5x 2 +8x-l, 
Jti*8* a -l(teH-8, 
X 2 =2x—Zl, ' 

When #=—00 , we find — + : , giving 2 variations, * 

"' ar=s+Q0, " /+ + + -. " 1 , " 



824 GBKBRAL PROPERTIES OF EQUATIONS, 

Therefore, the above equation has but one real root, and 
consequently it must have two imaginary roots. 

3. How many real roots has x A — 2x* ;— 7x 2 +10x+10=0 ? 

In this example, we find 

X=x* -2x* -7x 2 + 10*+ 10 
X 1 =2x 9 Sx 2 -7x+5 9 
JC a =17a: 2 -23a:-45, 
JC,=152x-305, 
X A =524785. 

When a:=— oo , we find + — + h, giving 4 variations. 

" a?=+oo, " + + + + +, " 

Consequently the roots are all real. 

We also find 

when x= + + — — + giving 2 variations, 
x = 1 + ^-'- + 

x* 2 + + 

• Xm 3 + + + + +. 

x=-l - + + ~ + 

3=^2 - +. + - + 

x=-3 '+-'+- + 

From which we see that the equation has two positive roots 
between 2 and 3 ; one negative root between and — 1 ; and 
one negative root between —2 and —3. - ' 

4. How many real roots has 2x 4 — iac 3 -f lOx— 19=0 ? 

Here we find * 

-X=2x 4 ~13x 2 +10x-19, 
X 1 =4x 3 -i3x+5, 
X a =13x 2 -15a:+38. 

It is not necessary to calculate X 3 and X 4 , since, the 
two roots of X 2 :=z lBx 3 — 15^+38=0 are imaginary, for 
(15) a <4 X 13 X 38. See Art. 149, Formula (B): 
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Using only the .values X f X^ X 29 we have 

when #——■(» H ,+' giving 2 variations, 

« a?=+o> + + +"£> " . 

There/ore, the two remaining roots are real. . 

5. How many real roots has x* —36a? 3 +72x 2 — 372+72=0 ? 

Here we find 

' X=a:'-36* 8 +72* 3 -37x+72, 
X! =&c 4 ^108a; 2 +144x-37, 
X 8 =»18a» s -54a; a +373r-90, . ' - 
X 3 =1319z a -2442Z-684, 
: Jt 4 =— 2803469x+82408254, 

t 

when *=— oo we have —+•—.+"+ — giving 4 variations, 

Hence, the proposed equation has three real roots arid tv^o 
imaginary ones* 

6. How many real roots has s* +A\X+A* =0 ? 

In this example, we find 

JL=z*+AiX+A 2 , 

X 1 =3x 2 +A lr , 
X 7 =i-*2A l x~3A 2 ,. 

X 9 =**iA*-27Al. 

, i • 

CA S E I * ) 

When -±Al-27Al>0. 

Now, since —21A\ is -negative for {ill values of A^ h is 
qecessary that A 1 <C0, in order to fulfil the above condition. 
Consequently, 

when a;s=— oo we h*ve —.+ .— + giving 3 variations, 
" x=+<x> " + + + + "0 «♦ 



' \ 
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Therefor*, whea -4jf-27^1>0 or 44? +27^2 <0, then 
•the three roots are real. See Case III, page 312. 

CASE II. 

t 

When -iAl~-27A*<0.' ' 

This condition can be fulfilled for values jof A x either posi- 
tive or negative, so that 

when £=— oo we have -* + =b — giving 2 variations, 
" x=+oo " + + ^'- " 1 « 

Therefore,, when -44J-274§<0, or 4jif+27jif>0, 
then there will be but one real iroot, and consequently two 
imaginary roots. See Case II, page 312. 



CASE HJ.. v 

When -44f-*27^1=0. 

In this case we know, by Art. 268, that there are two equal 
roots which will be given by.2jtia;+3.4j*=KL Hence, one 

3A 
of the equal roots is x^^ 7r -^- 9 and the other root must be 
^ 2A X , . < • 

x=— — . See Case I, page 312. 

7. How many real roots has x A +A x x 2 +A^x+A9 =0P 
Here we find ' : . ' <' 

X=x A +A 1 x 7 +A 2 x+A B , 

X 1 =ix*+2A 1 x+A2* , - . ^ 

X 4 =2il 8 (4f -4W,) J <-^i(«i$r-uiti^3t87^})> 



' 
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CASE I. 

When Ai<0, J3A 1 A+—2AI—9AI>0, and 
2A,{Al-4:A 3 ) 2 >A${4:A*i-144:A 1 A s ±27Al). , 

Then . . 
when.a?e=— go, we find + — + K giving 4 Twiations. 

« -x-^ca, "." + "++ + +, "0 
-Therefore, in this case all the roots ate real. ' 



<i 



••■■■. CASE II. 

When' i x >0, SA 1 A a —2A\—9Al<^ and 
2A 3 {AI-4:A,)\<;AI{4 : AI-±1UA 1 A 9 +21AI). 

Then, ** ■ j ' > 

when #=— oo, we find + H , giving 3 variations. 

" z=+ao, " + + -: , .""1.-.." 

• * 

Therefore, in this case there must be two' real roots, and 
consequently two imaginary ropts. 



GENERAL METHOD OF^ ELIMINATION AMONG EQUATIONS* 

> 

ABOVE THE FIRST DEGREE;. 

(285.) Suppose we have two equations, each containing 

x and y, represented by . X=0, (1) 

X x =*0- • . (2) 

Now* if tye seek tb$ greatest common measure of the po- 
lynomials X and X l9 by the method of Art. 52, yrt shall 

have ,\ X^J^j+r, (3) 

where q is the quotient of X divided by X J9 and r,is the re- 
mainder. Now, since by (1) and (2) X and- X t are each 
zero, it follow that r as given by (3) must ajso be zero. 
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* » 

(286.) from which we conclude, that if we operate upon the 
polynomials X and X x by the method of finding the greatest 
' common measure, we shall, have the successive remainders each 
equal to zero. - 

If we arrang? the polynomials with reference to either of the 
letter*,' before operating upon them, we shall ultimately find a 
remainder independent of that letter, when the polynomials, have 
no common measure, which remainder being put equal to zero 
will give an equation containing but one unknown quantity* 

When the two 'polynomials have a common measure it must be 
put equal to zero, if it contains both the unknown quantities, 
then divide both polynomials by it, and proceed v&frthe results 
as in the first case* • 

* . EXAMPLES* 

1. Obtain from the two equations' 

* 3 +y**=0, ' / . (fc) 

a single equation in terms of y. ' 

Proceeding by the method of finding the greatest common 
. measure, Art- 52, we have for the ' • • 

y FIRST OPERATION. 

x 2 +yx+y 2 *-l 



x*+y\ 
x 9 +yx 2 +Xy 2 — l)x 

— y# 2 — y*v—tf*+y 



•+^-m*. 



x-y. 



■■■ ■ ■ 



x+2y * — y =first remainder. 
Again, dividing x 2 +yx+y 2 ~- 1 by this remainder, we find 



for the 
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SECOND OPERATION- 



x 2 +yx+y 2 -rl 
x 2 +{2y 3 — y)x 



3 



x+2tj a —y 



x-{2y 3 -2y). 



-{2y 3 -2y)x-4y«+6y 4 -2y 2 

42/ 6 — 6y 4 +3y 2 — l=second rem. 

Putting this remainder, which is independent of x, equal 
to zero, we have for the equation sought : 

4y*-6y*+3y 2 -lr0. . (3) 

If we were required to find, from the above two. equations, 
one single equation in terms of x, we observe, that all that 
would be necessary would be to change y into x f in equation 
(3), since x and y can be changed the one for the other in 
equations (1) and (2) without effecting their form. 

2. Obtain an equation independent of y from the two equa- 
tions 

(y+l)x*-{3y 3 +3y 2 -y-l)x $ +{2y 2 -2)x 4 ) 
+(Sy 4 +3y*+3y+3)x*-(2y*-ty 2 ~4:y~l)x* [ =0, (1) 

. -{2y 2 +3y-4)x+y-l) 

3x 3 y 3 ~{3x 5 +2x 2 )y 2 +{2x 4 +3x 2 -2x)y >_ m 

+x*+x 5 -2x 4 -3x 3 +x 2 +x+l S W 

Proceeding with these equations agreeably to the above 
method, we find for the first remaipder the following : 

3x 2 y 2 —2xy+3x—2. 

Repeating the process, we find for the second remainder, 
the following : 

x*+x s +x 4 +x 3 +x 2 +z+l, 

which being put equal to zero, gives for the equation sought, 

x«+x 5 +x 4 +x 3 +x 2 +x+l±0> 

42 
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3. Obtain an equation independent of y from the two equa- 
tions 

3x 2 y*+(3x 2 -3x)y*-(2x 2 -x)y 2 > 

+(x*-2x 2 +2x-3)y+x 3 -x-2\ ' K) 

Sx 2 y* -3zy 2 -(2x 2 -x)y+x* +s-3=0. (2) 

Ans. a? 3 — x— 2=0. 

(287.) When we have three equations involving three un- 
known quantities, we must first eliminate one of the unknowns 
by combining either of the equations with the other two, we 
shall thus obtain two new equations involving only two un- 
known quantities, which, as we have just shown, will give a 
final equation involving but one unknown quantity. 

EXAMPLES. 

1. Obtain an equation containing only x> from the three 

equations x+y 2 — a=0, (1) 

y+z 2 -b=0, ' (2) 

z+x 2 — c=0. (3) 

Eliminating z between equations (2) and (3), we have the 
following 



OPERATION. 



z 2 +y-b 
z 2 +{x 2 —c)z 



Z+X 2 —i 



z—(x 2 —c). 



—(x 2 —c)z+y-^-b 

-(x 2 -c)z-x* +2cx 2 -c 2 

x A —2cx 2 +y+c 2 — 6=remainder. 

Putting this remainder equal to zero, we have 

x*-2cx 2 +y+c 2 -b=0. (4) 

Now, eliminating y between equations (1) and (4), we have 
the following 
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OPERATION. 



y 2 +x— a 
y 2 +(x A -2cx 2 +c 2 -b)y 



y+x 4 —2cx 2 +c 2 — b 



y-(z*-2cx 2 +c 2 -b). 



-~(x A —2cx 2 +c 2 — b)y+x— a 
-{x A -2cx 2 +c 2 -b)y-{x A -2<n 2 +c 2 -b) 2 

(x 4 — 2cx 2 +c 2 — i) a +ar— a=rem. 

Expanding this remainder, and then equating it with zero, 
we have \ 

x B -lex* + {6c 2 -2*)z 4 -(4c 3 -4&c)x 2 ) - (g . 

+x+c 4 +b 2 —2bc 2 —a\ # ' ' 

By simply permutating these quantities, (Art ), we have 

y 8 -4oy s +(6a 3 -2 C )y«-(4a 8 -4c% a > , . 

+y+a*+c a -2ca 2 -bS K) . 

z t -4:bz i +(6b a -2a)z t -{4i 9 -4ab)z a > m 

+z+b i +a 2 -2ab'-cS K) 

2. In a similar manner, find three equations each contain- 
ing but one unknown quantity, from the three equations 

x a +xy— o=0, (1) 

y*+yz-b=0, (2) 

z a +zx-c=0. (3) 

First, eliminating z between (2) and (3), we find 

y* -xy* -(2b+c)y 2 +bxy+b a -0 ; (4) 

Secondly, eliminating y between (1) and (4), we have , 

2* 8 — (7a+3b+c)x*+(9a a +6<rf>+2ac+b a )x* \ ft ,-. 

-{5a*+2a a b+a a c)x a +a A \ 
By permutating these letters, we find ' 

2y*-{7b+3c+a)y t +(9b a +5bc+2ba+c a )y 4 ) . iM 

-(§b*+2b a c+b a a)y 3 +b< \ K) 

2z*-(7c+3a+b)z 9 +(9c a +5ca+2cb+a 3 )z* ) ' 

-{5c s +2c a a+c a b)z a +c*S {) 
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3. Find three equations each containing but one unknown 
quantity, from the three equations 

x+yz— a—0, (1) 

y+zx— b±=0, (2) 

z+xy*- c=0. (3) 

Operating as in the preceding exarhples, we find the fol- 
lowing results : 

x , -ax*^2z 9 +(2a+bc)x 3 -(b 2 +e 3 -l)x+bc-a=0, 
y* —by* -2y 3 + {2b+ca)y 3 -(c 3 +a 3 -l)y+ca~6 =0, 
z* -cz*-2z* +(2c+ai)z a -{a 2 +b 2 -l)z+ai-c =0. 

4. Find three equations each containing but one unknown 
quantity, from the three equations 

x*+yz— <j=0, (1) 

y 2 +zx-b=0, (2) 

z'+ay-c^O. (3) 

&c e -20ax 6 +(18a a -2ic)a: 4 ) 

{a 2 -be) 2 S 

8z e -20cz* +(18c 3 -2a6)* 4 



+(5aAc-7a*-6 3 -c 3 )* 2 +(< 

An* j8y«-2<% 6 +(18i 3 -2«%« ?_n 

+(56co-76 3 -c s -«')y 2 +(6 3 -ca) a $ ' 



+(5mJ-7c 3 -a 3 -b 3 )z 3 +{c' 



-ah) 2 |=°- 



(288.) When there are four equations, we must first re- 
duce the number to three by eliminating any one of the un- 
known quantities, and then proceed as above; From what 
has already been done, it will not be difficult to know how to 
proceed for a greater number of equations, but it is obvious 
that in many cases this general method must be very long 
and laborious, still it is valuable on account of the certainty 
of the result. 
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CHAPTER X. 



NUMERICAL SOLUTION OF CUBIC EQUATIONS, 
AND EQUATIONS OF SUPERIOR DEGREES. 

(289.) Let A^x 3 +A 2 x 2 +A 9 x=A 49 (1) 

be any cubic equation, and suppose that two consecutive 
numbers in either of the series 

1, 2, 3, 4, &c. 
10, 20, 30, 40, &c. 



( A ) 
0.1, 0.2, 0.3, 0.4, &c.( 

0.01, 0.02, 0.03, 0.04, &c. 

&c, &c. 

are found such, that by substituting the first for x in equation 
(1), the result shall be less than A 4 , and by substituting the 
second, the result shall be greater than A A ; then, by Art. 
147, the first of these numbers, omitting the cyphers if it have 
any, will be the first figure of one of the roots. Let this 
figure be denoted by ri, and the other succeeding figures of 
the same root by r 2 , r 3 , r A , &c., respectively., 

If for x, in equation (1), we substitute it first figure r lf we 
shall have 

A 1 rl+A 2 rl+A 3 r 1 =A A . (2) 

Therefore, r l /= ; , A — ^-t—j — «• (3) 

Az+A^+A^l v } 
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If we put y for the sum of all the figures of this root ex- 
cept the first, we shall have x=r x +y, this value being sub- 
stituted in (1), we get 

A z y+A 3 ri=A 9 x 

A 2 y 7 +2A 2 riy+Airl=A2X 2 

A^+SArr^+SAxrly+Airl—A^ 1 



.3 



A iy *+ A' a y a + A' 3 y + B = A<, 
or A iy >+A' 3 y'+A' 9 y=A'<, (4) 

where A' a =A 3 +3A 1 r 1 (1)) 

A' 3 =A 3 +2A a r 1 +3A 1 rl (2) £ (B) 

A' 4 =A 4 - A, ri - A 2 r\-A ir \ (3)) 

Equation (4) is in all respects similar to the original equa- 
tion (1), therefore, repeating the above process upon this 
equation, we shall obtain 

ra_ A',+A' 2 r 2 +A ir l' {& > 

where r 2 is the first figure of the root of equation (4), or the 
second figure of the root of equation (1). Putting z for the 
sum of all the remaining figures, we hare y—r 2 +z, this va- 
lue substituted in (4), gives 

A' 3 z+A' 3 r 2 =:A' 3 y 
A' 2 z 3 +2A' 2 r 2 z+A' 2 rl=A' a y* 

A 1 z*+3A 1 r 2 z 2 +3A 1 rlz+A 1 rl=A 1 y* 

A lZ a + A" a z a + A" 3 z + B' =A' t 
or A 1 z*+A" a z*+A" 3 z=A" A , (6) 

where A" a —A' 2 +3A ira (1) } 

A" 3 =A' 3 +2A' 2 r 2 +3A 1 r 3 2 (2) V (B') 

A" 4 =A' t -A' 9 r 2 -A' a rl-Airl (3) ) 

Here, again, equation (6) is similar to equations (4) and (1). 



I 
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We might now proceed to find the first figure of the root 
of equation (6), the value of which must be such, that we 
shall have 

_ A" A 

(290.) Now, by observing the formation of the coefficients 
A'z> -A'aj-in equation (5), and recollecting that r x being the 
first figure of the root, must be greater than r 3 , it will ap- 
pear obvious that A' z must constitute the largest portion of 
A , 3+A' 2 r 2 +A 1 rl> which is the denominator of the value 
r 2 as given by (5), and if r x is already known, then (2), of 
(B), will mdke knpwn A' 39 which may ]be used as a trial di- 
visor for finding r 3 , the second figure of the root ; the same 
may be observed of the succeeding divisors, and it is obvious 
that these trial divisors A" 3 , A i,, zt Mc. f will continually ap- 
proach nearer the true divisors. 

(291.) If we multiply the first coefficients by r l5 and add 
the product to the second coefficient, we shall find 

A 2 +A 1 r 1 . (8) 

Multiplying expression (8) by r x , and adding the product 
to the third coefficient, we have 

A z+ A 2ri+Airl (9) 

Multiplying expression (9) by r lf and subtracting the pro- 
duct from A 4 , we have 

A A — A^rx— A 2 r\— A x r\. (10) 

Again, multiplying the first coefficient by r l9 and adding 
the product to expression (8), we have 

A 2 +2A 1 r 1 . (11) 

Multiplying expression (11) by,r lf and adding the product 
to expression (9), we have 

A z +2A 2ri +3A ir l (12) 
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Again, multiplying the first coefficient by r l9 and adding 
the product to expression (11), we have 

A 2 +SA 1 r 1 . (13) 

Expressions (13), (12), and (10), are the values of the co- 
efficients -^S, A 1 * and -4' 4 respectively, of equation (4), as 
given by (B). 

(292.) From the above method of -operation, we discover 
that the root of a cubic equation having numerical coeffi- 
cients, can be found by the following 

RULE. 

I. Having found the first figure of the root, multiply it into 
the first coefficient, and add the product to the second coefficient, 
which sum, multiply by the same figure and add the product 
to the third coefficient, multiply this last sum by the same figure 
and subtract the product from the term tqhich constitutes the 
right-hand member of the equation; the remainder we shall 
call the first dividend. 

Again, multiply the first coefficient by the same figure, and 
add the product to the last number under the second coefficient, 
which sum must be multiplied by the same figure and the pro- 
duct added to the last number under the third coefficient, the 
result we shall call the first trial divisor. 

Again, multiply the first coefficient by this same figure, and 
add the product to the last number under the second coefficient. 

II. Find the second figure of the root by dividing the first 
dividend by the first tbjal divisor, .proceed with thin se- ' 
cond figure precisely as was done with ike first figure, observ- 
ing to keep the work so that units shall stand under units, tens 
under tens) &p. 

Note. — The above rule bears a close resen^blahce to the 
rule for extracting the cube root of a polynomial, as given 
under Art. 107. 
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EXAMPLES. 



1. Find a root of the qubic equation 

3x*+2x 2 +4x=75. 



• 
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t5=2d coefficient. 
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75(2.5 7 7 9&c.=ar. 
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20 


40 
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48=lst trial divisor. 


— 




20 


5875 


35=lst dividend. 




215 


7025=2d trial divisor. 


29375 




230 


719797 






245 


?37241=3d trial divisor. 


5625=2d dividend. 




2471 


73900157 


5038579 




2492 


74076361=401 trial divia< 










2513 • 


7409903713 


586421 =3d dividend. 




25151 
25172 




517301099 










25193 




69119901=4^ ^srvle^ 




251957 




66689133417 




2430767583. 




2. Find one of the roots of the 


equation 






7x 3 +x 2 — 14z= 


=1675. 


7 


1 


-14 


1675(6.2676&c.=a;. 




43 


244 


1464 




85 


754 


-J — 




127 


77968 


211 




1284 
1298 


80564 
8135372 


1S6036 








1312 


8214596 


55064 




13162 


822387163 
823315069 


46612232 




13204 






13246 


82339463572 


6251768 




132509 


• 


5756710141 




132558 








132607 


4 


495057859 




1326112 


t 


494036781432 



1021077568 



43 
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3. Find a root of the equation 3x 3 — 2a; 3 +#=3. 



-2 


1 


3(1.1417&c.=ar. 


3 


2 


2 


4 


6 


— 


7 


673 


1 


73 


749 


673 


76 


78108 





79 


81364 


327 


802 


8144663 


312432 


814 
826 


9152929 

815871877 




14568 


8263 




8144663 


8266 

8269 








6423337 


827U 




5711103139 



712233861 

(293.) The above roots are all positive. We ^ill now give 
a couple of examples when the value of x is negative. The 
operation will remain the same if we observe the algebraic 
rule for the signs. 

4. Find a root of the equation 5# 3 — 6x 2 +3z=— 85. 

-85(-2.16139&c.=x. 

—70 



-6 

—16 

-26 

—36 

—365 

—370 

—375 

—3780 

—3810 

—3840 

—38405 

—38410 

—38415 

—384165 

—384180 

—384195 

—3841995 



3 

35 

87 

9065 

9435 

966180 

989040 

98942405 

98980815 

9899233995 

9900386535 

990073231455. 



—15 

—9065 

—5935 
—5797080 

—137920 

—98942405 

—38977595 
—29697701985 

—9279893015 
—8910659083095 



—369233931905 
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5. Find a root of the equation x z +x 2 +70x= — 300. 

-300(-3.73879&c.=a% 
—228 



1 


70 


—2 


76 


—5 


91 


—8 


9709 


—87 


10967 


—94 


1039739 


—101 


1042787 


—1013 


104360284 


—1016 


104441932 


—1019 


10444908229 


—10198 


10445623307 


—10206 


1044571525271 


—10214 




—102147 




—102154 




—102161 




—1021619 





—72 

—67963 

—4037 
—3119217 

—917783 

—834882272 

—82900728 
—73114357603 

—9786370397 
—9401143727439 

—385226669561 



(294.) When the second or first power of # is wanting, 
we must consider its coefficient as being ± 0. 



6. Find a root of the equation x — 12#=28. 



±0 

4 

8 
18 
123 
126 
129 
12902 
12904 
12906 
129061 
129062 
129063 
1290633 



-12 


28(4.30213&c.=x. 


4 


16 


36 


— 


3969 


12 


4347 


11907 


43495804 




43521612 


93 


4352290261 


86991608 


4352419323 
435245804199 




6008392 



4352290261 

1656101739 
1305737412597 



350364326403 
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7. Find a root of the equation 2x*+3:c*=:850. 
2 3 

17 

31 

45 

4510 

4500 

4530 

453004 

453008 

453012 

4530124 

* 2334344378004 

(295.) In all the preceding examples the fi/st figure of the 
root has been in the unit's place, we will now add two exam- 
ples in which the first figure is in the ten's place. 

8. Find a root of the equation 3x 3 — 7a; 2 +13:r=45000. 

45000(25.404&c.=x. 
21460 



±0 


850(7.05022&c=s. 


119 


833 


336 


— 


3382550 


17 


3405159 


16912750 


34052406008 
34053312024 




87250 


3405421802648 


68104812016 




9145187984 




6810843605396 



-7 

53 
113 
173 
188 
203 
218 
2192 
2204 
2216 
221612 



13 
1073 
3333 
4273 
5288 
537568 
546384 
5464726448 



23540 
21365 



2175 
2150272 

24728 - 
21858905792 



2869094208" 

9. Find a root of the equation ar 3 +60x 2 — 80Or=60000. 

60000(30.537 kc=x. 

57000 



60 

90 
120 
150 
1505 
1510 
1515 
15153 
15156 
15159 
151597 



-800 
1900 
5500 
557525 

565075 
56552959 
56598427 
5660903879 



3000 
2787625 

212375 

169658877 

42716123 
39626327153 

3089795847 
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(296,) The method of proceeding, when the first figure 
is of a local value greater than ten, will be obvious. 

We will add two examples in which the first figure is in 
the tenth's place. 

10. Find a root of 10;r s -24z 2 -30:r=-6. 



10 



-24 

—23 

— 8* 

—21 

—003 

—196 

—189 

—1884 

—1878 

—1872 

—18712 



-30 
—323 
—345 
—35921 
-f-37293 
—5740604 
—3751872 
—375336896 



-6 (0.1768&c.=z. 
—323 



—277 
—251447 

—25553 

—22443624 

* . . 

—3109376 
—3002695168 

—106680832 



11. Find a root of the equation x 3 +9x=6. 



±0 

0.6 

12 

18 

183 

186 

189 

1897 

1904 

1911 

19118 



9 

936 
1008 
101349 
101907 
10203979 
10217307 
1021883644 



6 (0.6378&C. 

5616 

384 
304047 



— X. 



79953 
71427853 

8525147 
8175069152 



350077848 

(297.) By reviewing the foregoing examples, we discover 
that the last terms under the third coefficient, or the trial di- 
visors, remain unchanged in several of its left-hand figures, 
thus in example 1, 740 is common to the left-hand of the 
last two terms under the third coefficient. In example 2, the 
figures common are 8233. In example 3, the figures com- 
mon are' 816, and so for the succeeding examples. 
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(298.) Now, it is evident, that if we omit all on the right 
of the constant figures of the last term under the third co- 
efficient, and aUo omit from the- right of the last dividend, 
the same number of figures save one, we may then divide 
the remaining figures of the dividend by the remaining figures 
of the last term under the third coefficient, by long division ; 
and as many additional figures of the root may in this way 
be found as there are figures in the divisor thus used. 

12. Find a root, to 8 decimals, of the equation 

a* 3 +s 2 =500. 



1 


±0 


500(7.61727975&c 


8 


56 


392 


15 


161 


— 


22 


17456 


108 


226 


18848 


104736 


232 
238 


1887181 
1889563 




3264 


2381 


189123159 


1887181 


2382 
2383 


189290067 
18929483724 




1376819 


23837 


18929.960752 


1323862113 


23344 






23851 




52956887 


238512 




37858967448 


238514 







150979.19552 
132509 



18470 
17036 

1434 
1325 



109 
95 
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EXPLANATION. 

After finding 4 decimal places in the root by the prece- 
ding rule, we cut off 6 figures from the right of the last trial 
divisor, thus leaving the constant figures 18929 ; and from the 
right of the dividend we cut off 5 figures, leaving 150979 ; 
we then divided 150979 by 18929, by the rule for abridged 
division, (see Art. 42, Higher Arithmetic,) and thus obtain- 
ed the additional figures of the root. 

13. Find a root, to 10 decimals, of the equation 

z 3 -17x 2 +54z=350. 



-17 


54 


350(14.9540686096. 


—7 


—16 


—160 


3 
13 


14 

82 




510 


17 


166 


328 


21 


18931 


— 


25 


2 J 343 


182 


259 


2148175 


170379 


268 
277 


2162075 
2163J8916 




11621 


2775 


216430348 


10740875 


2780 

2785 


2164320197236 
21643.36914508 




880125 


27854 




865275664 


27858 
27862 




. 




14849336 


' 2786206 




12985921183416 


2786212 






2786218 




186341.4816584 
173147 




13194 






12986 




208 






194 


1 


■ 


14 
13 



\ 
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(299.) Thus far we have sought only one of the roots of 
our equations. If we wish the three roots, we may divide 
the given equation, when all the terms are transposed to one 
side, by the unknown quantity minus the value of the root 
found by the above method, we shall thus depress the cubic 
equation to a quadratic. (See Art 239.) 

14. Find the three roots of the equation 

s*-15s 2 +63s=50. 

Here, we soon discover that one of the roots lies between 
1 and 2, seeking this root by the above process, we find 



-15 

—14 

—13 

—12 

—1198 

—1196 

—1194 

—11932 

—11924 

—11916 

—1191597 

—1191594 

—1191591 



63 

49 

36 

357604 

355212 

35425744 

35330352 

353299945209 

35329.6370427 



50(1.028039231. 

49 



7 J 5208 

284792 
283405959 

1386048 
1059899835627 

326148.164373 
317967 



ai8i 

706$ 

1115 
1060 



55 
35 



20 



Now, dividing z 3 -15x 2 +63:c-50 by *— 1.028039231, 
we find, for a quotient, the following : 



/ 
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x 2 -13.07196077**48.6362762. 
Hetfce, we have this quadratic equation 

x 2 -13.97196077z= -48.6362762. 

This solved by the usual rule for quadratics, gives the fol- 
lowing values : 

z=6.576536 f x*7.395426. 

Therefore, the three roots of x z — 15x 2 +63a:=S0, are 

1.028039 ; 6.576535 ; 7.395426. 

(3001) From the work of the last example, we see that we 
need only seek one of the roots of a cubic equation by the 
foregoing rule, as the other two may then be found by the 
solution of a quadratic. When all the three roots are real, 
it will frequently be as simple to find them by the foregding 
general method. But when two of the roots are imaginary, 
we must proceed agreeably to the htet Art. 

15. Find the three roots of the equation # 8 — 15a?=— 21v 

Applying the principle of Sturm's Theorem, we find 
X s=a?*-l&H-31y 
Xi*zx 2 — 5, 
X,=l*0x-21,' 
X 3 =59. 
For #=— oo , we find — + - 1 +* =3 variatibfas.- 
" s=+oo, " + + + + =0 " 
Therefore, this equation has three real roots. 

For #=— 5, we find — +' ^=3 Variations,- 

« x=-4, " + + - + =2 : « 8 

" x= 1, " + +=2 " 

" x= 2, " +=1 " 

" x= 3, " + + + +=0 " 

44 



/ 
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Hence, there is one negative root between —4 and —5 ; 
one positive root between 1 and 2 ; and one positive root 
between 2 and 3. 



For the positive root between 1 and 2 9 we have the follow- 



ing 



dbO 
l 

2 
3 
37 
44 

51 
516 
522 
528 



6296 

5307 

53071 

53072 

53073 

530734 



OPERATION. 



-16 

—14 

-12 
—941 
-633 
—60204 
—67072 
—5669599 
—6611917 
—561138629 
—561065667 
-5610.6432764 



-21(1.769149633&c.=s. 
—14 

—7 

—6587 



-413 
-361294 

—51776 
-60936391 

—639609 
—661138689 

—278470371 
—224425731056 

-64044.639944 
—50493 



—3551 
-3366 

—185 
—168 

-17 
■17 







X 
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For the negative root, we have the following 



±0 



—12 

—124 

—128 

—132 

—1324 

— 132S 

—1332 

—13321 

—13322 

—13323 

—133236 

—133242 

—133248 

— 1332482, 



OPERATION. 



15 
1 

33 

3796 

4308 

43[6096 

441408 

44164121 

44167443 

4417543716 

4418343168 

4418.36981764 



-21(-4.441621651&c.=s. 



—17 
—15184 

—1816 
—1744384 

—J 71610 
—44154121 

—27461879 
—26505262296 

—956616704 
—883673963528 

—7294.2740472 
-^4418 



—2876 
—2651 

— 385 
— 2£L 
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For the positive root between 2 and 3, we have this 



±0 
2 

4 

6 

66 

72 

78 

787 

794 

801 

801? 

8014 

8016 

80164 

80168 

80172 

801727 



OPERATION. 



-15 

—11 

—3 
96 
528 
58309 
63867 
6402724 
6418752 
642195856 
642516528 
6425.7264889 



-21(2.672472018&e.=*. 



576 

424 
408163 

15837 
12805448 

9031552 

2568783424 

462768576 

449800854223 

12967.721777 
12851 



116 

64 

~52 
51 



Hence, the three roots of #'— 15a:=— 21, are 

s= -4.441621651 ; 1.769149633; 2.672472018. 

16. Find the three roots of the equation 

lOOOOx 8 -4519x 2 +665x=32. 

Applying Sturm's Theorem to this equation, we find 

X =10000x 3 -4519z 2 +665x-32 
X x =30000z 2 -903&C+665, 
X 2 =942722s-125135, 
X, =5425404570000. 
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When a;=0, we find J- — + =3 variations, 

" x=l, " + + + +=0 " 
Hence, the equation has three positive roots, each less 
than 1* 

When a;=0.1, we find 1 h=3 variations, 

" s=0.2 " + + + +=0 " 
Which shows that the first figure of each root is 0.1. 

Again, when x=0.11, we find — H +—3 variations, 

z=0.12, " + + - +=2 

x=0.13, " + +=2 

x=0.U^ " + +=1 

z=0.I9, " - + + +=1 
From this, we discover chat the first two figures of the least 
root are 0.11 ; the first two figures of the next root are 0.13 ; 
the first two figures of the other root are 0;19~ 

For the first root we have the following : 
10000 



<< 



<< 



n 



a 



it 



a 



a 



u 



-4619 


665 


32 (0.119503816&C 


—^3519 


3131 


3131 


—2519 


612 


— 


—1519 


4701 


69 


—1419 


3382 


4701 


—1319 


23659 


— - 


— 12J9 


14308 


2199 


—1129 


138360 


212931 


—1039 
—949 


133665 
1336.369809 


» 


6969 


—944 




6918 


—939 







—934 




51 


—93397 


■ 


4009109427 




10908.90573 






10691 






217 






134 

83 
80 



3 



360 NUMERICAL SOLUTION OP HIGHER EQUATIONS. 



For the second root we have the following 



OPERATION. 



10000 - 



-4519 


666 


33 (0.137139216&C 


—3519 


3131 


3131 


—8519 


618 


— 


—1519 


8463 


69 


-1219 


—894 


7389 


—919 


-6783 





-619 


—10136 


-489 


-549 


—101768 


—47481 


—479 
—409 


—108175 
—10389071 




—1419 


—406 


—10841833 


—101768 


—407 
—406 


— 1084.547800 




-40138 


-4057 




-30689013 


—4054 
—4051 






„, 


-9443987 


—40601 




—9830910881 




—3380.76719 






—3049 




-171 






—102 






—69 






—61 



-8 
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For the third root we have the following 



10000 



-4619 


665 


32 (0.195256967&C 


,—3519 


3131 


3131 


—2519 


612 


— 


—1519 


549 


69 


-619 


3078 


4941 


281 


36935 


— 


1181 


43340 


1959 


1231 


436066 


184675 


1281 
1331 


438736 
43940475 




11225 


1333 


44007375 


872132 


1335 
1337 


440.1540636 




250368 


13375 




219702375 


13380 
13385 








30665625 


133856 




26409243816 




4256.381184 






3962 






294 


• 




264 

30 
30 



Hence, the three roots of the equation 

10000*' -4519a: 2 +665s=32, 
are 0.UB5Q3&16 ; 0.137139216; 0.195256967. 

17. Find the three roots of the equation x* +2x 2 — 3x=9. 
Applying to this equation the Theorem of Sturm, we find 

X =«*+2a; a -Sar-9, 

X 1 =3tf a +4a;--8, 

X a =26s+75, 

X 9 =-7047. 
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When ar=— oo , we find — + =2 variations, 

*=+ao, « + + + -=l 

s=l, 4< - + + -=2 

x-=2, " + + + -=1 

Then this equation has but one real root, which lies between 
1 and 2, the other roots being imaginary. 

We find the real root by the following : 



44 



44 



44 



44 



44 



44 



2 

3 
4 

5 
59 

68 

77 

773 

776 

779 

7799 

7808 

7817 

78174 



-3 

o 

4 

931 
1543 
156619 
158947 
15964891 
16035163 
1603.828996 



9(1.939465&c.=s. 


9 

8379 

621 

469857 



151143 
143684019 

7458981 
6415315964 

10436.65016 
9623 

813 
801 



12 

Now, dividing x*+2x 7 -3x-9 by x— 1.939466, w« find 
x*+ 3.939465#+ 4.640455 for the quotient. 

Therefore, solving the quadratic 

x 2 +3.939465*= -4.640455, 
we find the following imaginary roots, 

-1.96973+0.87213 V^ 



H -L 



96973-0.87213 V-V 
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18. Find the three roots of the equation » 3 — 5x 2 +6x ss h 
By Sturm's Theorem we find 

X =a; 3 -&r 2 +8x-l, 

JT a =&z-31, 
X,=-2295. 

When a;=— <x> , we find — + =2 variations f ~ 

s=+a>, " + + + -*=1 
«»0, " - + =2 

3=1, " + + =1 

Hence, this equation has one positive root which lies be- 
tween and 1, and two imaginary roots. 

Its real root is found by the following 



u 



it 



u 



tt 



u 



a 



-5 

—49 

—48 

—47 

—467 

—464 

—461 

—4604 

—4596 , 

—4692 

—45918 


OPERATION. 

8 

751 

703 

68899 

67567 

6733076 

6695488 

669456964 


1 (9.1362934&C 
751 

249 

206697 


42303 
40338456 


1964544 
1338913928 



6256.30072 
6025 

231 
201 

30 
27 



Now, by dividing x*-5z 2 +Sx-l by £-0.1362934, we 

45 
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find the quadratic s 2 -4.S637066;z=-7.3371094, which 
gives the following imaginary roots. 



(2. 
x =\2. 



2.43185+1.19298 V-l 
43185-1.19298 V— 1. 



19. Find one of the roots of x* — 2x=5. 

Ans. x=2.09455148&c. 

20. Find one of the roots of 2x 3 +3x=90. 

Ans. *=3.41639728&c. 

21. Find one of the roots of x 3 +x 2 +a:=100. 

Ans. #=4.26442997&c. 

22. Find one of the roots of x*+x=500. 

Ans. x=7.89600828&c 

23. Find one of the roots of x*+10x 2 +5x=2600. 

Ans. 11.00679934&C. 

SOLUTION OF EQUATIONS ABOVE THE THIRD DEGREE. 

(301.) It is obvious that the above method which we have 
employed for cubic equations, will apply equally well for 
equations of a superior degree. By carefully studying the 
preceding method we shall be able to deduce, for equations 
of the nth degree, this general 

RULE. 

I. Having found the first figure of the root f multiply it into 
the first coefficient and add the product to the. second coefficient, 
which sum , multiply by the same figure and add the product to 
the third coefficient y and this sum must be multiplied by the same 
figureand the product added to the fourth coefficient; and so con- 
tinue to multiply the last result by this same figure and to add the 
vroduct to the next succeeding coefficient, until tike last coefficient 
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is reached, which last sum must be multiplied by the same figure 
and the product subtracted from, the term constituting the right- 
hand member of the equation ; the remainder we will call the 

FIRST DIVIDEND. 

Again, multiply the first coefficient by the same figure and - 
add the product to the number under the second coefficient, which 
sum must be multiplied by the same figure and the product add- 
ed to the term under the third coefficient ; and thus we must con- 
tinue to multiply and add, until we have obtained the second 
term under the last coefficient, which result we shall call the 

FIRST TRIAL DIVISOR. 

Again, multiply the first coefficient by the same figure of the 
root and add the product to the last term under the second co- 
efficient, which result must be multiplied by the same figure and 
the product added to the last number under the third coefficient; 
and thus we must continue to multiply and add until we reach 
the coefficient next to the last, when we must again begin with 
the first coefficient and multiply and add as before, until we 
reach the n—2th coefficient ; then, again, commencing with the 
first coefficient we must multiply and add until we reach the 
n— 3d coefficient ; toe must continue this process until we have 
thus obtained n terms under the second coefficient, n—1 terms 
under the third coefficient, n—2 terms under the fourth coeffi- 
cient, n—3 terms under the. fifth coefficient, and so of the rest. 

II. Find the secondfigure of the root by dividing the first 
dividend by the first trial divisor, proceed with this se- 
cond figure precisely as was done with the first figure, observing 
to keep the work so thaPunits shqll stand under units, tens under 
tens,' Sfc* 

EXAMPLES. 

1. Find one of the roots of the equation 

3x A +x*+4x 2 +5x=376. 
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1 
10 
19 
28 
37 
373 
376 
379 
382 
3829 
3838 



4 

34 

91 
175 
17873 
18249 
18028 
1874287 
1885801 



OPERATION. 

5 
107 
380 

397873 
416122 
421744861 
427.402264 



375(3.13365&c.=x. 
321 

54 
39*873 



142127 

1265234583 

^ *~ 

1560.35417 
1282 

278 
256 

22 
21 



2. Find the four roots of the equation 

x A -80s 3 + 1998:r a - 14937*= -5000. 

FIRST OPERATION. 



1 —80 
-50 

—20 
10 
40 
44 

48 

52 

56 

568 

576 

584 

592 

5923 

5926 

5929 

5932 

59322 

59324 



1998 

496 
—102 
196 
374 
566 
774 
81944 
86552 
91224 
9140169 
9157947 
. 9175734 
917742044 
917860692 



—14937 

3 

—3057 
—1561 
703 
1358552 

2050968 

2078388507 

2105862348 

2107697832088 

210.9533553472 



— 5000(34.83228&c. 
90 



—5090 
—6244 



1154 

10868416 

671584 
6235165521 

———I ■■ ■ i 

480674479 
4215305664176 

591.349125824 
422 

169 
168 
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SECOND OPERATION. 



—80 
—60 
—80 

10 

40 
•42 

44 

46 

48 

4806 

4812 



1998 

498 
—102 

196 

282 

370 

462 

4648836 

4677708 



-14937 
3 
—3057 
-2493 
—1753 
—1725106984 
-169.7040736 



-^5000(32.06029&c.=x. 
90 



—5090 
—4986 



—104 
—10350641904 

—49.358096 
-34 



—15 
-*~15 





THIRD OPERATION. 



-SO 


1998 


—14937 


-70 


1296 


—1957 


—60 


696 


5023 


-50 


198 


5267 


—40 


122 


5367 


-38 


50 


5339063 


—36 


-18 


5296132 


-34 


-3991 


5291946125 


-32 


—6133 


5267.687500 


—313 


—8226 




-306 


—837175 




-299 


—851725 


• 


—298 






—2916 






—2910 







— 5000(12.75644&c.=x. 
—19570 



14570 
10534 



4036 
37373441 

2986569 
26459730625 

34058.59375 
31726 

2332 
2115 



217 
212 
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FOURTH OPERATION. 



—80 


1998 


—14937 


—797 


197409 


—14344773 


— 794 


195027 


—13759692 


—791 


192654 


—13663561* 


—788 


19226025 


—135.6763* 


—7875 


19186675 




—7870 







—5000 (0.35098&c.=*. 
—43034319 



—133.9000625 
—122 



—11 

—10 

— 1 



Hence, the four roots, true to 5 decimal places, are 
34.83228 ; 32.06029 ; 12.75644 ; 0.35098. 

3/ Find one of the roots of the equation 

2s 4 +5x 4 +6z* +2z 7 -ar=300. 



OPERATION. 



2 5 

9 

13 
17 
31 
85 
254 
' 858 
868 
866 
870 
8704 
8708 
8713 
8716 
2780 
27806 
27212 



6 
24 
50 

84 
186 
13108 
13624 , 
14148 
14680* 
1473408 
1478884 
1484248 
1489680 
149049618 
149131254 



2 

90 
150 
318 

344216 
371464 
399760 
402706816 
405664464 
408632960 
409080108854 
409527502616 



97 
397 

4658432 
5401360 
54819013638 
55630348560 
557530665986562 
558.759248434410 



300(2.228349&e. 

194 



106 
9316864 

1283136 
109638027964 

18675578736 ' 
1672591997779686 

1949.65275820314 
1676 

273 
223 

50 
50 



iSP 



i 

I 



